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ABSTRACT. In this paper, we deal with the discontinuous piecewise differential
linear systems formed by two differential systems separated by a straight line when

one of these two differential systems is a linear without equilibria and the other
is a linear center. We are going to show that the maximum number of crossing
limit cycles is one, and if exists, it is non algebraic and analytically given.

1. Introduction and statement of main result

An important problem of the qualitative theory of differential equations is
to determine the limit cycles of differential equations in the plane. We usually
only ask for the number of such limit cycles, but their location as orbits of the
system is also an interesting problem, and an even more difficult problem is to
give an explicit expression of them. In the last few years, there has been an
increasing interest in the study of piecewise differential systems, see [2–5, 13,
14, 16, 19] for instance. This interest has been mainly motivated by their wide
range of application in modelling real phenomena (e.g., control theory, biology,
chemistry, engineering, physics).
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The simplest possible piecewise linear differential systems are the ones having
only two pieces separated by a straight line in the plane R

2. In 1990, Lum and
Chua conjectured in [22, 23] that such continuous piecewise linear differential
systems have at most one limit cycle. In 1998, this conjecture was proved by
Freire et al. [9]. In 2013, a new and shorter proof was done by Llibre, Ordonez
and E. Ponce [19].

Limit cycles of discontinuous piecewise linear differential systems separated by
a straight line have been studied by many authors, see for instance [1,10,12,14,
15,19] and the references therein. There are examples of such systems exhibiting
three limit cycles, see [4, 5, 13, 16, 17], and at this moment we do not know if
discontinuous piecewise linear differential systems separated by a straight line
can have more than three limit cycles. The case when the two linear differential
systems which form the piecewise linear differential system have no equilibrium
points was studied in Llibre and Teixeira [20] in 2016, where it is proved that
the continuous piecewise systems have no limit cycles, but the discontinuous
piecewise system can have at most one limit cycle. Euzébio and Llibre [7] proved
that if one of the two linear differential systems has its equilibrium points on the
line of discontinuity, then the discontinuous piecewise system has at most four
limit cycles. In [18] and later on in [21], it is proved that if one of the two linear
differential systems of the discontinuous piecewise linear differential system is a
center; the maximum number of crossing limit cycles is two. However in all these
papers, explicit non-algebraic limit cycles do not appear. As that the authors
also forgot to analyse the case when one of the two linear differential systems
which forms the piecewise linear differential system has no equilibrium points.

In this paper, we are interested in the discontinuous piecewise linear differen-
tial systems separated by one straight line with two linear systems, such that one
of them is a linear center and the second one has no equilibria, neither real nor
virtual. Moreover, the main purpose of this paper is to investigate the existence,
number and the explicit expression of crossing period orbits for these systems.

We assume without loss of generality the two pieces in the plane, where the
discontinuous piecewise linear differential systems are the left and the right half-
planes

Σ− =
{
(x, y) ∈ R

2 : x < 0
}
, Σ+ =

{
(x, y) ∈ R

2 : x > 0
}
.

Consequently, Σ = {(x, y) ∈ R
2 : x = 0} is the straight line of separation

between two linear differential systems.

In order to state precisely our results, we introduce some notations and defi-
nitions. Consider the piecewise differential system

X± = (ẋ, ẏ) =
(
f±(x, y), g±(x, y)

)
,

defined in Σ± , respectively. We will use the techniques and approaches presented
by Filippov in [8] and by di Bernardo et al. [6] to establish these notations.
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If an equilibrium point of X± is in Σ± , it is said that it is a real equilibrium point
for the piecewise differential system. Otherwise, it is called a virtual equilibrium
point. In order to extend the definition of a trajectory to Σ, we split Σ into three
parts depending on whether or not the vector field points towards it:

1. Crossing region:
Σc =

{
p ∈ Σ : f+ (p) f− (p) > 0

}
.

2. Attractive sliding region:

Σas =
{
p ∈ Σ : f+(p) < 0 and f−(p) > 0

}
.

3. Repulsive sliding region:

Σrs =
{
p ∈ Σ : f+(p) > 0 and f−(p) < 0

}
.

These three regions are relatively open in Σ and can have several connected
components. Therefore, their definitions exclude the so-called tangency points,
that is, points where one of the two vector fields is tangent to Σ, which can be
characterized by {

p ∈ Σ : f+(p) = 0 or f−(p) = 0
}
.

These points are on the boundary of the regions Σc, Σas and Σrs.

Periodic orbits that have neither sliding part nor tangent points are called
crossing periodic orbits, otherwise they are called sliding periodic orbits.

It is known that if the vector field has no equilibrium points, it can be writ-
ten as

ẋ = ax+ by + c, ẏ = μax+ μby + d, (1)

where a, b, c, μ and d are real constants such that d �= μc and μ �= 0.

In the following, we need a lemma on the explicit expression of the first
integral of an arbitrary linear differential system without equilibrium points.
The following lemma is presented in [3].

����� 1.1� For system (1) the following statements hold.

i) If a + bμ = 0, then system (1) is Hamiltonian and all its solutions are
algebraic and given by parabolas. Moreover, this system has the first integral

H(x, y) =
1

2

(
bμ2x2 − 2bμxy − 2dx+ by2 + 2cy

)
. (2)

ii) If a+ bμ �= 0 and d− cμ �= 0, the only algebraic invariant curve of (1) is an
invariant line. Moreover, this system has the first integral

H(x, y) =
(
(a+ bμ)(ax+ by) + ac+ bd

)
e

a+bμ
d−cμ (μx−y).
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It is known that (see [20]) a normal form for a linear differential system having
a center is given in the next result.

����� 1.2� A linear differential system having a center can be written as

ẋ = −Bx− 4B2 + w2

4A
y + δ, ẏ = Ax+ By +D,

with A �= 0 and w > 0. This linear differential system has the firstintegral

H1(x, y) = 4(Ax+By)2 + 8A(Dx− δy) + w2y2.

Our main results are the following.

����	�� 1.3� A discontinuous piecewise linear differential system separated
by one straight line with two linear systems, such that one of them is a lin-
ear center and the second have no equilibria, neither real nor virtual, can have
at most one limit cycle. Moreover, this limit cycle if there exists is hyperbolic
and non algebraic.

Theorem 1.3 is proved in Section 2.

The next proposition shows that there are discontinuous piecewise linear dif-
ferential systems separated by the straight line Σ with two linear systems such
that one of them is a linear center and the second one has no equilibria, neither
real nor virtual, with one crossing non algebraic limit cycle.


	������� 1.4� For

a = μ− 1, c = −1
2 , d = −1

2μ− 1
2 , b = −1,

A = 5
16 , δ = −1, B = 1, D = 1 and w = 1

the discontinuous piecewise linear differential system defined by

ẋ = −x− 4y − 1, ẏ = 5
16x+ y + 1 in Σ+,

ẋ = (μ− 1)x− y − 1
2 , ẏ = μ (μ− 1)x− μy − 1

2 (μ+ 1) , in Σ−,
(3)

when μ �= 0 has one explicit hyperbolic non-algebraic crossing limit cycle given by

Γ =

{
(x, y) ∈ Σ+ : 4

(
5

16
x+ y

)2
+

5

2
(x+ y) + y2 = 1.760 7

}
∪

{
(x, y) ∈ Σ− :

(
(1− μ)x+ y + 1

)
e2μx−2y = 0.633 99

}
.

This proposition will be proved in Section 3.
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2. Proof of Theorem 1.3

Assume that we have a discontinuous piecewise linear differential system sep-
arated by one straight line and formed by two linear systems such that one
of them is a linear center and the second one has no equilibria, neither real
nor virtual. By Lemma 1.2 and using the normal form (1), we can write such a
discontinuous piecewise linear differential system as

ẋ = −Bx− 4B2+w2

4A
y + δ, ẏ = Ax+By +D, in Σ+,

ẋ = ax+ by + c, ẏ = μax+ μby + d, in Σ−.
(4)

Notice that system (4) in the half–plane Σ+ has the first integral

H1 (x, y) = 4(Ax+By)2 + 8A(Dx− δy) + w2y2.

By lemma 1.1, the first integral of discontinuous piecewise linear differential
system (4) in the half–plane Σ−, is

H2 (x, y) =

⎧⎨
⎩

(
(a+ bμ)(ax+ by) + ac + bd

)
e

a+bμ
d−cμ (μx−y) if a+ bμ �= 0,

1
2

(
bμ2x2 − 2bμxy − 2dx+ by2 + 2cy

)
if a+ bμ = 0.

Suppose that this of discontinuous piecewise linear differential system (4) has
some limit cycles intersecting Σ in two points, namely, (0, y0) and (0, y1) with
y1 �= y0. Then, the first integrals H1 and H2 must satisfy the following two
equations:

H1 (0, y0)−H1 (0, y1) = 0,

H2 (0, y0)−H2 (0, y1) = 0.
(5)

Note that the first equation of (5) can be written as(
4B2 + w2

)
y20 − 8Aδy0 −

(
4B2 + w2

)
y21 + 8Aδy1 = 0.

Taking into account that we are only interested in the solutions y1 satisfying
y1 �= y0, the unique solution of the previous equation is

y1 =
8Aδ

4B2 + w2
− y0. (6)

Now, it is easy to see that the existence of crossing periodic solutions of dis-
continuous piecewise linear differential system (4) is equivalent to the existence
of the isolated values of y0 which satisfied

H2 (0, y0)−H2

(
0,

8Aδ

4B2 + w2
− y0

)
= 0. (7)
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Here, we have to divide the proof of Theorem 1.3 into two cases.

Case 1� if a+ μb = 0 and d− cμ �= 0 : In this case (7) becomes

4(4B2c+ cw2 + 4Abδ)

(4B2 + w2)2
(
(4B2 + w2)y0 − 4Aδ

)
= 0. (8)

It is easy to see when 4B2c + cw2 + 4Abδ = 0, this equation has infinity solu-
tion y0. So the periodic orbits of the discontinuous piecewise linear differential
system (4) are in a continuum of periodic orbits, and consequently the discon-
tinuous piecewise linear differential system (4) has no limit cycles. If

4B2c+ cw2 + 4Abδ �= 0,

the unique solution of (8) is y0 = 4Aδ
4B2+w2 . From this value of y0 we get the

value of y1 = 4Aδ
4B2+w2 , so y0 = y1, which cannot contribute a limit cycle and

consequently, the discontinuous piecewise linear differential system (4) has no
limit cycles. This completes the proof of Theorem 1.3 in Case 1. �

Case 2� if a+ μb �= 0 and d− cμ �= 0: In this Case (7) becomes(
b(a+ bμ)

( 8Aδ

4B2 + w2
− y0

)
+ ac+ bd

)
e
− a+bμ

d−cμ

(
8Aδ

4B2+w2 −y0

)
=

(
b(a+ bμ)y0 + ac+ bd

)
e−

a+bμ
d−cμ y0 . (9)

This last equation can be written as

0 =
(
b(a+ bμ)y0 + ac+ bd

)
−
(
b(a+ bμ)

( 8Aδ

4B2 + w2
− y0

)
+ ac+ bd

)
e
− a+bμ

d−cμ

(
8Aδ

4B2+w2 −2y0

)
.

For convenience, we denote by

f(y) =
(
b(a+ bμ)y + ac+ bd

)
−
(
b(a+ bμ)

( 8Aδ

4B2 + w2
− y

)
+ ac + bd

)
e
− a+bμ

d−cμ

(
8Aδ

4B2+w2 −2y
)
. (10)

Now, solving (9) is equivalent to find the solutions y0i of the equation f(y) = 0.
In order to investigate the number of solutions of f(y) = 0, and since f is a func-
tion differentiable in R, we shall use the first two derivatives of the function f.
Simple calculations yield:

f ′(y) =
−(a+ bμ)

(4B2 + w2)(d− cμ)
b(4B2 + w2)(cμ− d)

−
((
4B2 + w2

)(
(2ac+ bd+ bcμ)− 2b(a+ bμ)y

)
+ 16Abδ(a+ bμ)

)
× (a+ bμ)

(4B2 + w2)(d− cμ)
e
− a+bμ

d−cμ

(
8Aδ

4B2+w2 −2y
)
,
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f ′′(y) = −4
(a+ bμ)3

(4B2 + w2)(d− cμ)2
(
(4B2 + w2)(c− by) + 8Abδ

)
× e

2 a+bμ
d−cμ

(
y− 4Aδ

4B2+w2

)
.

It is easy to see that f ′ and f ′′ are continuous functions in R. It is obvious that
f ′′(y) = 0 has at most one root, it follows that the function f ′ has at most two
zeros. Thus f(y) = 0 has at most three roots y0i, i = 1, 2, 3. It is easy to see that
y = 4Aδ

4B2+w2 is a solution of the equation f(y) = 0.

On the other hand, we have

f
( 8Aδ

4B2 + w2
− y0

)
=

(
b(a+ bμ)

( 8Aδ

4B2 + w2
− y0

)
+ ac+ bd

)

− (
b(a+ bμ)y0 + ac+ bd

)
e

a+bμ
d−cμ

(
8Aδ

4B2+w2 −2y0

)
.

The equation f
(

8Aδ
4B2+w2 − y0

)
= 0 can be written as

(
b(a+ bμ)

( 8Aδ

4B2 + w2
− y0

)
+ ac+ bd

)

− (
b(a+ bμ)y0 + ac+ bd

)
e

a+bμ
d−cμ

(
8Aδ

4B2+w2 −2y0

)
= 0,

this is equivalent to f (y0) = 0. Therefore, if y0 is a solution of f(y) = 0, then
8Aδ

4B2+w2 − y0 is also a solution of this last equation. Thus, three solutions of the

equation f(y) = 0 (if there exist) are:

• y01=
4Aδ

4B2+w2 , by (6) and from this value of y01 we get the value of y11=
4Aδ

4B2+w2 ,
so y01= y11, which cannot contribute a limit cycle.

• y02=y0, by (6) and from this value of y02 we get the value of y12=
8Aδ

4B2+w2−y0.

• y03=
8Aδ

4B2+w2−y0, by (6) and from this value of y03 we get the value of y13=y0.

Then, the two values

y02 = y13 = y0 and y03 = y12 =
8Aδ

4B2 + w2
− y0 (if there exists y0)

are contribution to a same solution (y02, y12) with y02 �= y12 for system (5).
Consequently, they contribute to a same limit cycle. So the discontinuous piece-
wise linear differential system (4) has at most one limit cycle. Moreover, we can
choose the appropriate parameters a, b, c, d, B,A, δ, μ and w in such a way that
f(y) = 0 has exactly two real roots y02 and y12 = 8Aδ

4B2+w2 − y0 that can pro-

vide at 1 limit cycle for the discontinuous piecewise linear differential system (4).
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Using the first integrals of both linear differential systems of (4) and knowing
that the non-algebraic crossing periodic orbits pass through the points

(0, y0) and
(
0,

8Aδ

4B2 + w2
− y0

)
, where y0 is the zero of f(y0) = 0.

Thus these expressions are:

Γ =

{
(x, y) ∈ Σ+ : 4(Ax+By)2 + 8A(Dx− δy) + w2y2

= (4B2 + w2)y20 − 8Aδy0

}

∪
⎧⎨
⎩

(x, y) ∈ Σ− :
(
(a+ bμ)(ax+ by) + ac+ bd

)
e

a+bμ
d−cμ (μx−y)

=
(
b(a+ bμ)y0 + ac + bd

)
e

a+bμ
cμ−d y0

⎫⎬
⎭ .

This completes the proof of Theorem 1.3 in Case 2. �

3. Proof of proposition 1.4

We shall prove that the discontinuous piecewise linear differential system (3)
has exactly one hyperbolic and non algebraic limit cycle. It is easy to see that
the left half system has no equilibria, neither real nor virtual and since ±1

2 i are
the eigenvalues of the matrices of the right half system of (3), then this system
has their equilibria as center type at the point

(−12, 114
)
.

The two linear differential systems of (3) have the following first integrals:

H1(x, y) = 4
(

5
16x+ y

)2
+ 5

2 (x+ y) + y2,

H2(x, y) =
(
(1− μ) x+ y + 1

)
e2xμ−2y,

in Σ+ and Σ−, respectively.
Now we shall use the notation and the expressions of the proof of Theorem 1.3.

System (5) can be written as:

y0(2y0 + 1)− y1(2y1 + 1) = 0,

(y0 + 1)e−2y0 − (y1 + 1)e−2y1 = 0.

Taking into account that we are only interested in the solutions (y0, y1) satisfying
y1 �= y0, the unique solution of the first equation of the previous system is

y1 = −y0 − 1

2
.
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Then, for the discontinuous piecewise linear differential system (3), the func-
tion (10) becomes

f(y) = (y + 1) +

(
y − 1

2

)
e4y+1.

The graph of this function is given in Figure 1.

Figure 1. The graph of the function f(y).

The three solutions of f(y) = 0 are:

y01 = −0.25, y02 = −0.893 92 and y03 = 0.393 92

in the interval R. From these values of y0i we get values of

y11 = y01 = −0.25, y12 = 0.393 92 and y13 = −0.893 92.

Consequently, the discontinuous piecewise linear differential system (3) has ex-
actly one limit cycle.

Straightforward computations show that the solution passing through the
crossing points (0, y02) and (0, y12) corresponds to:

Γ =

{
(x, y) ∈ Σ+ : 4

(
5

16
x+ y

)2
+

5

2
(x+ y) + y2 = 1. 760 7

}

∪ {
(x, y) ∈ Σ− : (x+ y − μx+ 1)e2μx−2y = 0.633 99

}
.

Moreover, Γ is non algebraic and is travelled in counter-clockwise sense around
the sliding segment

Σrs =

{
(0, y) ∈ Σ : −1

2
≤ y ≤ −1

4

}
.
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Now we shall prove that this non-algebraic crossing periodic orbit is a hyper-
bolic limit cycle. Let T be the period of the periodic solution

Γ :
{(

x(t), y(t)
)
, t ∈ [0, T ]

}
.

To see that Γ is in fact a hyperbolic limit cycle, we recall a classic result charac-
terizing limit cycles among other periodic orbits for a smooth differential system
in the plane (see for instance Perko [24] for more details), which means that Γ(t)
is a hyperbolic limit cycle when

T∫
0

div
(
Γ(t)

)
dt �= 0, (11)

stable if
∫ T

0
div

(
Γ(t)

)
dt < 0, and unstable if

∫ T

0
div

(
Γ(t)

)
dt > 0. The formu-

la (11) can be extended to the discontinuous piecewise linear differential systems.

It is easy to check Γ given by the analytic curves that
(
x+(t), y+(t)

)
in the half-

-plane Σ− for t ∈ [0, 1.622 0], and by and
(
x−(t), y−(t)

)
in the half-plane Σ−

for t ∈ [1.622 0, 2.575 7], where

x+(t) = 16 cos
1

2
t− 4 cos

1

2
t− 2 sin

1

2
t− 16− 8y02 sin

1

2
t+ 4,

y+(t) = 4 +
5

4
cos

1

2
t− 4 cos

1

2
t+ 2D sin

1

2
t+ y02 cos

1

2
t+ 2y02 sin

1

2
t− 5

4
,

x−(t) =
1

2
t− y12 + e−t(y12 + 1)− 1,

y−(t) = y12 − μ+ t

(
1

2
μ− 1

2

)
+ e−t(μ+ μy12)− μy12.

Therefore, the periodic orbit Γ has period T = 2. 575 7. Then for the discontin-
uous piecewise linear differential system (3), we have

Γ :
{(

x+(t), y+(t)
)
, t ∈ [0, 1. 622 0]

}∪ {(
x−(t), y−(t)

)
, t ∈ [1. 622 0, T ]

}
,

thus T∫
0

div
(
Γ(t)

)
dt = −

2. 575 7∫
1. 622 0

dt = −0.953 7 < 0.

Consequently, Γ is a stable hyperbolic non algebraic limit cycle of the discontin-
uous piecewise linear differential system (3).

Example. Considering the parameter μ = −3, we obtain the discontinuous
piecewise linear differential system

ẋ = −x− 4y − 1, ẏ = 5
16x+ y + 1 in Σ+,

ẋ = 2x− y − 1
2 , ẏ = 6x− 3y − 2, in Σ−.

(12)
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Then, this system has exactly one explicit hyperbolic non algebraic crossing limit
cycle Γ that intersects the switching line Σ at the two points

y0 = −0.893 92 and y1 = 0.393 92,

this limit cycle is given by

Γ =

{
(x, yt) ∈ Σ+ : 4

(
5

16
x+ y

)2

+
5

2
(x+ y) + y2 = 1.760 7

}
∪

{
(x, y) ∈ Σ− : (x+ y + 3x+ 1)e−6x−2y = 0.633 99

}
.

Figure 2. The limit cycle of the discontinuous piecewise linear differential

system (12).
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[1] ARTÉS, J. C.—LLIBRE, J.—MEDRADO, J.C.—TEIXEIRA, M.A.: Piecewise linear
differential systems with two real saddles, Math. Comput. Simulation 95 (2014), 13–22.

[2] BERBACHE, A.:Two limit cycles for a class of discontinuous piecewise linear differential
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