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EXISTENCE AND MULTIPLICITY
OF POSITIVE SOLUTIONS FOR A THIRD-ORDER
TWO-POINT BOUNDARY VALUE PROBLEM

SERGEY SMIRNOV

University of Latvia, Riga, LATVIA

ABSTRACT. We study the existence and multiplicity of positive solutions for a
third-order two-point boundary value problem by applying Krasnosel’skii’s fixed
point theorem. To illustrate the applicability of the obtained results, we consider
some examples.

1. Introduction

We study a two-point boundary value problem consisting of the nonlinear
third-order differential equation

2" =a(t)f(x), 0<t<l, (1)
and the boundary conditions
z(0) =0, z(1) =0, 7'(1) = 0. (2)

We assume throughout that f: [0, 00) — [0, 00) is continuous, a: [0, 1] — [0, c0)
is continuous and does not vanish identically on any subinterval of [0, 1].

The purpose of the paper is to give results on the existence and multiplicity
of positive solutions to (), @) by applying Krasnosel’skii’s fixed point theorem.
By a positive solution of (), @) we understand C*[0, 1] function which is positive
on 0 < t < 1 and satisfies differential equation () for 0 < ¢t < 1 and boundary
conditions (). However, note that if f(0) = 0, then boundary value problem
@), @ always has the trivial solution. Since f(x) is not defined for x < 0,
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every solution of (), (@) is nonnegative. We will show in the sequel that every
nonnegative nontrivial solution of (), (2]) is positive.

In fact, our main results state that for each given positive integer n, we can
indicate f so that problem (Il), ([2) has at least n positive solutions. To ob-
tain these results, we first rewrite problem (Il), ([2) as an equivalent integral
equation by constructing the corresponding Green’s function. Then, we apply
Krasnosel’skii’s fixed point theorem in a cone [I11[16].

Much research has been done on two-point boundary value problems for
third-order differential equations in the last decades. As recent contributions,
we cite the papers of Cabada and Dimitrov [4], Gritsans and Sadyrbaev [10],
Kelevedjiev and Todorov [15]. Krasnosel’skii’s fixed point theorem in a cone has
been widely used to study the existence and multiplicity of positive solutions
of second and higher-order boundary value problems. One of the early works
on the subject was a paper by Guo and Lakshmikantham [I2]. Further research
in this direction was carried out by Erbe and Wang [5], Henderson and Thomp-
son [13], Anderson and Davis [2], Baxley and Haywood [3], Graef, Qian and
Yang [6], Graef and Yang [7HI], Zhao, Wang and Ge [20]. For survey of known re-
sults and additional references we refer the reader to the monograph by Agarwal,
O’Regan and Wong [1]. A great contribution to the development of the subject
was made by Webb and Infante [I4,[I7HI9]. The author would like to highlight
the paper by Graef and Yang [7], which motivated the present investigation.
We prove the existence of multiple positive solutions for our main problem in the
same manner as in [7], but we use another splitting of the cone.

Since our main tool in this paper is Krasnosel’skii’s fixed point theorem, let us
state this theorem for the reader’s convenience.

THEOREM 1.1 (Krasnosel’skii, [I6]). Let E' be a Banach space and K C E be a
cone in E_.Assume Q1 and Qo are open subsets of E with 0 € Q0 and Q1 C o,
T: KN (Qg \ Ql) — K is a completely continuous operator such that:

(A) ITz|| < ||z||, Ve € KNIy and |[|[Tx| > ||z|, Ve € KNI, or
(B) | Tz|| > ||z||, Ve € KNIy and |[|[Tx| <|z|, Ve € K NOQs.
Then T has a fixed point in K N (ﬁz \ Ql).

The paper contains four sections besides the Introduction. In Section 2, we
rewrite the main problem as an equivalent integral equation, by constructing the
corresponding Green’s function. Also, we give some inequalities for the Green’s
function here. In Section 3, we consider the existence of at least one positive
solution for the problem. Section 4 is devoted to the existence of multiple positive
solutions for the problem. Finally, we provide some examples to illustrate our
results in Section 5.
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2. Construction and estimation of the Green’s function

Our first goal is to rewrite problem (), (2) as an equivalent integral equation.
Therefore, let us consider the linear equation

2" =n(t), 0<t <1, (3)
together with boundary conditions (2)).

ProrosiTION 2.1. If h : [0,1] — R is a continuous function, then boundary
value problem B)), @) has a unique solution

2(t) = j B 2(1— t)2] h(s)ds

that we can rewrite as
1

z(t) = /G(t, s)h(s)ds

where ’
1 [ s2(1—1), 0<s<t<l,
G(t,s):§{ (4)
(I-s)t((s=t)+(1—t)s), 0<t<s<l.

Proof. To prove the proposition we use the variation of parameters formula

¢
1
z(t) = c1 + cot + cst® + 5 /(s —t)2h(s)ds.

0
In view of boundary conditions (2]), we get ¢; = 0 and
1 1
cy = — /(s —1)%h(s)ds — /(s — 1)h(s)ds,
0

1

/1 (s — 1)2h(s)ds + /(s — 1)h(s)ds.
0

0

l\')l»—l
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Thus, we have

x(t /sl ds+< t>/151
+%/t(s—t)2h(s)ds

¢ ° 1
= / [% s2(1 — t)2] h(s)ds —|—/ {% (1—s)t((s—1t)+ (1 —1t)s)| h(s)ds.
0 t
The uniqueness follows from the fact, that the homogeneous problem z'” = 0,

has only the trivial solution. O
@ y

Hence boundary value problem (), () is equivalent to the integral equation

x(t) :/G(t, s)a(s)f(z(s))ds, 0<t<1, (5)

in the sense that z is a solution of (), (@) if and only if it is a solution of ().
Here G(t,s) denotes the Green’s function for the problem z” = 0, @), and
is explicitly given by ().

In order to prove the existence of positive solutions, we also need some in-
equalities for the Green’s function G(t, s).

PROPOSITION 2.2. For all (t,s) € [0,1] x [0, 1], we have

0<G(t,s) < ﬁ ©)
If (t,s) € (0,1) x (0,1), then G(t,s) > 0. (7)

Proof. The first part of inequality (6l) and inequality (7)) is obvious. Let us find
the maximum of G(¢, s) for each s with respect to t.

For 0 < s <t <1, the maximum occurs at

2 2
t=s and is equal to #
If 0 <t <s <1, the maximum occurs at 5
t=—"" andis equal to M
1+s 2(1+s)
Since for all (¢,s) € [0, 1] x [0, 1],
s2(1 —s)? B s2(1 —s)(1—s)(1 +s) B s2(1 —s)(1 — s?) < s2(1 — )
2 B 2(1+ s) N 2(1+ s) ~ 2(1+s)’
we get the proof. O

Note that inequality (@) is sharp.
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PRrOPOSITION 2.3. For all (t,s) € [1/14,1/2] x [0, 1], we have

G(t,s) > = 8
)= 1 iTs) ®)
Proof. Consider
2
=9 +s) 0<s<t<l,
G(t,s) (1—y9)
s2(1—s) #(1
+38)((s—t)+ (1 —1t)s)
2(1+s) = L 0<t<s<l.
Further, for Ay = {(¢,s):1/14 <t <1/2, 0 < s <1, s <t}, we have
2
miniG(t’S) :min—(1 2 (1+8):1.
A s2(1—s) Ay (1—29) 4
2(1+s)
If Ao ={(t,s):1/14 <t <1/2, 0<s <1, t <s}, then
. G(t,s) Ctl+s)((s—t)+(1—1t)s) 13
min ———— = min 5 =—.
Ay S (1—8) Ao S 49
21+ )
Therefore, (t.5)
G(t, s 1 1 1
— 2 > for — <t< = <s<1 (Il
2l_s =1 g stsy 0sss
2(1+s)

PROPOSITION 2.4. Every nonnegative nontrivial solution x(t) of (@), @) is
positive.

Proof. Suppose that there exists ¢ty € (0,1) such that z(¢y) = 0. Since bound-
ary value problem (IJ), [2)) is equivalent to integral equation (&) we get

x(to) = /G(to, s)a(s)f(z(s)) ds = 0.

Since G(to, s)a(s)f(z(s)) > 0 for all s € [0,1], then
G(to,s)a(s)f(z(s)) =0 forall se0,1].

Since G(tp,s) > 0 for all s € (0,1) we get that 2/(s) = a(s)f(z(s)) =0
for all s € (0,1). Therefore, z(s) is a polynomial of degree at most two.
Since z(s) satisfies boundary conditions (2]) it follows that z(s) = 0 for all
s € [0,1]. We get the contradiction. g
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3. Existence of positive solutions

In this section, we study the existence of positive solutions for boundary value
problem (), (). Throughout, we shall use the following notations:
fo= tim I@ g gy 0

) )

r—0+ X r—+oo I
T 1/2 -1
s7(1 —s)
I = /ma(s)ds Jnax, / G(t,s) = I
0 1/14

For our constructions, consider the Banach space C|0, 1] with the norm
ol = guax (0}, @ € Co, 1)
Define a cone K in C10,1] by

K= {x €Cl0,1] | 2(t) >0, min_ a(t) > i |x|},

1 1
2 <St<3

and an integral operator T': K — C[0, 1] by

(Tx)(t) :/G(t, s)a(s)f(z(s))ds, 0<t<1.

It is easy to see that boundary value problem (), ([2)) has a solution z if and only
if z is a fixed point of the operator T'. Also, it is well-known that T': K — C|0, 1]
is a completely continuous operator.

ProrosiTION 3.1. T(K) C K.

Proof. From inequality (@), it follows that for x € K, (Tx)(t) > 0 on [0, 1].
Also, for x € K, we have from (@) that
1

1
s2(
(Tx)(t) /G a(s)f(z(s))ds < / 31+ ) (s)f(z(s))ds,
so that 0 . 0
201 —
el < [ S o) (a(s)ds. (9)
0
And next, if z € K, we have by (§) and (@) ,
1

(Tx)(t) = min G(t,s)a(s)f(z(s))ds

1 [ s2(1—s)
> Zo/ma(s)f( (s ))d3> | T |- u

204
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THEOREM 3.2. If fo < I; and fo > 4 1o (particularly fo = 0 and foo = oco-
-superlinear case), then boundary value problem ([Il), ) has at least one positive
solution.

Proof. Since fy < I, we may choose r; > 0 such that f(z) < Iz for 0<z <r;.
Thus, if z € K and ||z| = r1, then

1 1 2 o
:/G(t, s)a(s)f(z(s))ds < / 5 11+8> (s)f(x(s))ds
0

0
1
s2(1 —s)
<nlel [ Gt atds=lal.  0<i<t
0

Now, if we let 2 = {z € C[0, 1] | l|z|| < 71}, then ||Tz|| < ||z]| for x € K NOQy.

On the other hand, since f, > 4 I, there exists 72 > 0 such that f(z) > 4 bz
for # > 5. Let rp = max{2ry, 472} and Qy = {2z € C[0,1] | ||lz]| < ro}.
Then z € K and ||z|| = r implies

. 1 1
min z(t) > 2 ||| = 1" > Ta.

Thus, if s € [1/14,1/2], then z(s) € [r3, r2], and we get
1 1/2

7] = s [G(t.s)a(s) (x(s))ds = max [ Gt 9)a(s) (w()ds
0 1/14

1/2
>41 ax, /G(t, s)a(s)z(s)ds
1/14
1/2

1
> — = .
> 41 7] s, / G(t, s)a(s)ds = |1z

1/14

Hence, ||Tx|| > ||z| for x € K N 0Qs.

_ Therefore, from Theorem [} it follows that 7" has a fixed point in K N
(92 \ ©1). Since the set K N (2 \ Q1) does not contain zero element (trivial
solution), it follows that this fixed point yields a positive solution of (), @). O

THEOREM 3.3. If fo > 415 and fo < I (particularly fo = oo and foo = 0-

-sublinear case), then boundary value problem (), @) has at least one positive
solution.
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Proof. Since fo > 41, we may choose 1 > 0 such that f(x) > 4l
for 0 < < ry. Then, for z € K and ||z|| = r1, we have

1 1/2
7] = g, [ Gt s)as)s (x(s))ds = max [ Glt,9)a(s)f (s(s))ds
0 1/14
1/2
24]2012%)(1 /G(t, s)a(s)x(s)ds
1/14
1/2
1
> 4§ ol ax [ Gt a(s)ds = ]|
1/14

Thus, we may let y = {z € C[0,1] | ||lz|| < r1} so that ||Tz| > ||z| for z €
K NoQy.
Now, since fo, < I1, there exists 75 > 0 so that f(z) < Lz for x > 7.

Case (a): Suppose f is bounded, say f(x) < N for all z € (0,00). In this

case choose 1y = max {27y, NIl_l} so that for x € K with ||z]] = 7o
we have 1 1
(Tx)(t) :/G(t s)a(s)f(z(s))ds < N/ M a(s)ds < rq
0 | - 0 21+9) -

and therefore, we get ||Tz| < |||

Case (b): If f is unbounded, we can choose ro > max {271, T2} such that
f(z) < f(re) for 0 < & < rg. Then for x € K and ||z|| = ro we have

(T2)(t) = / G(t, $)als) f (x(5))ds < / S Al al)ds

1
/ a(s)f(ro)ds < I /213 s)d
1+) S To)as 172 1—|—S S =T9
0 0

=z, O0<t<l

Therefore, in both cases, we may put Qs = {z € C[0,1] | [|z]| < r2} and
for x € KN0OQy we have HTxH < |lz||. Thus, from Theoreml]:[l, it follows that T'
has a fixed point in KN (95 \ €21). Since the set K N (2 \ Q1) does not contain
zero element (trivial solution), it follows that this fixed point yields a positive

solution of (), (). O
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THEOREM 3.4. If there exist constants 0 < r1 < ro such that f(x) < Iir
for x € [0,71] and f(z) > Iyry for x € [ro/4,72], then boundary value prob-
lem @), @) has at least one positive solution z(t) such that r1 < ||z| < rs.

Proof. If x € K and ||z|| = 71, then
1

o) = [ 6t ats(aear < | (et

1
2
]__
1/ ) a(s)ds = 1 = o],  0<t<1.
0

If we let Q1 = {z € C[0,1] | |lz|| <1}, then [Tz < ||lz|| for € K N 9Qy.
If x € K with ||z|| = ra, then for every s € [1/14,1/2] we have

1 1
min  z(s) > 1 x| = 1" and xz(s) € [ro/4,12].

175853
Therefore,
1/2
= >
| Tx|| max, /G (t,s)a(s)f(z(s))ds > Jnax /G (t,s)a(s)f(z(s))ds

1/14

1/2
> Irro Jmax / G(t,s)a(s)ds =ry = ||z

1/14

Thus, we may let Q2 = {2z € C[0,1] | |lz]| < r2} so that [Tzl > [z
for x € K N ONs.

_ Therefore, from Theorem [} it follows that 7" has a fixed point in K N
(Q2\ €1). Since the set K N (Q2\ Q1) does not contain zero element (trivial
solution), it follows that this fixed point yields a positive solution of (), @). O

4. Existence of multiple positive solutions

The following two propositions will be used in the proof of our main result of
this section.

4
PROPOSITION 4.1. Suppose that there exists r > 0 such that f(x) < I 57

4
forz € [0,r]. If x € K with |z| = p, where =7 < p<r, then |[Tz| < p.
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Proof. If x € K with [|z|| = p, then for ¢ € [0, 1] we have

1 1 21—
/G (t,s)a(s)f(z(s))ds S/ﬁa(s)f(x(s))ds
0 0

| /\

4 s2(1 — 4
- / 2) s)ds=—-r<p, or |Tz| <p. O
5 )
0
PROPOSITION 4.2. Suppose that there exists r > 0 such that f(x) > Iyr
4
forx € lr/5,r]. If v € K with ||z|| = p, where 57 < p <, then ||Tz| > p.

4
Proof. Ifx € K with ||z|| = p, where i < p < r, then for every s € [1/14,1/2]

we have

min  z(s) > 1 x| = l,0 and z(s) € [p/4,p] or x(s) € [r/5,7].

115553 4
Therefore,
1 1/2
= >
I Tz fax, /G(t, s)a(s)f(z(s))ds > [fax /G(t, s)a(s)f(z(s))ds
0 1/14
1/2
> =r>
> Igrorg%xl /G(t, s)a(s)ds =1 > p. O
1/14

Now, we are ready to give the main result of this section. Let:

e |o] =max{k € Z| k < o} be the floor of a real number a and

e [o] =min{k € Z| k > a} be the ceiling of o.

THEOREM 4.3. Suppose that there exist constants 0<ry <ro <---<7r,(n>3).
If f(z) < L %7’21-_1 for x € [0,r9;4], 1 < i < [g—‘ and f(xz) > Iary,
for x € [ro;/5,12;], 1 < j < {gJ, then boundary value problem (), @) has
at least (n — 1) positive solutions xx(t) such that

re <okl < rge1, 1<k<(n-1).
Proof. Let I, € (47, /5,7m) and I, > 7p—1, 2 < m < n. Define

O = {001 | 2] <L}, 2<m<n,
and

V)

<n.

Qr ={zeC1]||z] <r}, 1<
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Then, from Proposition 1] and Proposition [£.2] we have:

T2l < flall for zeKnooi,  2<p<[3],
and for z€ KNoQy 1<i< [g—| ;

ITa|| > ||z for = e KNo0, 1<i<|3].
and for z € K NoyY, 1<;< {gJ

From Theorem [[Jl, we see that T has fixed point in each of the sets K N
(ﬁlr: \Qrm*1> ,2<m <n. Thus, boundary value problem (), [2]) has at least

m—1

n — 1) positive solutions. O
( p

5. Examples

In this section, we consider some examples to illustrate the applicability of
the results established in Section 3 and Section 4.

ExaMpPLE. Consider boundary value problem consisting of the differential equa-
tion

+ 523
100220 0<t<1 10
x Fpp <t<l, (10)
and boundary conditions (2)). We have
1) =100, () = 222
a = €Tr) =
) 3+.’IJ2 )

1
and therefore, fo = 3 foo = 5, I1 = 0.3776, 415 ~ 4.405. Since fo < I; and

foo > 415, by Theorem [B:2] boundary value problem (), [2]) has at least one
positive solution, which is depicted in Figure [Il The initial conditions for this
solution are:

z(0) =0, 2'(0)~6.8852, 2'(0) =~ —30.9744.

ExaMpPLE. Consider boundary value problem for the differential equation

3z 12z
"=100¢t | =— + —/— 0<t<1 11
. <5+1+x2>’ <r<h (11)

with boundary conditions (2]). Here

3z 12x
a(t) =100t, f(x)= = + T2

and therefore, fo = 12.6, foo = 0.6, I; =~ 0.6585, 4 I5 ~ 12.253. Since fy > 4 I
and fo < Iy, by Theorem 3.3 boundary value problem (IIl), () has at least one
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positive solution, which is depicted in Figure [2 The initial conditions for this
solution are z(0) = 0, 2'(0) ~ 47.2081, 2" (0) ~ —143.215.

x(t) x(f)
8
0.8
0.6 6
0.4 4
02 2
A 02 04 06 08 T0 12! 02 04 06 08 o !
FIGURE 1. FIGURE 2.
Solution of (I0), @). Solution of (), @).

ExaMpPLE. Consider boundary value problem for the differential equation
2" =1022% 577, 0<t<l, (12)
with boundary conditions ([2]). We have:
2 _6—x 4
a(t) =10, f(z)=a"e""", R I ~3.021, I, = 11.013.
If we choose r1 = 0.006, 7o = 5, r3 = 73, we get
4
flz) <L £ for x€[0,m],
4
flx) <L =73 for x €0,r3],
f(x) > Lhry for x € [ry/5,73].

Therefore, by Theorem (4.3]), boundary value problem ([I2]), ([2) has at least two
positive solutions 1 (t) and z5(t) such that

0.006 < [lz1]| < 5 < [lz2]| < 73.

Solutions x1(t) and x2(t) are depicted in Figure Bl and Figure @l The initial con-
ditions for these solutions are z1(0) = 0, 2(0) ~ 0.2618675, 27 (0) ~ —1.189665
and 22(0) = 0, x5(0) ~ 57.148, x4(0) ~ —297.923.
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x(f) x(t)

10

A 02 0.4 0.6 08 1.0 12 0.2 04 0.6 08 10
0.005

FIGURE 3. FIGURE 4.

Solution z; of [I2), @. Solution zg of [I2), @).
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