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ABSTRACT. In this paper, we develop a new numerical algorithm for solving a
time dependent convection-diffusion equation with Dirichlet’s type boundary con-
ditions. The method comprises the horizontal method of lines for time integration
and f-method, 6 € [1/2,1] (8 = 1 corresponds to the backward Euler method and
0 = 1/2 corresponds to the Crank-Nicolson method) to discretize in temporal
direction and the quintic spline collocation method. The convergence analysis
of proposed method is discussed in detail, and it justified that the approximate
solution converges to the exact solution of orders O(At + h?) for the backward
Euler method and O(At? + h3) for the Crank-Nicolson method, where At and h
are mesh sizes in the time and space directions, respectively. It is also shown that
the proposed method is unconditionally stable. This scheme is applied on some
test examples, the numerical results illustrate the efficiency of the method and
confirm the theoretical behaviour of the rates of convergence. Results shown by
this method are in good agreement with the known exact solutions. The produced
results are also more accurate than some available results given in the literature.

1. Introduction

The convection-diffusion equation is a parabolic partial differential equation
combining the diffusion and the advection equation, which describes physical
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phenomena where particles or energy or other physical quantities are trans-
ferred inside a physical system. For different problems, a convection-diffusion
equation may be written in various forms. In order to confirm the theoretical re-
sults, many numerical methods have been developed (see, e.g., [I3I5L232831]).
In [10,26], Natesan and Deb proposed higher-order numerical schemes for singu-
larly perturbed parabolic reaction-diffusion problems. Kadalbajoo et al. in [25]
used the B-spline collocation method on piecewise-uniform Shishkin mesh, which
leads to a tridiagonal linear system. Surla et al. [32] consider the finite difference
approximation of a singularly perturbed one-dimensional convection-diffusion
two-point boundary value problem. The problem is numerically treated by a
quadratic spline collocation method on a piecewise uniform slightly modified
Shishkin mesh. Zhu et al. [36] introduce a coupled approach of local discontin-
uous Galerkin and standard finite element method for solving singularly per-
turbed convection-diffusion problems. A number of finite element methods have
been developed for the simulation of convection-diffusion-reaction equations with
small diffusion. One of the most popular ones is the Streamline Upwind Petrov-
-Galerkin (SUPG) method published in [2L[17]. A completely different finite ele-
ment approach for treating equations with small diffusion is the Finite Element
Method Flux-Corrected Transport (FEMFCT) scheme [1920].

Solution of a convection-diffusion-reaction equation in a time-dependent do-
main is highly demanded in many applications and have been examined by many
authors (see, e.g. [16,24,27,134]). In addition to a stabilized numerical method,
an efficient approach is necessary to handle the mesh movement for a convection
dominated convection-diffusion equation in time-dependent domains.

In [1], the authors approximate the equations of time-dependent convection
diffusion problem, in space by a continuous finite element method with lo-
cal projection stabilization and in time by a discontinuous Galerkin method.
Xin Cai et al. [3] used the Finite Volume Method for time-dependent convection
diffusion large Reynolds number problem, where two efficient numerical meth-
ods are constructed. One is Shishkin’s finite volume method, the second one is
Improved-Shishkin’s finite volume method. J. Zhang and D. Yang [35] construct
a parallel least-square finite element algorithm (PLS) for solving the first-order
time-dependent convection-diffusion system. Clevero et al. [478] have developed
a variety of parameter uniform convergent method based on Shishkin mesh.

The main objective of this study is to develop a user friendly, economical
method which can work for time-dependent convection-diffusion equation by us-
ing a quintic splines collocation method and be compared with other numerical
methods given in the literature, in particular with [12].
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Consider the singularly perturbed initial-boundary value problem

(89—1: — Lou=f, (z,t) € (0,1) x (0,77,
w(z,0) = ¢o(), z€0,1], (1)
u(0,t) = u(1,t) =0, t €]0,7],

where L. : C(Q) N C%Y(Q) — C(Q), with Q = (0,1) x (0,77, is defined by
Le=e— — a(yc)2 = bz, t)I, (z,t) € Qx(0,T), (2)
x

with a(z) > & > 0, b = b(x,t) > 0 on Q. The diffusion coefficient € is a small
positive parameter, and a, b, ¢g are sufficiently smooth functions.

Here, we assume that the problem satisfies sufficient regularity and com-
patibility conditions which guarantee that the problem has a unique solution

u € C(Q)NC?1(Q) satisfying (see, [14,21130])
0" u(z,t)
ortoti

‘ < k(1+e_i6_o‘(1_z)/e) on€; 0<j<3 and 0<i+j<4,
(3)

In this paper, we will use the quintic B-spline to solve a time-dependent
convection-diffusion problem ([Il). The main purpose is to analyse the efficiency
of the quintic spline collocation method for such problems with sufficient ac-
curacy. The procedure consists of a quintic spline approximation for the space
derivative and a difference approximation for the time derivative. Such a combi-
nation of finite difference and quintic spline function techniques provide better
accuracy than the finite difference methods. Therefore, the time derivative is
approximated by horizontal method of line finite-difference representation and
the space derivatives by quintic spline. In comparison with the existing well-
-known methods, our method is simple and numerically stable with the high
accuracy approximation order. Numerical computations show that our results
are well accepted.

where k is a constant.

The rest of this paper is organized as follows. In Section 2, we describe the con-
tinuous problem, its reduced problem and the classical bounds on the solution.
In Section 3, we describe the approximation of the time derivative by means
of the #-finite difference method, and the error in the temporal direction has
been shown to be of one and second order. Also, we prove the stability of tem-
poral discretization in this section. In Section 4, the formulation of the numerical
method based on quintic spline functions is given. We give the convergence and
error analysis of our method in Section 5. Finally, Section 6 describes the nu-
merical experiments to corroborate the results predicted by the theory.
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2. The time semidiscretization and
description of the #-method

The observation period has to be specified first and it is set from today (time
point ¢ = 0) to the time point 7. This period will be divided into M equally
spaced time 1ntervals with length At = 57, and we denote it by t,, = mAt,

=0,1,2,..., M.

We discretize the variable time in () by means of §-method, 6 € [%, 1]. Then
the semi-discretization yields the following equation:

um—i—l —um
et - (1 L = (@
where L™ : C(,) N C?(Q) — C(Q,) is the differential operator defined by
Lm . 68—2 +Bm+9 8 +,ym+01
‘ Ox? Oz

with u™ approximate the exact solution u(x,t,,) at the time level
t =mAt, B = —a(z) and ™ = —b(z,t, +0AL).
From Equation ({]), we have
w"t ™ — AL — (1= 0) LT ™) = At
and then
(I—=0AtL™Mu™ M = (14 (1—60) AtL™)u™ + Atfmro. (5)

The choice of # = 1/2 corresponds to the Crank-Nicolson method, and the
choice of # = 1 corresponds to the backward Euler method.

Then, the approximate problem of () is

PO gm0y mL | meAd (), mAl _ gmeo, e,
u’(z) = ¢o(), z €y,
u™H0) = umt(1) = 0, 0<m< M,
(6)
where for any m > 0 and for any x € Q, = (0, 1), we have:
Pl = 9 Ate,
¢ (@) = 0LtE™(a),
lm+0(x) = Aty T(z) -1,
g™t (z) = —(I4 1 —0) AtL™)u™ — Atfmr,

We have u°(z) = ¢o(x). Then, for 0 < m < M — 1, u™ being known, we obtain
u™T1 as a solution of the problem (). The following theorem proves the order
of convergence of the solution u™ to u(z,t,,).
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THEOREM 2.1 (see [III8]). Problem (@) is second order convergent for 6 = %
and first order convergent for 6 € ]%, 1], i.e., there exists a constant Cte such
that

|lu(z,tm) — u™|lo < Cte(At)? for 6 =3

lu(z, tym) —u™||w < CteAt for 0 € ]3,1].

For any m > 0, problem (@) has a unique solution and can be written in the
following form

{p u'(x) + q(@)u'(z) + l(x)u(z) = g(z), =€

u(0) =u(l) = 0. @

In the sequel of this paper, we will focus on the solution of problem ().

3. Spatial discretization and
quintic spline collocation method

In this section, we construct a quintic spline which approximates the solution
u of problem (7)) in the interval Q, = (0,1) C R.

We denote by || . || the Euclidean norm on R™*1 || . ||, the uniform norm.

The method in this paper employs B-spline collocation for discretization,
and it may be useful at this point to present a brief introduction to B-spline
theory. B-splines are functions designed to generalize polynomials for the pur-
pose of approximating arbitrary functions. One becomes familiar with them
by understanding their qualitative behaviour and how to use them. If

H:{.’L'_5:"':$_1:.%'0:0<.’L'1<.’IJ2 <"'<$n_1<$n:"':.’ljn+5:1}

is a partition of [0,1] and A = L is the norm of the partition ] .

Let @; be quintic B-splines with knots at the points x;, ¢ = 0,1,...,n.
The set of splines {Q_5,Q_4,...,Qn_2,Q,_1} forms a basis for functions
defined over [0, 1]. Thus, an approximation u(x) to the exact solution U?(x)
can be expressed in terms of the quintic B-splines as trial functions

Vi) = 3 mQu(a), ®)
1=—5

where k; are time dependent quantities to be determined from boundary condi-
tions and collocation form of the differential equations.
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Each basis function @Q;(x) is twice continuously differentiable.

By using the approximation (), quintic B-splines, the nodal value u and its
first, second and third derivatives with respect to variable x, U2, U2, U4, .
at the nodes x;.

By using the boundary conditions of problem ([7l) we obtain x_5 = U%(0) = 0,
and k,_1 = U9(1) = 0.

In order to uniquely determine x_4 and k,_s, two linearly independent equa-
tions are required. By differentiating Eq. () with respect to variable = € [0, 1],
we have k_g4, kp—2 € R (see APPENDIX), so

n—3
Ul(z) = p(x) + S(x), with S = Z kiQ, (see APPENDIX).
i=—3

According to [9], for any U € C19([0, 1])
D" (U — u)||oo = O(h®™™) for r=0,1,2,3, (9)

where D" is the differential operator of order r with respect to variable x.

We force the function U9(x) to satisfy the problem () at the nodal points
of the partition II. Thus, we have

PSP (a;)+q(a;) SN (2;) +1(2;) 8 (x;) = f(a;)+O(h%), j=0,...,n, (10)
where

f(zg) = g(x;) — May),

M) = pp@(ay) + qlay)p® (ey) + Uz)pO (2;), j=0,...,n.

The quintic spline collocation method, that we present in this paper, constructs
numerically a quintic spline S = 2?5_15 F:Q; which satisfies the equation of prob-
lem () at the points z;, j = 0,...,n. It is easy to see that k_5 = 0, k_4 € R,
Fn—2 € R and K,—1 = 0, and the coefficients k;, i = —3,...,n — 3 satisfy the
following

p-S® (2;) + q(a;) SV () + 1(x;)S D (x;) = f(x;), j=0,...,n.  (11)

Taking C' = [k_3,...,kn_3]7 and C = [ 3,...,fn_3]T, and using equa-
tions (I0) and (III), we get:

(PAY + QA + L4) C = F+ B, (12)

(PAR + @A) + LA) C = F, (13)
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with:
F = [flv"'7fn+1]T7 and f]:f(x1)7
E = [Oh3),...,0(h*)]T € R™™ be the truncation error vector,
P = (diag(At 0 ¢ Ij))ogjgn’

0 = (diag(At 95m+9(xj)))

0<j<n’
L = (diag(At 0y () — 1))0<j<n’
Al = (@) k=0,1,2.
h l (.’IJ]) OS]'JSTL7 y 4y

It is well-known that A;Lk) = hikAk for k = 0,1,2 where matrices Ay, Ay
and A, are independent of h, with the matrix A, independent of h given as
follows [22]

14 3 12 1 0 0 0
4 —12 —4 0 0 0 0
1 1 1 1 1 0 0
6 3 3 6

Ay =
. , L1, 1o

6 3 36

0 0 0 0 -4 -12 -4
0 ... 0 0 -1 -12 -33 —14

The results of this work are basically based on the invertibility of the matrix As.
Then, in order to prove that A, is invertible we give the flowing lemma.

LEMMA 3.1 (see [9]). Let S € Sgy1 such that S =0 on [xp—1,2p| U [xg Uxgii],
where p < q. If s admits r zeros in [x,, x4], thenr <p—q— (k+1).

THEOREM 3.2. The matriz Ay is invertible.

Proof. Let D = [dy,...,d,]T be a vector of R4*! such that AD = 0. If we put
S = 2?2_33 di+3Q;, then we have S is completely null outside the interval [0, 1],

S(0)=S5(1)=0 and S”(xi)zo for any ¢ =0,...,n.
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Since S € S¢(I,]]), then S e Sa(L,]])- If we assume that S" 4 0in [0, T,
then using the above lemma and the fact that S” has n + 1 zeros in [z¢, z,], we
conclude that n 4 1 < n — 4, which is impossible. Therefore, S”(x) = 0 for each
2 € [0, 1]. This means that the function S is a piecewise linear polynomial in [0, 1].
Since S(0) = S(1) = 0, we obtain S(z) = 0 for any x € [0, 1]. Consequently,
D = 0 and the matrix A, is invertible. O

We deduce that (I2) and (I3) can be written also in the following form
PA>(I+A;'PH(hQA; + h*LAy))C = h*F + h*FE, (14)
PAy (I + AS'P7YH(RQA, + 2LA))C = R2F. (15)
3.1. Convergence analysis
In order to determine the bounded of || C —C ||, we need the following remark.
Remark 1. For a small real h such that
427 P~ (Al Qo | Atllos + A2 Llloc [ Ao]l0) < 1,

the matrix (1 + Ay 'P~1(hQA; + thAo))_l exists, and

i+ 100 22400 <

1
1= (2] Qllcoll Axlloo + A2 (| Llso[| Aolloc)

Hence, in this case, there exists a unique quintic spline that approximates the
exact solution u of problem (7).

ProPosITION 3.3. If we choose the real h such that
1 1
1421 P L (Pl QllcllAv oo + A Lol Aolloc ) < 5, (16)

then there exists a constant cte that depends only on the functions p, q, I and f

such that _
|C = C|| < cte-h® (17)

Proof. From relations (I4) and (IZ) we have
C —C = h2(PAy)~" (I + (PAy) " (hQA, + h2LAy)) ' E.

Since E = O(h?®), then there exists a constant Kj such that ||[E| < Kjh®
This implies that

~ 2 -1

h
1= B2[[(A2P) oo (R |Qllss [ A lloe + [ Llsc]l Aolloc )
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A QUINTIC SPLINE COLLOCATION METHOD

Using the inequality

HA;lP_IHOO (hHQHOOHAlHOOJrh2HLHOO\|AOHOO) <—, and 0<h<1,

SR

we deduce that
h2[(AP) oo

h3.
|Qllsoll A1 oo + | Lol Aol oo )

lc-Cl < K

Finally, we deduce that
|C—C| < cte-h®. O
Now, we are in position to prove the main theorem of our work.

THEOREM 3.4. The spline approximation ?q converges to the exact solution u
of problem () with order three, i.e., |[u — U||o = O(h3).

Proof. It is well-known that || u—UY||o = O(h?) (see [9]), so |u—U1||o < Kh?
where K is a positive constant. On the other hand, we have

n+2
Ut(a) — D) = 3 (ki — ) Qul).

i=—2

n+2

Therefore, by using ([I7) and Z Qi(r) <1, we get
i=—2
U2) = U)| < ||C = C|| Y Qilz) <||C = C| < cte-h®.
i=—2

Since ||u— ﬁquo < fu=Udo +||U? - T?quo, we deduce the stated result. [

THEOREM 3.5. We suppose that u(z,t) is the solution of () and uy(x,t) is the
approzimate solution by our presented method, then we have,

1
lu(z,tm) — ug(z,tm)]|oe < Cr(OE2 4 h3) for 0= 3

1
lu(z,tm) — ug(z,tm)]|oe < Co(At+ h3) for 96]5,1] ,
where C1 and Cy are finite constants. Therefore for sufficiently small At and h,

the solution of presented scheme [I2) converges to the solution of initial boundary
value problem () in the discrete Lo, — norm and the rates of convergence are

O(At+h*) and O(At? +h3).
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3.2. Stability analysis

We will now show that the fully discretized collocation cubic spline method is
stable. The collocation procedure for solving boundary value problem () given

by (I3, i.e.,

AC = G,
where

A=PAy(I+U+V) and U =hA;'P7'QA,,
V=h*A;'"P7'LAy and G = h?F,
is said to be stable if for a perturbation of the data, i.e.,
(A—l—l")é =G+4d and ﬁ(wl) =Ud(z;)+6; pouri=0,...,n,

there exists positive constants ki, ko and ks independent of n and G in Q,,
such that for all sufficiently large n

(A+T)C =G+, (18)
has a unique solution for

IVoe <k and |07 = 09| < kalll + ks3]
where =

8= (80,02,-..,0,) and &= (89,01,...,0,).

The functions U9 and U4 are uniquely determined by k; and %j, -5<j<n-1
in (I8) and ([d8), respectively.

THEOREM 3.6. The collocation procedure ([IBl) for solving the boundary value
problem () is stable.

Proof. As we know that

- - _ - p
147 oo <27 142 o I+ U+ o < Ty = for n2mo,

where ng is a sufficiently large positive real number and k is a constant.
Choose a positive constant ki < ﬁ Then whenever

ITfloo < k1, (A+T)'=(T+A7T) "4}
exists because

AT < ||A—1||OO\|FHOO<%, and in fact, ||(A+D)7"|_ <2k, for n>ng.
After subtracting (&) from (IJ]), we get

implicate that ~ ~
|6 -¢|_ <2608l + ITI=|[C1])-
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As it is assumed that «, 3, v, ¢o, and ¢ are sufficiently smooth on Q and

M‘gk on O for 0<i<4,
ox’

so o0 gmto amAo ymtl ang ¢’§+0 will be sufficiently smooth on £ and

5 <k on Q for 0<i<4, and m=0,1,...,M —1.
xl

Further, since

‘ 8ium+1

u(x;) =Ux;) forall i=0,...,n
and the inverse of the collocation matrix is bounded, i.e.,
HA‘1||OO <k and ||5’HOO <r, with »>0.
So _
|6 =€ _ < 2kI0llos + 7IIT0). (19)

Now, since (I9) therefore with the help of relation

Ud(z;) = Ud(z;) +6; for i=0,...,n,

we have
sl <
w16 = 6| < 2k Do + 2] (20)
=~ o~ < / / )
Cgmax & — | < 2RRT oo 2k 8] (21)
Further,
Us(a) = Ut() = > (%5 - ) Bya).
—5<j<n—1
So
Ua(z;) — Ut(x;) §_5£2’i_1‘@ . @‘ > Bl fori=0.....m,
—5<j<n—1
and like
> Bl <1,
—5<j<n—1
therefore N
U5 = T3 < kallTllc + s 3]
where ko = rkk’ and k3 = 2kE'. O
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4. Numerical experiments

In this section, we verify experimentally theoretical results obtained in the
previous section. If the exact solution is known, then at time ¢ < T the maximum
error "% can be calculated as:

max __
E; = q

M,N
a ’ t) — t ‘
mG[O,Ill]l, t}é[O,T] b (@.1) = u(=,1)

Otherwise, it can be estimated by the following double mesh principle:

Eg‘f/fN = ax ‘ufy’N(x, t) — ugM’zN(x,t)

m )
z€[0,1], t€[0,T]

where uéw N(z,t) is the numerical solution on the M +1 grids in space and N +1
grids in time, and w22~ (z,t) is the numerical solution on the 2M + 1 grids in
space and 2N + 1 grids in time.

In this section, we present the numerical results of present method on two
problems presented in the paper of the authors A.ElHajaji et al. [I2].
We tested the accuracy of this method for different values of N, M, e and com-
pared the obtained results to the ones given in [12].

4.1. Example 1.

Consider the time-dependent convection-diffusion problem ([Il) with the fol-
lowing data:
Q=1(0,1) x (0,1),
and
$o =0,

1
a(z) =1+2 + 3 sin(nx),

b(x,t) =1+ 2% +sin <%t) ,
f(z,t) = 23(1 — )% + t(1 — t) sin(nt).

Table [ shows values of the maximum error (max_error) obtained in our
numerical experiments and the one obtained in [12]. Table [ illustrates the
comparative performance of our method with another existing method [12].
The obtained approximate numerical solutions show that our proposed method
maintains better accuracy compared with a recent other method [I2] based
on the quintic spline collocation method.

From these tables, we can say that the results of our schemes are acceptable,
and conclude that the proposed schemes are feasible and valid. We observe that
present method is nearly of three order convergence with respect to these error
norms.
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p—0T X L99FT'0 | 5—0T X 8OLTY0 | ¢—0T X 6LVET0 | —0T X 0TE9Z0 | ¢—0T X 695€9°0 || [2T] ur 10170 XRW
p—0T X EFLOT'0 | 5—0T X FIF6F'0 | ¢—0T X 0000T°0 | ¢—0T X 0ETTZ'0 | g—0T X TEGTIE0 I0TIO™XRU 1O
oG =2 104

p—0T X GPOFT0 | —0T X €TI0 | - 0T X FLETT0 | ¢—0T X 0T6ST°0 | ¢—0T X 66229°0 || [2T] ur T0110"xXRW
p—0T X GTLOT'0 | 5—0T X PGEET'0 | 5—0T X G8T66°0 | —0T X 608020 | ¢—0T X 82Z0G0 I0TIO™XRU 1O
y—C =2 10

p—0T X €E9FT0 | $—0T X CIGTI0 | ¢—0T X ELTTT0 | - 0T X 69TGT°0 | ¢—0T X 646660 || [cT] ur 10119 xRW
3—0T X 9TL6T'0 | - 0T X LGT6F'0 | - 0T X FLGL60 | ¢—0T X €120%°0 | ¢—0T X 8GESF'0 10110™XRW N0
e—C =2 I0]

p—0T X TTIGFE0 | —0T X TOETY0 | ¢—0T X TOSTT'0 | ¢—0T X 968€T°0 | ¢—0T X ¢L09G°0 || [2T] ur T0110"XRW
¢—0T X F6ICST'0 | ¢—0T X 880670 | —0T X STE8T'0 | 50T X FLELG'0 | ¢—0T X G09ZZ 0 I0TIO™XRU 1O
7—C =2 I04]

96T 8CT 79 43 o1 W

418 96T 8CT 79 43 N

4
1=

T = @ JOJ sjnsod [eolmouwnN T d1dV ],
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4.2. Example 2.

Consider the time-dependent convection-diffusion problem () with the fol-
lowing data:

2=(0,1) x (0,1),
and
¢0 = 07

a(r) =4+ 4z — 2* — ",
b(z,t) = bxt,

f(z,t) = 3sin(mz) + 5(e’ — 1).

Table [ shows values of the maximum error (max_error) obtained in our nu-
merical experiments and the one obtained in [6,[12]. Table 2 illustrates the com-
parative performance of our method with another existing method [6,12]. The
obtained approximate numerical solutions show that our proposed method main-
tains better accuracy compared with a recent other method [6L[12] based on the
quintic spline collocation method.

From these tables, we can say that the results of our schemes are acceptable,
and conclude that the proposed schemes are feasible and valid. We observe that
present method is nearly of three order convergence with respect to these error
norms.

5. Conclusion

The numerical method is developed to solve a time-dependent convection-
diffusion problems. This method is based on §—method for the temporal dis-
cretization and the quintic spline collocation method in the spatial direction.
We have shown the convergence of the method and provided that the parame-
ters €, h and At satisfy the relation ([I6]). Moreover, we have provided an error
estimate of order O(At? + h3) with respect to the maximum norm: || . |/s.
Numerical experiments were performed on two known models to validate the
convergence and efficiency of the method. Comparisons of the computed results
with exact solutions showed that the scheme is capable of solving the time-
dependent convection-diffusion equation and is also capable of producing highly
accurate solutions with minimal computational effort for both time and space.
The computational results show that the proposed numerical method is an effi-
cient alternative method to the one proposed in [612].
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APPENDIX

In this appendix, we will first derive the leading behaviour for differentiating
Eq. () with respect to variable x € [0, 1], we get

PULe(2) + a(2) U, (2) + (¢ (2) + U(2)) Ud(x) + U'(2)U%x) = ¢'(x).  (22)
By taking x = z;, with j € {0,n} and putting the values of
Qm(®), Qn(z), Qn(z) and Q(z),

we have , /

where
55,4) =(—fj—2 + 2651 — 2Kj41 + Kj+2),
n§5) =(Kj_2 + 2Kj_1 — 6K; + 2641 + Kj+2),
n§6) =(—Kj—2 — 10k;_1 + 10,41 + Kj12),

n§_7) _ (fi_z + 26k;_1 + 66k, + 26k;41 + I'ij+1).

We solve the system (23]), we get

1
K_q = b—(hgo — cokop — dok1 — €gR2),
0

Rp—2 = (hgn — Apkn—2 — an/n—l - Cn"'in)a

1
dn

where

an:_n+_,_,

13hl,, g | P G, tln
bn = & o1 — = ’
60 3n 12 12
11nl,  qn
Cp = )
20 h
13hl! n '+,
dy=—m g In g Indin D

60 3h 12 h2’

hl:’L + qu + 1, 4n p
en = —r + L—"  — .
120 120 6h  2hZ2
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So,
Ut(x) = p(x) + S(x)
with s
(@) = LhQ_(2) + P hQuia(z) and S =3 kG
bo bn, =
with
QO = QO - b_Q—l7
0
— d
Q1 =0Q1- 01,
0
— (&
Q2 = Q2 - b_o -1
0
63 = Q37
@n—S = Qn—S;
Qnz = @n—2— = Cnt1,
_ b,
Qn—l = Qn—l - d_Qn—l-la
@y =Qn—Q
n . wn dn n+1-
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