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ABSTRACT. In this paper, we present a Jacobi spectral collocation method

to solve nonlinear Volterra-Fredholm integral equations with smooth kernels.
The main idea in this approach is to convert the original problem into an equiv-
alent one through appropriate variable transformations so that the resulting
equation can be accurately solved using spectral collocation at the Jacobi-Gauss
points. The convergence and error analysis are discussed for both L∞ and weighted
L2 norms. We confirm the theoretical prediction of the exponential rate of con-

vergence by the numerical results which are compared with well-known methods.

1. Introduction

We consider the nonlinear Volterra-Fredholm integral equations (VFIEs) given
by the general form:

u(s) = g(s) +

s∫
0

V (s, t)ψ1

(
u(t)

)
dt +

1∫
0

F (s, t)ψ2

(
u(t)

)
dt, s ∈ [0, 1], (1)

where the kernels V , F , and g, ψ1, ψ2, are given smooth functions about their
variables, and u(s) is the unknown function to be determined. Volterra-Fredholm
integral equations arise in a variety of applications in many fields, including po-
tential theory, electricity and magnetism, antenna synthesis problem, commu-
nication theory, mathematical economics, etc. However, in practice, the VFIEs
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are too difficult to solve analytically. For this reason it is interesting to develop
a new accurate approximation technique to solve them numerically. Many au-
thors focussed on the development of numerical methods for the general mixed
integral equations. For instance, among those interested in Equation (1), Yousefi
and Razzaghi [21] presented a Legendre wavelet approximation method, Babo-
lian et al. [3] presented a computational method based on replacement of the
unknown function by truncated series of well-known Chebyshev expansion
of functions. In paper [16] authors developed a collocation method using rational-
ized Haar functions to solve the special form of Equation (1). Marzban et al. [13]
presented a composite collocation method based on Hybrid of Block-Pulse func-
tions and Lagrange polynomials. Thereafter, a computational method based
on Bernstein operational matrices to the same equation was presented in [11].
Very recently, Amiri et al. [1] developed a spectral collocation method with
piecewise trigonometric basis functions.

It is well-known that the classical Jacobi polynomials and their special cases
have been used extensively in mathematical analysis and applications (see, e.g.,
[2, 5, 8, 9, 19, 20] and reference therein). Thus, the main aim of the present
work is to develop an accurate spectral method based on these useful gener-
ating sets of orthogonal polynomials to solve Eq. (1). First, we must transform
the problem set in the given interval to [−1, 1] by means of appropriate variable
transformations.Then, we apply the standard spectral Jacobi-collocation method
to the resulting equation in which Jacobi-Gauss points are utilized together
with Legendre-Gauss quadrature to reduce it to the solution of nonlinear equa-
tions.

The remainder of this paper is organized as follows. In Section 2, we present
the Jacobi spectral collocation method for nonlinear Volterra-Fredholm integral
equations (1). In Section 3, we get the error estimates in both L∞ and L2

w norms.
In Section 4, we present some numerical examples and we compare our results
with well-known methods to appear the superiority of the present approach.

2. Spectral Jacobi-collocation method

In this section, we will discuss the Jacobi spectral collocation method to solve
Eq. (1). Before proceeding further, we need to introduce the following notations,
let I=[−1, 1], and wα,β(x)=(1−x)α(1+x)β be a weight function, for α, β>−1.
Then we use the notation L2

wα,β (I) to denote the set of all square integrable
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functions associated with the weight function wα,β equipped with the norm

‖v‖wα,β =

⎛⎝ 1∫
−1

|v(x)|2wα,β(x)dx

⎞⎠1/2 .
For a given positive integer N , we denote by

{
σα,β
N,j

}N
j=0

the points of the Gauss-

-Jacobi quadrature formula, which are the roots of the Jacobi polynomials Jα,β
N+1.

Let C(I) denotes the set of all continuous functions on I, equipped with the
norm

‖v‖∞ = max
x∈I

|v(x)|,
and PN the space of all polynomials of degree not more than N. For any v ∈ C(I)
we can define the Lagrange interpolating polynomial Iα,βN v ∈ PN as

Iα,βN v(x) =

N∑
j=0

v
(
σα,β
N,j

)
Lj(x),

where {Lj}Nj=0 is the Lagrange interpolation basis function associated with the

Jacobi collocation points
{
σα,β
N,j

}N
j=0

.

For convenience, we consider the following variable transformations

s =
x+ 1

2
, t =

y + 1

2
, x, y ∈ I,

so that Eq. (1) becomes

U (x) = G(x) +

x∫
−1

V (x, y)ψ1

(
U (y)

)
dy +

1∫
−1

F (x, y)ψ2

(
U (y)

)
dy, (2)

where

U (x) = u

(
x+ 1

2

)
,

G(x) = g

(
x+ 1

2

)
,

V (x, y) =
1

2
V

(
x+ 1

2
,
y + 1

2

)
,

F (x, y) =
1

2
F

(
x+ 1

2
,
y + 1

2

)
.

Then we introduce the linear transformation

y = y(x, θ) =
x+ 1

2
θ +

x− 1

2
, x, θ ∈ I,
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which transfers the first integral term in (2) to the form

x∫
−1

V (x, y)ψ1

(
U (y)

)
dy =

x+ 1

2

1∫
−1

V
(
x, y(x, θ)

)
ψ1

(
U
(
y(x, θ)

))
dθ.

Hence, Eq. (2) becomes

U (x) = G(x) +

1∫
−1

Ṽ (x, θ)ψ1

(
U
(
y(x, θ)

))
dθ +

1∫
−1

F̃ (x, θ)ψ2

(
U (θ)

)
dθ, (3)

where

Ṽ (x, θ) =
x+ 1

2
V
(
x, y(x, θ)

)
, F̃ (x, θ) = F (x, θ).

The spectral Jacobi-collocation method for solving Eq. (1) is to seek an approx-
imate solution UN(x) ∈ PN , such that UN (x) satisfies Eq. (3) at the collocation

points σα,β
N,j , i.e.,

UN

(
σα,β
N,j

)
= G

(
σα,β
N,j

)
+

1∫
−1

Ṽ
(
σα,β
N,j , θ

)
ψ1

(
UN

(
yα,βN,j(θ)

))
dθ+

1∫
−1

F̃
(
σα,β
N,j , θ

)
ψ2

(
UN (θ)

)
dθ, (4)

where yα,βN,j(θ) := y
(
σα,β
N,j , θ

)
. The integral terms in the above equation can

be accurately approximated by using Legendre-Gauss quadrature formula.
Let {θk, ωk}Nk=0 be the Legendre-Gauss nodes and weights, and there holds

1∫
−1

Ṽ
(
σα,β
N,j , θ

)
ψ1

(
UN

(
yα,βN,j(θ)

))
dθ ∼

N∑
k=0

ωkṼ
(
σα,β
N,j , θk

)
ψ1

(
UN

(
yα,βN,j(θk)

))
, (5)

1∫
−1

F̃
(
σα,β
N,j , θ

)
ψ2

(
UN(θ)

)
dθ ∼

N∑
k=0

ωkF̃
(
σα,β
N,j , θk

)
ψ2

(
UN (θk)

)
. (6)

Next, by using the Lagrange interpolation to approximate the nonlinear parts
in (5) and (6), namely,

ψ1

(
UN

(
yα,βN,j(θ)

)) ∼ Iα,βN

(
ψ1

(
UN

(
yα,βN,j(θ)

)))
=

N∑
j=0

ψ1

(
Ûα,β
N,j

)
Lj

(
yα,βN,j(θ)

)
,

ψ2

(
UN (θ)

) ∼ Iα,βN

(
ψ2

(
UN (θ)

))
=

N∑
j=0

ψ2

(
Ûα,β
N,j

)
Lj(θ),

where
Ûα,β
N,j := UN

(
σα,β
N,j

)
,
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we get the full collocation scheme

Ûα,β
N,j = G

(
σα,β
N,j

)
+

N∑
k=0

ωkṼ
(
σα,β
N,j , θk

)
Iα,βN

(
ψ1

(
UN

(
yα,βN,j(θk)

)))
+

N∑
k=0

ωkF̃
(
σα,β
N,j , θk

)
Iα,βN

(
ψ2

(
UN (θk)

))
. (7)

We can get the values of Ûα,β
N,j , j = 0, 1, . . . , N , by solving (7). An approximate

solution of Eq. (2) will be given by U (x) ∼ UN(x) =
∑N

j=0 Û
α,β
N,jLj(x), since the

exact solution of the original equation (1) can be written as

u(s) = U (x), where x = 2s− 1, s, x ∈ I.

3. Error estimates

Before presenting error estimates for the above scheme, we need to introduce
the following weighted Hilbert space with some useful lemmas.

For a nonnegative integer m, we define

Hm
w (I) =

{
v : ∂kxv ∈ L2

wα,β (I), 0 ≤ k ≤ m
}
,

equipped with the following semi-norm and norm

|v|k,w =
∥∥∂kxv∥∥wα,β , ‖v‖m,w =

(
m∑

k=0

|v|2k,w
)1/2

.

Also, it is convenient to introduce the semi-norms

|v|Hm
w (I) =

⎛⎝ m∑
k=min(m,N+1)

|v|2k,w

⎞⎠1/2 . (8)

For k ∈ (0, 1), and r ≥ 0, Cr,k(I) will denote the space of functions whose rth
derivatives are Hölder continuous with exponent k, equipped with the norm

‖v‖r,k = max
0≤k≤r

max
x∈I

∣∣∂kxv(x)∣∣+ sup
x,y∈I

x �=y

∣∣∂rxv(x)− ∂kxv(y)
∣∣

|x− y|k
. (9)

����� 3.1 (see [15])� Let Iα,βN v be the interpolation operator associated with
the Gauss-Jacobi points, then for any function v ∈ Hm

w (I), there exists a positive
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constant C independent of N such that∥∥v − Iα,βN v
∥∥
∞ ≤ CN

1
2−m|v|Hm

w (I), (10)∥∥v − Iα,βN v
∥∥
wα,β ≤ CN−m|v|Hm

w (I). (11)

����� 3.2 (see [14])� Let {Lj}Nj=0 be the N th Lagrange interpolation polyno-
mials associated with the Gauss-Jacobi points. Then

∥∥Iα,βN

∥∥
∞ = max

x∈I

N∑
j=0

|Lj(x)| =
⎧⎨⎩O(logN) if − 1 < α, β ≤ −1

2 ,

O(N 1
2+max{α,β}) if otherwise.

(12)

����� 3.3 (see [15])� For every bounded function v(x), there exists a positive
constant C independent of v such that∥∥Iα,βN v

∥∥
wα,β ≤ C‖v‖∞. (13)

����� 3.4 (see [6])� Let v ∈ Hm
w (I) for m > 1

2 , there exists a positive constant
C independent of N such that

|〈v, φ〉 − 〈v, φ〉N | ≤ CN−m|v|Hm
w (I)‖φ‖wα,β , ∀φ ∈ PN , (14)

where

〈v, φ〉 =
1∫

−1

v(x)φ(x)dx and 〈v, φ〉N =

N∑
j=0

v(xj)φ(xj)wj .

����� 3.5 (see [10])� Suppose that H ≥ 0, let E(x) be a non-negative integrable
function satisfying

E(x) ≤ H

x∫
−1

E(y)dy +G(x), x ∈ I,

where G(x) is also an integrable function, then there exists a positive constant
C such that

‖E‖wα,β ≤ C‖G‖wα,β , (15)

‖E‖∞ ≤ C‖G‖∞. (16)

����� 3.6 (see [18])� For a nonnegative integer r and k ∈ (0, 1), there exists
a constant Cr,k > 0, such that for any function v ∈ Cr,k(I), there exists a
polynomial function TNv ∈ PN such that

‖v − TNv‖∞ ≤ Cr,kN
−(r+k)‖v‖r,k. (17)

����� 3.7 (see [7])� Let Av be the operator defined by

Av(x) =

x∫
−1

Ṽ (x, t)
(
v(t)

)
dt,
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then for any function v ∈ C(I), there exists a positive constant C such that

‖Av‖0,k ≤ C‖v‖∞, 0 < k < 1. (18)

Remark 1� From all the following, we assume that the nonlinear functions ψ1

and ψ2 and all its derivatives up to order m satisfy a local Lipschitz condition
such that for every v1, v2 ∈ C(I)∣∣∣∣ ∂k∂ykψi(v1)− ∂k

∂yk
ψi(v2)

∣∣∣∣ ≤ Lik|v1 − v2|, i = 1, 2. k = 1, 2, . . . ,m,

we also consider that
L = max

1≤k≤m
Lik.

3.1. Error estimate in L∞−norm

����	�� 3.8� Let U be the exact solution of the nonlinear Volterra-Fredholm
integral equation (2), which is assumed to be sufficiently smooth. Let the approxi-
mated solution UN be obtained by using the spectral scheme (7) and suppose that
in Eq. (1) the nonlinear functions ψ1 and ψ2 and all its derivatives up to order m
satisfy a local Lipschitz condition. Then there is a positive constant C such that
the errors satisfy for m ≥ 1,

‖U − UN‖∞ ≤ CN
1
2−m

(|U |Hm
w (I) + χ‖Iα,βN ‖∞

)
, (19)

where

χ =
∥∥Ṽ ∥∥∞|ψ1(U )|Hm

w (I) +
∥∥F̃∥∥∞|ψ2(U )|Hm

w (I)+

N− 1
2 (ϑα,βm,N‖ψ1(U )‖∞ + τα,βm,N‖ψ2(U )‖∞),

ϑα,βm,N = max
0≤j≤N

∣∣∣Ṽ (σα,β
N,j , ·

)∣∣∣
Hm

w (I)
, τα,βm,N = max

0≤j≤N

∣∣∣F̃(σα,β
N,j , ·

)∣∣∣
Hm

w (I)
.

P r o o f. At the collocation points x = σα,β
N,j , we have UN

(
σα,β
N,j

)
= Ûα,β

N,j .

We subtract (7) from (3) to obtain

U
(
σα,β
N,j

)− UN

(
σα,β
N,j

)
=
〈
Ṽ
(
σα,β
N,j , θ

)
, ψ1

(
U
(
yα,βN,j(θ)

))〉
+
〈
F̃
(
σα,β
N,j , θ

)
, ψ2

(
U (θ)

)〉
−
〈
Ṽ
(
σα,β
N,j , ·

)
, Iα,βN ψ1

(
UN

(
yα,βN,j(·)

))〉
N

− 〈F̃ (σα,β
N,j , ·

)
, Iα,βN ψ2

(
UN (·))〉

N

=
〈
Ṽ
(
σα,β
N,j , θ

)
, ψ1

(
U
(
yα,βN,j(θ)

))− ψ1

(
UN

(
yα,βN,j(θ)

))〉
+
〈
F̃
(
σα,β
N,j , θ

)
, ψ2

(
U (θ)

)− ψ2

(
UN(θ)

)〉
+ J

(
σα,β
N,j

)
,
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where

J
(
σα,β
N,j

)
=
〈
Ṽ
(
σα,β
N,j , θ

)
, ψ1

(
UN

(
yα,βN,j(θ)

))〉
−
〈
Ṽ
(
σα,β
N,j , ·

)
, Iα,βN ψ1

(
UN

(
yα,βN,j(·)

))〉
N

+
〈
F̃
(
σα,β
N,j , θ

)
, ψ2

(
UN (θ)

)〉− 〈F̃(σα,β
N,j , ·

)
, Iα,βN ψ2

(
UN(·))〉

N
. (20)

Let the error function be written as

E(x) = U (x)− UN (x),

then

E
(
σα,β
N,j

)
=
〈
Ṽ
(
σα,β
N,j , θ

)
, ψ1

(
U
(
yα,βN,j(θ)

))− ψ1

(
UN

(
yα,βN,j(θ)

))〉
+
〈
F̃
(
σα,β
N,j , θ

)
, ψ2

(
U (θ)

)− ψ2

(
UN (θ)

)〉
+J
(
σα,β
N,j

)
, (21)

multiplying Lj on both sides of (21) and summing up from j = 0 to N , yield

Iα,βN

(
U (x)− UN (x)

)
= Iα,βN Q1(x) + Iα,βN Q2(x) +

N∑
j=0

J
(
σα,β
N,j

)
Lj(x), (22)

where

Q1(x) =

x∫
−1

Ṽ (x, y)
[
ψ1

(
U (y)

)− ψ1

(
UN (y)

)]
dy,

and

Q2(x) =

1∫
−1

F̃ (x, y)
[
ψ2

(
U (y)

)− ψ2

(
UN (y)

)]
dy.

By adding and subtracting Q1(x) and U (x) into the right-hand side of (22)
we get

|E(x)| ≤
x∫

−1

∣∣Ṽ (x, y)
[
ψ1

(
U (y)

)− ψ1

(
UN (y)

)]∣∣dy + ∣∣U (x)− Iα,βN

(
U (x)

)∣∣

+
∣∣Q1(x)− Iα,βN Q1(x)

∣∣+ ∣∣Iα,βN Q2(x)
∣∣+
∣∣∣∣∣∣
N∑
j=0

J
(
σα,β
N,j

)
Lj(x)

∣∣∣∣∣∣
≤ L max

(x,y)∈I×I

∣∣Ṽ (x, y)
∣∣ x∫
−1

|E(y)|dy +
4∑

j=1

Ij(x), (23)
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where

I1(x) =
∣∣U (x)− Iα,βN

(
U (x)

)∣∣, (24)

I2(x) =

N∑
j=0

∣∣J(σα,β
N,j

)
Lj(x)

∣∣, (25)

I3(x) =
∣∣Q1(x)− Iα,βN Q1(x)

∣∣, (26)

I4(x) =
∣∣Iα,βN Q2(x)

∣∣. (27)

Then the Gronwall inequality (16) gives

‖E‖∞ ≤ C(‖I1‖∞ + ‖I2‖∞ + ‖I3‖∞ + ‖I4‖∞). (28)

Due to (10) we have

‖I1‖∞ =
∥∥U − Iα,βN U

∥∥
∞ ≤ CN

1
2−m|U |Hm

w (I). (29)

From (20) we have∣∣J(σα,β
N,j

)∣∣ ≤∣∣∣〈Ṽ (σα,β
N,j , θ

)
, ψ1

(
UN

(
yα,βN,j(θ)

))〉−
〈
Ṽ
(
σα,β
N,j , ·

)
, Iα,βN ψ1

(
UN

(
yα,βN,j(·)

))〉
N

∣∣∣ +∣∣〈F̃(σα,β
N,j , θ

)
, ψ2

(
UN(θ)

)〉− 〈F̃(σα,β
N,j , ·

)
, Iα,βN ψ2

(
UN(·))〉

N

∣∣.
Thus, the right-hand side of the above inequality is less or equal to∣∣∣〈Ṽ (σα,β

N,j , θ
)
, ψ1

(
UN

(
yα,βN,j(θ)

))− Iα,βN ψ1

(
UN

(
yα,βN,j(·)

))〉∣∣∣
+
∣∣∣〈Ṽ (σα,β

N,j , θ
)
, Iα,βN ψ1

(
UN

(
yα,βN,j(θ)

))〉−
〈
Ṽ
(
σα,β
N,j , ·

)
, Iα,βN ψ1

(
UN

(
yα,βN,j(·)

))〉
N

∣∣∣
+
∣∣〈F̃(σα,β

N,j , θ
)
, ψ2

(
UN (θ)

)− Iα,βN ψ2(UN(θ)
〉∣∣

+
∣∣〈F̃(σα,β

N,j , θ
)
, Iα,βN ψ2

(
UN(θ)

)〉− 〈F̃(σα,β
N,j , ·

)
, Iα,βN ψ2

(
UN(·))〉

N

∣∣,
hence by using (14) we have

max
0≤j≤N

∣∣J(σα,β
N,j

)∣∣ ≤ 2
∥∥Ṽ ∥∥∞‖ψ1(UN )− Iα,βN ψ1(UN)‖∞ +

CN−m max
0≤j≤N

∣∣Ṽ (σα,β
N,j , ·

)∣∣
Hm

w (I)
max

0≤j≤N

∥∥∥Iα,βN ψ1

(
UN

(
yα,βN,j(θ)

))∥∥∥
wα,β

+

2‖F̃‖∞‖ψ2(UN )− Iα,βN ψ2(UN )‖∞ +

CN−m max
0≤j≤N

|F̃ (σα,β
N,j , ·

)|Hm
w (I)‖Iα,βN ψ2(UN)‖wα,β .
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From (10) we obtain

max
0≤j≤N

∣∣J(σα,β
N,j

)∣∣ ≤ CN
1
2−m

∥∥Ṽ ∥∥∞|ψ1(UN)|Hm
w (I) +

CN−m max
0≤j≤N

∣∣Ṽ (σα,β
N,j , ·

)∣∣
Hm

w (I)
max

0≤j≤N

∥∥∥ψ1

(
UN

(
yα,βN,j(θ)

))∥∥∥
∞

+

CN
1
2−m

∥∥F̃∥∥∞|ψ2(UN )|Hm
w (I) +

CN−m max
0≤j≤N

∣∣F̃ (σα,β
N,j , ·)

∣∣
Hm

w (I)
‖ψ2(UN )‖∞. (30)

From the definition of semi-norm (8) we have

|ψ1(UN )|Hm
w (I) = |ψ1(UN )− ψ1(U ) + ψ1(U )|Hm

w (I)

≤ |ψ1(U )− ψ1(UN )|Hm
w (I) + |ψ1(U )|Hm

w (I)

≤
⎛⎝ m∑

k=min(m,N+1)

∥∥∥∥∂kψ1

∂yk
(U − UN )

∥∥∥∥2
wα,β

⎞⎠1/2

+ |ψ1(U )|Hm
w (I).

Since the nonlinear function ψ1 and its derivatives of orders 1, . . . ,m satisfy the
Lipschitz condition, we have∥∥∥∥∂kψ1

∂yk
(U − UN )

∥∥∥∥2
wα,β

≤ L‖(U − UN)‖2wα,β , min(m,N + 1) ≤ k ≤ m,

hence

|ψ1(UN )|Hm
w (I) ≤ L′‖E‖wα,β + |ψ1(U )|Hm

w (I)

≤ L′′‖E‖∞ + |ψ1(U )|Hm
w (I), (31)

where L′ and L′′ are positive constants. Similarly, we can obtain

|ψ2(UN )|Hm
w (I) ≤ L′‖E‖wα,β + |ψ2(U )|Hm

w (I)

≤ L′′‖E‖∞ + |ψ2(U )|Hm
w (I). (32)
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Therefore, combining (30), (31), (32), with (12) yields

‖I2‖∞ =

∥∥∥∥∥∥
N∑
j=0

|J(σα,β
N,j

)|Lj(x)

∥∥∥∥∥∥
∞

≤ max
0≤j≤N

∣∣J(σα,β
N,j

)∣∣∥∥Iα,βN

∥∥
∞

≤ CN
1
2−m

∥∥Ṽ ∥∥∞(L′′‖E‖∞ + |ψ1(U )|Hm
w (I)

)∥∥Iα,βN

∥∥
∞

+ CN−m max
0≤j≤N

∣∣Ṽ (σα,β
N,j , ·

)∣∣
Hm

w (I)

(
L‖E‖∞ + ‖ψ1(U )‖∞

)∥∥Iα,βN

∥∥
∞

+ CN
1
2−m

∥∥F̃∥∥∞(L′′‖E‖∞ + |ψ2(U )|Hm
w (I)

)∥∥Iα,βN

∥∥
∞

+ CN−m max
0≤j≤N

∣∣F̃(σα,β
N,j , ·

)∣∣
Hm

w (I)

(
L‖E‖∞ + ‖ψ2(U )‖∞

)∥∥Iα,βN

∥∥
∞.

(33)

Let Av be the operator defined in Lemma 3.7 and we consider

v(x) = ψ1

(
U (x)

)− ψ1

(
UN (x)

)
.

From (17) and (18) we obtain

‖I3‖∞ =
∥∥Av

(
I − Iα,βN

)∥∥
∞

=
∥∥(Av − TNAv)

(
I − Iα,βN

)∥∥
∞

≤ ∥∥Av − TNAv

∥∥
∞
∥∥I − Iα,βN

∥∥
∞

≤ C0,kN
−k
∥∥Av‖0,k

(
1 +

∥∥Iα,βN

∥∥
∞
)

≤ C0,kN
−k‖v‖∞

(
1 + ‖Iα,βN

∥∥
∞)

≤ C0,kN
−k
∥∥ψ1(U (x))− ψ1(UN(x))

∥∥
∞
(
1 +

∥∥Iα,βN

∥∥
∞
)

≤ C0,kLN
−k‖E‖∞

(
1 + ‖Iα,βN ‖∞

)
. (34)

Finally, we have

‖I4‖∞ =
∥∥Iα,βN Q2

∥∥
∞ ≤ max

0≤j≤N

∣∣Q2

(
σα,β
N,j

)∣∣∥∥Iα,βN

∥∥
∞

≤ max
0≤j≤N

∣∣∣∣∣∣
1∫

−1

F̃
(
σα,β
N,j , y

)[
ψ2

(
U (y)

)− ψ2

(
UN(y)

)]
dy

∣∣∣∣∣∣ ∥∥Iα,βN

∥∥
∞

≤ 2L
∥∥F̃∥∥∞‖E‖∞

∥∥Iα,βN

∥∥
∞. (35)

Combining (29), (33), (34), (35) with (28) gives the desired estimate (19). �
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3.2. Error estimate in L2
wα,β−norm

����	�� 3.9� Assume that the hypotheses in Theorem 3.8 hold, and k ∈ (0, 1).
Then

‖U − UN‖wα,β

≤ CN−m
(
|U |Hm

w (I) +N− 1
2χ+ ρ

(|U |Hm
w (I) + χ

∥∥Iα,βN

∥∥
∞
))
, (36)

where ϑα,βm,N , τα,βm,N and χ are given as in Theorem 3.8 and

ρ = N
1
2

∥∥F̃∥∥∞ +N
1
2−k +N

1
2−m

(
ϑα,βm,N + τα,βm,N

)
.

P r o o f. By using (23) and the Gronwall inequality (15) we have

‖E‖wα,β ≤ C(‖I1‖wα,β + ‖I2‖wα,β + ‖I3‖wα,β + ‖I4‖wα,β). (37)

From (13) we obtain

‖I1‖wα,β =
∥∥U − Iα,βN U

∥∥
wα,β

≤ CN−m|U |Hm
w (I). (38)

By Lemma 3.3 we have

‖I2‖wα,β =

∥∥∥∥∥∥
N∑
j=0

J
(
σα,β
N,j

)
Lj(x)

∥∥∥∥∥∥
wα,β

≤ C‖J‖∞ . (39)

Combining (30), (31), (32) leads

‖I2‖wα,β ≤ CN
1
2−m

∥∥Ṽ ∥∥∞(L′′‖E‖wα,β + |ψ1(U )|Hm
w (I)

)
+ CN−m max

0≤j≤N

∣∣Ṽ (σα,β
N,j , ·

)∣∣
Hm

w (I)

(
L‖E‖∞ + ‖ψ1(U )‖∞

)
+ CN

1
2−m

∥∥F̃∥∥∞(L′′‖E‖wα,β + |ψ2(U )|Hm
w (I)

)
+ CN−m max

0≤j≤N

∣∣F̃(σα,β
N,j , ·

)∣∣
Hm

w (I)

(
L‖E‖∞ + ‖ψ2(U )‖∞

)
. (40)

Let us consider

v(x) = ψ1

(
U (x)

)− ψ1

(
UN (x)

)
,
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similarly to the estimate of ‖I3‖∞ and by using (17) and (18) we have

‖I3‖wα,β =
∥∥(Iα,βN − I

)Av

∥∥
wα,β

=
∥∥(I − Iα,βN

)
(Av − TNAv)

∥∥
wα,β

≤ ‖Av − TNAv‖wα,β +
∥∥Iα,βN

(Av − TNAv

)∥∥
wα,β

≤ C‖Av − TNAv‖∞
≤ CN−k‖Av‖0,k
≤ CN−k‖v‖∞
≤ CN−k‖ψ1(U )− ψ1(UN )‖∞
≤ CLN−k‖E‖∞. (41)

From (13) we obtain

‖I4‖wα,β =
∥∥Iα,βN Q2

∥∥
wα,β

≤ C‖Q2‖∞

≤ C max
0≤j≤N

∣∣Q2

(
σα,β
N,j

)∣∣
≤ C max

0≤j≤N

∣∣∣∣∣∣
1∫

−1

F̃
(
σα,β
N,j , y

)[
ψ2

(
U (y)

)− ψ2

(
UN(y)

)]
dy

∣∣∣∣∣∣
≤ CL‖F̃‖∞‖E‖∞. (42)

The desired estimate (36) is obtained by combining (38)–(42), (37) and taking
into account the convergence result in Theorem 3.8. �

4. Numerical examples

In this section, some illustrative examples are provided to demonstrate the
applicability of the designed method. The calculations performed in the examples
are calculated by the Matlab software, and a Core i5-2520M CPU 2.5 GHZ and
4 GB RAM are used to run the programs.
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Example 1. Consider the nonlinear Volterra-Fredholm integral equation,

u(s) = g(s) +

s∫
0

(s− t)u2(t)dt +

1∫
0

(s+ t)u(t)dt, s ∈ [0, 1],

with

g(s) = − 1

30
s6 +

1

3
s4 − s2 +

5

3
s− 5

4
,

the exact solution of which is
u(s) = s2 − 2.

Table 1 shows the numerical errors obtained by using the spectral method
described above with α = β = −3/4. Table 2 shows the comparison of the
absolute errors of this method for N = 5 at some equally-spaced points on [0, 1]
with those previously obtained by using three other collocation methods:
The first one is based on Chebyshev approximation [3], the second one on ra-
tionalized Haar functions (RH) [16], while the third one on multiquadrics
radial basis functions (MQ-RBFs) [17] in which the zeros of the shifted Legendre
polynomial are chosen as collocation points. We observe that the numerical
results are in good accordance with the theoretical analysis and we can see
that the proposed method is better than the considered literature methods.

Table 1. The L∞ and L2
w errors for Example 1.

N 2 4 6 8

L∞ Error 6.0526e-02 4.5375e-04 1.3323e-15 1.5543e-15

L2
w Error 9.7168e-02 2.7076e-04 9.3726e-16 8.2961e-16

Example 2. Consider the Volterra integral equation

u(s) = s+ cos s− 1 +

s∫
0

sin(u(t))dt, s ∈ [0, 1],

where u(s) = s is the exact solution. Table 3 shows the numerical errors
for α = 1/4 and β = 1/3. Table 4 shows a comparison of the absolute
errors at some points with those obtained using fixed point technique and cubic
B-spline wavelets [12].
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Table 2. Absolute errors for Example 1.

s Present method Method in [3] Method in [16] Method in [17]

for N = 5 for N = 5 for N = 16 for N = 10

0 8.88e-16 0.20e-9 8.00e-6 1.92e-8

0.2 4.44e-16 7.35e-9 4.00e-6 4.16e-9

0.4 2.22e-16 7.93e-9 1.10e-5 2.53e-9

0.6 0.00e+00 2.55e-9 1.30e-5 1.92e-9

0.8 0.00e+00 3.98e-9 1.40e-5 1.83e-9

1 6.66e-16 2.64e-9 1.40e-5 5.07e-9

Table 3. The L∞ and L2
w errors for Example 2.

N 2 4 6 8 10

L∞ error 5.1387e-03 1.8428e-05 2.7832e-08 2.3683e-11 1.2546e-14

L2
w error 2.7245e-03 9.1760e-06 1.3662e-08 1.1807e-11 6.5577e-15

Table 4. Absolute errors for Example 2.

s Present method Method of [12]

for N = 10 for N = 10

0 5.38e-14 0.00e+00

0.2 4.69e-15 4.22e-08

0.4 1.08e-14 1.09e-08

0.6 5.55e-16 2.35e-08

0.8 6.66e-15 1.42e-08

1 3.56e-14 2.63e-08
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Example 3. Consider the Fredholm integral equation

u(s) = es+1 −
1∫

0

es−2tu3(t)dt, s ∈ [0, 1],

where u(s) = es is the exact solution. Table 5 shows the numerical errors
for α = β = 1/2. Table 6 shows the absolute errors at some points compared
with those obtained using Haar wavelets [4].

Table 5. The L∞ and L2
w errors for Example 3.

N 2 4 6 8 10

L∞ error 6.3352e-02 2.4390e-03 3.5130e-05 2.8389e-07 1.4804e-09

L2
w error 5.0454e-02 1.2316e-03 1.7110e-05 1.3598e-07 7.0234e-10

Table 6. Absolute errors for Example 3

s Present method Method of [4]

for N = 10 for N = 32

0.1 6.14e-10 2.05e-03

0.3 7.50e-10 8.69e-03

0.5 9.17e-10 1.87e-02

0.7 1.12e-09 2.93e-03

0.9 1.37e-09 2.16e-02

5. Conclusion

In this paper, we have proposed an accurate spectral collocation method based
on the Jacobi orthogonal polynomials for the solutions of nonlinear Volterra-
Fredholm integral equations. The theorems on the convergence and error es-
timates of the method have been stated and proved in the L∞-norm and the
weighted L2-norm. Some numerical examples from the literature are provided
to illustrate the efficiency and effectiveness of the proposed approach.
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