§ sciendo TATRA
MOUNTaINS

Mathematical Publications

DOI: 10.2478/tmmp-2021-0024
Tatra Mt. Math. Publ. 79 (2021), 135-148

PROPERTIES OF THE
KATUGAMPOLA FRACTIONAL OPERATORS

BARBARA LUPINSKA

Insitute of Computer Science of University of Bialtystok, POLAND

ABSTRACT. In this work, there are considered higher order fractional opera-
tors defined in the sense of Katugampola. There are proved some fundamental
properties of the Katugampola fractional operators of any arbitrary real order.
Moreover, there are given conditions ensuring existence of the higher order Ka-
tugampola fractional derivative in space of the absolutely continuous functions.

1. Introduction

In 2011 Udita N. Katugampola introduced (see [I], [2]) new fractional op-
erators, which were named after his surname, i.e., the Katugampola fractional
integral and the Katugampola fractional derivative. Such operators depend on
some extra parameter p > 0, which by taking p — 07 reduce to the Hadamard
fractional operators, and for parameter p = 1 become the Riemann-Liouville
fractional operators. Thanks to this, the use of the Katugampola fractional oper-
ators simplifies the theory. If we prove something for the Katugampola derivative,
we get this fact for both the Riemann-Liouville derivative and the Hadamard
derivative.

Nowadays, these operators are gaining more and more popularity. The Ka-
tugampola fractional derivative is widely discussed in the literature. They have
applications in fields such as probability theory [3], theory of inequalities [45],
differential equations [6l[7], Mellin transforms [8], maximum principle [9] and
chaos and stability [10]. So far, in the literature, the Katugampola fractional
operators occur only up to the order 2. In this work, the author is interested
in the Katugampola derivative of the higher order. There is considered the exis-
tence of the Katugampola fractional derivative of an arbitrary real order o> 0.
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Moreover, in the last section, there are described some useful properties of these
operators, which can be used to further research on the subject, where is still
much to be done.

2. Preliminaries

In this paper, we denote by N a set of natural numbers N = {1,2,...} and
No = {0,1,2,...}.

In this section, we give the definitions of the Katugampola fractional integrals
and fractional derivatives on a finite positive interval of the real line [a,b] (0 <
a < b < 00) with examples.

To formulate it, we need the following special functions:

e Gamma function defined for x > 0

I'(x) :/t”_le_t dt,
0
which, for n € N, has the following properties

I'(n) = (n—1), (1)
I'(n) =nl'(n —1).
e Beta function defined for z,y > 0

B(z,y) :/t“”_l(l —t)yvlat (2)
0

which can be written as

I'(z)I'(y)

I(z+y)

Moreover, let Lfa, b] be space of integrable functions f : (a,b) — R such that

B(xay) - (3)

b
/f(t)|dt<oo.

DEFINITION 2.1. et n e N n—1 < a<mn, p>0,0<a<b< oo
The operators

t
1 Tp—l
1000 = b | i ) i

b
o l1-a Tp—l
17 f(t) = 2 / —_f(r)dr,
t
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for t € (a,b) are called the left-sided and right-sided Katugampola integrals
of fractional order «, provided they exist.

In particular,

) __dr (Riemman-Lioville fractional in-
tegral)

L) = o

(log i)a_l f(r)%  (Hadamard fractional integral),

T

lim, o+ Io f(t) = oy

and
t t1 to tn—

! (t):///... /}(T)detn_l...dth neN.

Let us introduce the notation d, for ,-derivative defined by 6, := tl_p%.
We can easily prove that for n € N

S I f(t) = f(D), (4)
provided I}/ f exists.

DEFINITION 2.2. Let n € N, p > 0, 0 < a < b < o0, n—1< a < n.
The operators

Do f(8) = o5 1ay ™" f (1)
DyPf(t) = (=1)"0p L= f(2)

for t € (a,b) are called the left-sided and right-sided Katugampola derivatives
of fractional order «, provided they exist.

In particular, for p = 1 and for p — 0"

viti0=(3) woe | i o

a

t
1 d n t n—oa—1 dr
3 @, p f— R — _—
pllféi Do f(t) = I'(n—a) (tdt> / <10g T) f(7) T’

we obtain the Riemman-Liouville fractional derivative and the Hadamard frac-
tional derivative, respectively. Moreover,

DYLf(t) = DyP f(t) = f(1),
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and when a =n € N, then

n, n 1,
Dyl f(t) = a3t L f(t)

n+1 t
(tl_”%> /T”_lf(T) dr =5, f(t),

a

and, analogously,

Dy f(t) = (=1)"0, f (1)

Now, we present the examples which show that Katugampola fractional inte-
gral and differential operators of power functions return power functions.

ExamMpPLE. If @ > 0, p > 0 and A > —1 then

Ia,p<t”ap>/\_ T(A+1) (tpap>o‘“
a+ )

p (A +a+1) p
Ia7p<bptp>’\_ (A +1) (bﬂtﬂ)“”
b= p (A +a+1) p '
ExaMPLE. For p >0, a >0, A > «a— 1, we have
ap (tF—a? A r'(A+1) tr— P\
Dajl— - ’ <5>
P F'A+1-a) p
and
Do (V=1 T e\ ©)
b= p (A +1-a) p ’
The equality (Bl) was proved in [I4]. Formula (6) can be proved similarly by using
bP — 1P

substitution of the form u = .
be — tp

From the above, we have the following remark.

Remark 1. If « > 0, n = [a] + 1 and p > 0, then

P aP\ ¥
Dg_f( a) =0, for j=1,...,n.
p

In this work, we are interested in the Katugampola fractional derivatives
of order &« € (n — 1,n], n € N. Therefore, in the following, we give conditions
ensuring existence of the higher order Katugampola fractional derivatives in the
space AC[a,b] defined below.

Moreover, in Section ] we describe some properties of the Katugampola frac-
tional operators.
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3. Existence of the Katugampola fractional derivative

Let AC[a,b] be the space of functions f which are absolutely continuous

on [a,b] i.e.,
t

ACla,b] := f:[a,b]%R:f(t):c+/np(s)ds , (7)

a

where ¢ is an arbitrary real constant and ¢ € Lla,b]. Definition () can be

written as
b

ACla, b = f:[a,b]—)R:f(t)zé—/cp(s)ds . (8)
t

The existence of the Katugampola fractional derivative for a € (0,1] was con-
sidered in [I3], and case for o« € (1,2] in []. In this work, we consider the
Katugampola fractional derivative for any positive real a. For this purpose, let
us introduce the space ACY [a, b], for n € N which consists of those real-valued
Lebesgue measurable functions f on (a, b) which have §,-derivatives up to order
n—1and 67" f is absolutely continuous on [a, b]:

d
AC][a,b] == {f :[a,b] > R: 677 f € AC[a,b], 6, = tl_pa}. 9)

If p=1 and n = 1, the space AC1 [a,b] coincides with AC|a, b].
The space AC7[a,b] is characterized by the following result.

LEMMA 3.1. Let0 < a <b< oo, p>0andn € N. The space AC}|a,b] consists
of those and only those functions f which can be represented in the form

=550 (555) + i (55) e oo

7

=5 ey (P0) 4 B0 / (=) eman

=0

3
|

I
=)

or

where ¢; (1 =0,1,...,n— 1) are arbitrary real constants and ¢ € L[a, b].

Proof. We will show only the proof of the formula (I0). First, we prove neces-
sity. Let f € AC}[a,b]. Then by (@) we have

d
5/7;_1f € AC[a,b], where §,= tl_”%.
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From (7)) we get
t

5g_lf(t) =cpo1+ / (1) dr, (12)

a

where ¢,_1 is an arbitrary constant and ¢ € L[a,b]. In order to prove the
formula (III), we should use the above (8) instead of (7) and the rest of the
proof will be analogous. We can rewrite (I2) in the form

¢
d
552_2 (t)=t""te, g + tp_l/cp(T) dr. (13)
Now, integrating both sides of (I3) we get
t
tp — ap tp — Tp
6:}_2]‘(15) = Cp_1 P + Cn—2 +/ P (1) dr,

a

where ¢,,_1,c,—2 are arbitrary constants. Repeating this process m (1 < m <
n — 1) times we obtain successively

2
tP—af 1 tP — af
52_3f(t> =Cp-3t+Cn_2 P + =Cp-1 < >

p
¢
1 p_ p\ 2
w3 [ (557) et

a

2
tP—af 1 tP — af
52_4f(t> = Cp—4 +Cp-3 P + SCn—2 < >

1 tr—ar\?
+ Ecn—l < P )

m—1 %
Oy (1) = D Cnmmei (tﬂ — aﬂ)

i=0 P
1 [\
a
where ¢,_1,¢n—2,...,Cn—m are arbitrary constants. Taking (I4) with m = n,

we obtain (I0) and the necessity is proved.
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Now, let f be represented by (I0). Taking §,-derivative m times (m < n—1),
we have, respectively,

n—1 i—1 L n—2

> <tpap> + ! /<tp7p> (r)d
= ic; o(T)dr,

P p (n—2)! p

a

b <tpa”>i_2 1 /t<tpr>"—3 .
z— + p(T)dT,
‘ p (n—3)! p

—1

a
7! tP — aP imm
C”<z'—m>!< p )

t

" (n— nlm —1)! / <tp ;Tp>n_m_lap(7) dr.

a

—

n—

~.

3

6, f(t)

~.

=m

Thus, for m = n — 1 we obtain
t
6:}_1]‘(15) =cp_1(n—1)! +/ o(T) dr,

which means that f € AC7[a, b]. O
THEOREM 3.2. Letp >0, n e NN n—1<a<n, 0 <a<b<ooand

f € AC7a,b] then the Katugampola fractional derivatives Dyl f and Dy’ f
exist almost everywhere on [a,b] and may be represented in the form

P — af i—
Z Fz+1a)< p )

1 P p\ n—a—l1 (15)
—s
p(s)ds,
I(n—a) /< p > )
and
D (1) "ilc o T(i + 1) <bﬂtﬂ>i‘“
— il (i+1-a) p
(-1t b /o _ g\l (16)
—-1)"" sP—1
+ p(s)ds,
L(n—a) ) ( p ) )
where ¢; (i =0,1,...,n— 1) are some real constants and ¢ € Lla,].
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Proof. Weshow in detail only the proof of the formula (I5)). Since f € AC}a, b],
we have the representation (I{). Substituting it into the definition of the left-
sided Katugampola fractional derivative and using (Bl), we obtain

n—1

T(i4+1) [(tr—a’\"
a,p o )
Da+ (t)_;czr(z+la)( P )

t

a—2n+1 p—1
P n PT p_ p\n—1
+(n71)!F(n—a)5’) /(tpr)l—n-l-a/(T sP)Y T p(s) dsdr).

a a

(17)
Changing the order of integration we have
t -1 T
pT -1
/m/(T”sp)" ©(s)dsdr
a a
t t b
pT -1
= /LP(S)/W (Tp — Sp)n dr ds.
a S
. . : TP — s”
The inner integral can be evaluated by the change of variable u = rrampvy
-5

It gives

¢
p—1

/—pT (1P — sp)"_1 dr

S

(tp _ Tp)l—n+a

1

_ (tp o Sp)Qn—a—l/un—1<1 o u)ﬂ—a—l du.

0
Using the Beta function and the fact (), we obtain
t

pr_l n—1
/ (tr — 7p)l-n+a (77 =) dr

S

_ (tp . Sp)2n—oc—1 F(n)r(n — Oz)
ri2n—a) °
Thus
t T
pr 1 ne

a

= —F(Fn();n(ia;l) /(tp — sP)?nmo Lo (s) ds.

a
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Taking 6g—diﬂ'erentiation and using properties of Gamma function we obtain

L'(n)T'(n — )
I'(2n — «)

/t(tp — syl (s) ds

a

T3

e VT A O

pPPP()C(n —a) o, 5

Finally, taking n = m we have
t
n F(n)r(n — a) n—o—
%\ Tan—a /(t” —s7)2 7 p(s) ds

a
t

—"T) | [ = sy ts)ds

Substituting this into (I7) and using the property of Gamma function (),
we obtain (IH)).

In order to prove the formula (I6]), we should start with substituting ()
into definition of the right-sided Katugampola fractional derivative. These details
are left to the reader. O

COROLLARY 3.3. If0 < a < 1 and f € AC|a,b], then D}’ f exists almost
everywhere in [a,b] and

t

DYY (t)zc(tpfap> T—a) /<t/’—r/’> fl(rydr,  (18)

where ¢ is real constant.

Remark 2. Relation (I8) was proved in [13].

These results in Theorem B.2] for the Katugampola fractional derivatives are
analogous to those which have been proven for the Riemann-Liouville and the
Hadamard fractional derivatives. It means that if we take in TheoremB2lp = 1,
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we obtain the form of the Riemann-Liouville fractional derivatives of the order
a in space ACT'[a,b] (n = [a] + 1), ie.,
t

|
—

n

Dy, f(t) = ci(t —a) ™ + Tn—a) / tfsa n+1d8

%

I
o

=0

10 =3 (e -0+ LU / e s

where ¢ € L[a,b] and ¢; are arbitrary constants. These relations were established
in [I1, Lemma 2.2]. Moreover, taking p — 0 in Theorem we obtain result
from [I2, Theorem 3.4].

4. Properties of the Katugampola fractional operators

The Katugampola fractional integral satisfies several important properties
including boundedness in the LP(a,b) space or linearity property. These facts
were proved in [I]. The following assertion shows that Katugampola fractional
integrals satisfy semigroup property.

LEMMA 4.1. Let >0, 8>0, p>0 and f € L{a,b] then

LI F () = 170 £ (), (19)
and

LI () = L0 f(t) (20)
for allt € (a,b).

Proof. By definition of the Katugampola fractional integral, and next by chan-
ging order of integration we obtain

l—a—p p—1
3P 57,0 p pP— 1 pT
Ia+ Ia+ ( ) (a)l—\<5) 8 f S)/ 1 a Tp Sp)l—ﬁ dr ds.
P gP
Substitution u = in the inner integral gives
tP — gP
t 1
B.p pt=oF 1 atp—1 [, -1 a—1
ISPI P f(t )_W/SP f(s)(tP —sP) /u (1 —u)* " duds.
a 0
Using definition of the function Beta and its property (@), we obtain (I9]).
The property (20) is proved by analogy. O
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LEMMA 4.2. Let > >0, p>0 and f € Lla,b] then
DIYISY () = 19777 f(t),  a<t<b.

Proof. Let n = [B] + 1. Using definitions of the Katugampola fractional oper-
ators and index rule (T9) we obtain

Dﬁvpjavp (t) — 57’74["_57,0]&7,0 (t)

a+ “a+ pra+ a+
= LI A (),
which ends the proof, because 0, I, f(t) = f(t), as it is mentioned in @). O

The next result shows that, for certain classes of functions, the Katugampola
fractional derivative is the left inverse operator of the Katugampola fractional
integral.

THEOREM 4.3. Let « >0, p >0 and f € Lla,b], then
DR IZE f(t) = f(1).

However, as we show below, the Katugampola fractional derivative is not the
right inverse of the Katugampola fractional integral.

THEOREM 4.4. Letn—1<a<n,neN, p>0, I ""fe AC}[a,b], then

P af 1—n+o
p ) ’

n—1
EPDIL I = 1)+ 3 (
i=0
where ¢; are real constants.

Proof. From definition of the space AC7[a,b] @) and Lemma [3.1] we can
rewrite the assumption ;" f € AC7'[a,b] as

t
G A = + [l dr (21)

and

e -5 (5) i [ (55 o

where ¢; are real constants and ¢ € L[a, b].
Taking 0,-derivative of (2I]) we obtain
Dff(t) =t e(t).
Thus
ISPDELf(t) = I [t P ()] . (23)
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On the other hand, applying operator D, “” to both sides of ([22) we have

n—1 %
f(t) _ Z CiDg_i__a7p (tl) — ap>
=0 P
¢ (24)

1 tp— e\t
Dn—a,p d
O /< ; ) p(r) dr

a

From (Bl we have

ey (TP —a”\' (i +1) P — P\
Dy —— ) = : 25
o ( p ) F@+1n+a)( p > @)

Furthermore, we have

t
P n—1
D /( pT) o) dr

a

t
Y n—1

p

a
t

t
—« p—1(p _ p\n—1
— pid /80(8)/[)7- (T S ) dT

I'l—n+a)”’ (tr — TP)n—c
a S
p_gP
Substitution u = — gives
tP — gP

t
Y n—1
e ([ (£=2) st

a
t 1
-«

- r (P — ) [ w11 — w)® " duds
‘ran+afp:/ﬂ>a ) ! (1- 0" dud

Finally, using properties of Beta and Gamma functions we obtain

DE”’Z(W;#fHﬂﬂm — s, jﬂ@ﬁfﬁw

(26)
=T()IZY (#7p(1))
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Substituting (28 and 4] into ([24]) we have

n—1 . 1—n+a
I'(i+1) tP — af
t) = S ISP (1 Pp(t)) . 27
f() ZZ;CF(Z+1H+CV)< p ) +a+( 90()) ( )
By @3) and [27)) we get the thesis, and the proof is completed. O

The above theorem allows to find a general solution of the following fractional

equation
DL u(t) = 0, (28)

where «, p are positive real constants. We have

THEOREM 4.5. Letn—1<a <n,n €N and p > 0, then equation [28) holds

if, and only if,
n ? g a—1
u(t) = ¢ | — .
=2 (%)

=1

The proof of this theorem is trivial, so it is left to the reader.
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