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ABSTRACT. This paper presents sufficient conditions involving lim sup for the
oscillation of all solutions of linear difference equations with general deviating
argument of the form

Az(n) + p(n)z(r(n)) =0,n € Ng [Vz(n) — q(n)z(c(n)) =0, n € N],
where
(p("))nzo and (q(n))nzl
are sequences of nonnegative real numbers and
(T(n))nz(y (G(n))n21
are (not necessarily monotone) sequences of integers. The results obtained im-

prove all well-known results existing in the literature and an example, numerically
solved in MATLARB, illustrating the significance of these results is provided.

1. Introduction

In this paper we consider the difference equation with a variable deviating

argument of either retarded
Az(n) +p(n)z(r(n)) =0, ne Ny (E)

or advanced type Va(n) — q(n)x(a(n)) =0, neN. (E)
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Equations (E)) and (E]) are studied under the following assumptions: everywhere

3 (p<"))nzo and (q<"))nz1

are sequences of nonnegative real numbers, and
(T(1) 50 (0(1),15,

are sequences of integers satisfying
7(n) <n—-1, ¥YneNy and lim 7(n) =00 (1.1)
n—oo

and

on)>n+1, VneN, 1.

[\
~—

(
respectively. Here, A denotes the forward difference operator Az(n) = z(n +
1) — z(n) and V corresponds to the backward difference operator Vz(n) =
xz(n) —xz(n —1).

Set

w=— 17{1211017'(70

Clearly, w is a finite positive integer if () holds.

By a solution of (E), we mean a sequence of real numbers (z(n)) ., Which

n>—
satisfies (E) for all n > 0. By a solution of (E/), we mean a sequence of real

numbers (z(n)), , which satisfies (E) for all n > 1.

A solution (:c(n))nz_w (or (I(”))reo) of (@) (or (E)) is called oscillatory,
if the terms x(n) of the sequence are neither eventually positive nor eventually
negative. Otherwise, the solution is said to be nonoscillatory. An equation is
oscillatory if all its solutions oscillate.

It is clear that, for each choice of real numbers c_y, ¢_yt1,..., c—1, Co,
by using the method of steps one can obtain a unique solution (z(n)) .
to (E)) satisfying the initial conditions z(—w) = ¢_y, 2(—w + 1) = ¢_wi1,.. .,
z(—1) = c_1, z(0) = co.

It is noteworthy to observe that a first-order linear difference equation of the
form (E) [(E])] without retarded (7(n) = n) [advanced (o(n) = n)] argument
does not possess oscillatory solutions. Therefore, the investigation of oscilla-
tory solutions is of interest for equations of the form ([E) [(E])]. Furthermore,
the mathematical modelling of several real-world problems leads to difference
equations that depend on the past or future state values rather than only the
current one.

The problem of establishing sufficient conditions for the oscillation of all so-
lutions of equations (E) and (E) has been the subject of many investigations,
see, for example, [I]-[I6] and the references cited therein. Most of these papers
concerned with the special case where the arguments are nondecreasing, while a

82



NON-MONOTONE ARGUMENTS

few of these papers are dealing with the general case where the arguments are
not necessarily monotone. See, for example, [I]-[5], [§]-[9.

The consideration of non-monotone arguments other than the pure mathe-
matical interest, it approximates the natural phenomena described by equation
of the type (E]) or (E/). That is because there are always natural disturbances
(e.g., noise in communication systems) that affect all the parameters of the
equation and therefore the fair (from a mathematical point of view) monotone
arguments become almost always non-monotone. In view of this, an interesting
question arising in the case where the argument 7(n) [o(n)] is non-monotone,
is whether we can state further oscillation criteria which essentially improve all
the known results in the literature. In the present paper, a positive answer to the
above mentioned question is given.

The paper is organized as follows. First, we present, separately for a retarded
and advanced case, some of the related results which motivate the contents of this
paper. Next, we establish new sufficient conditions, involving limsup, for the
oscillation of all solutions of ([E]) and (E’). We base our technique on the proper
use of an iterative procedure leading to new inequalities which may replace
former ones. To verify the significance of the results, we provide an example
along with various comparisons among new and known criteria.

Throughout this paper, we are going to use the following notation:

k—1 k—1
> A@l)=0 and IT46 =1,
i=k i=k

n—1 o(n)
o= linn_ligf Z p(j) and B = linnggf Z q(j), (1.3)
j=7(n) j=n+1
and
0 if w>1/e,
D(w) :== (1.4)

lwIZ2w=e? if € [0,1/e].

1.1. Retarded difference equations

In 2008, Chatzarakis, Koplatadze and Stavroulakis [0l [7] proved that, if 7(n)
is nondecreasing and

lim sup Z p(5) > 1, (1.5)
or
n—1 1
lim inf 2(: )p(y) >, (1.6)
j=1(n
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then all solutions of (El) are oscillatory.
It is obvious that there is a gap between the conditions (L) and (6]) when

the limit
Jim Z

j=7(n)

does not exist. How to fill this gap is an interesting problem which has been
investigated by several authors.

Now we come to the case that the argument 7(n) is not necessarily monotone.

Set h(n) = max 7(s). (1.7)

0<s<n
Clearly, the sequence h(n) is nondecreasing with 7(n) < h(n) < n — 1 for all
n > 0.
In 2011, Braverman and Karpuz [2] proved that, if

h(n)—1

lim sup Z (7) H 1, (1.8)

T G=hn) i=r()
then all solutions of (El) are oscillatory.
In 2015, Braverman et al [I] proved that, if for some r € N

n

lim sup > p()a; "t (b(n), 7(5)) > 1, (1.9)

Jj=h(n)

where

a(nk) = TI[1-p0),

-
Il
el

3
|
-

arsr(n.k) =TI [L=p()a"(i,7(2))],

k

.
Il

then all solutions of (El) are oscillatory.

Remark 1. Observe that condition (L8) is a special case of (L9), when r = 1.

Several improvements were made to the above conditions, see [3]-[5], [§], [9]
to arrive at the recent forms [3]

h(n)—1 /—1 j—1

timsup Y pbyesp (5 p0exp | S o) [] ol B

0 k—h(n) =1 (k) =) u=7(j)
(1.10)
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where
dg (n)
—1 -1 1
=p(n 1+Z (k) exp ZP €) exp 42?(?) Hm
k=7(n) L=1(k) j=7(0) u=T7(35)
(1.11)
with
n—1 n—1 -1
do(n) =p(n) |1+ Y p(k)exp | > p(l)exp | Xo > plj)
k=7(n) ¢=T(k) J=7(£)

and \g is the smaller root of the transcendental equation \ = e®*.

1.2. Advanced difference equations

In 2012, Chatzarakis and Stavroulakis [I0] proved that, if o(n) is nondecreas-
ing and

limsup » ~ q(j) > 1, (1.12)

then all solutions of () are oscillatory.

Now we come to the case that the argument o (n) is not necessarily monotone.
Set
p(n) = mino(s). (1.13)

s>n

Clearly, the sequence p(n) is nondecreasing with o(n) > p(n) > n + 1 for all
n > 1.

In 2015, Braverman et al [I] proved that, if for some r € N

p(n)
hfzn—i%p Z n),o(j)) > 1, (1.14)
where
k
bi(n, k) = 11 [t —q(@)],
i=n+1
bea(nk) = 11 (1= a8 o).

then all solutions of (E]) are oscillatory.
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Several improvements were made to the above conditions, see [3—5, 8, 9]
to arrive at the recent forms [3]

p(n) o(k) a(l) a(j) 1
hmsupz ) exp Z q(0) exp Zq(j) H —_— > 1,
n—o00 - = i 1- gg(u)
=p(n)+1 j=~L+1 u=j+1
(1.15)
where
ge(n)
o(n) o(k) o(¢) a(j)
=q(n) [1+ Y a®)exp | Y a@exp | D> aG) [] 5 TR—
k=n+1 l=n+1 j=0+1 u= ]—‘,—1 ~ 91
(1.16)
with o(n) o(k) o(t)
go(n) =q(n) |1+ > qk)exp | > q@exp | Xo Y q(j)
k=n-+1 t=n+1 J=l+1

and )¢ is the smaller root of the transcendental equation A = e”?.

2. Main results

2.1. Retarded difference equations

We further study ([El) and derive new sufficient oscillation conditions, involving
lim sup, which improve on all previously known results in the literature.

The proofs of our main results are essentially based on the following lemmas.

LEMMA 1 (See [9]). Assume that h(n) is defined by (L). If « > 0 then
n—1
liminf » " p(j) = liminf ) p(j) =
j=h(n) j=7(n)
LEMMA 2 (See []). Assume that h(n) is defined by (L) and z(n) is an even-
tually positive solution of (E). If 0 < a < 1/e then

. ez(n+1)

hnrgloréf 2(h() > D(«) (2.1)
and

lim inf z(h(n) > Ao, (2.2)

where X\ is the smaller root of the transcendental equation \ = e™*.
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THEOREM 1. Assume that (LI holds and h(n) is defined by (L1). If for some

peN
h(n)—1 j—1 1
1 j _ 1 2.3
lﬁiﬂpzs O Z () H el Rl (2.3)
j=T(s) m=T(j)
where
n—1 n—1 u—1 1
bo(n) =p(n) |1+ Y ps)exp | Y pw) [[ ——F (2.4)
i 1-— bgo—l(z)
s=7(n) u=r(s) i=7(u)
with
n—1
bo(n) = p(n) |1+ Z m)exp [ Y p(f)exp(Sk(0)) | |
m=1(n) {=7(m)
n—1
Sk(n) = > p(ix) exp(Sk-1(ir)), k> 1, with Sp(n) =g Z (o),
Jr=7(n) Jo=T(n)
and Ao is the smaller root of the transcendental equation X = €™, then all

solutions of (E) are oscillatory.

Proof. Assume, for the sake of contradiction, that (x(n))n>_w is a nonoscilla-

tory solution of ([El). Then it is either eventually positive or eventually negative.
As (=xz(n)), ., is also a solution of (E)), we may restrict ourselves only to the

case where x (n) > 0 for all large n. Let ny > —w be an integer such that
z(n) > 0 for all n > ny. Then, there exists no > n; such that z(7(n)) > 0,
Vn > ng. In view of this, Eq. (E) becomes

Az(n) = —p(n)z(t(n)) <0,  Vn > no,

which means that the sequence (m(n)) is eventually nonincreasing.

Dividing (El) by x(n) and summing up from 7(n) to n — 1, we take

Y Acbo) |5 aTlo) (2.5)

0
Jomrmy B0 z(jo)
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Also, since e >z + 1, x € R, we have

S Arlo) ¥ <x<jo_+1>1>

jo=riny TU0) jo=rty N #0)
n—1 .
1
= Z {exp <ln x(ﬂ(z +) )> — 1]
T
jo=r(n) Jo
n—1
z(jo +1) ]
> In +1-1
Z z(jo)
Jo= T(“)
_ Z In j() + 1) T x(n)
PN )

or

n—1 .
A Batio) y, wt)
20 2 Gw)
Combining (23]) and ([2.6), we obtain

Z() o 2y
Or n ajI;)pWSi%”
Thus
z(r(n)) > a(n)exp jogn)p(jo)x;f(%)))
> a(n)exp ]Oi;)p( ﬁ?((j?))))
> @(n)exp (Ao—E)‘Ti)on))
Orh z(7(n)) = x(n) exp(So(n, ©)),

n—1

So(me) = o —e) > plio).

Jo=T7(n)
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Combining (El) and ([27), we have
Az(n) + p(n)z(n) exp(So(n,€)) < 0. (2.8)
Dividing (Z8) by z(n) and summing up from 7(n) to n — 1, we take

i Ax(j1 )S . p(j1) exp(So(j1.¢€))

jiortmy TUY)

—

<.
~
\,
g
2

or

z(7(n)) > x(n)exp ( z_: p(jl)exp(So(jl,e))) = z(n)exp(Si(n,€)) (2.9)

Ji=7(n)
where
n—1
Si(n,e) = Z p(j1) exp(So(j1,€))-
J1=7(n)
Continuing by induction, for sufficiently large n, we can construct the following:
z(7(n)) > x(n) exp(Sk(n,€)), (keN), (2.10)
where
n—1
Sk(n,€) = Z p(Jr) exp(Sk_l(jk,e)). (2.11)
Jk=T7(n)
Combining (El) and (ZI0), we have
Az(n) + p(n)z(n) exp(Sk(n,€)) < 0. (2.12)
We divide (ZI2) by z(n) > 0 and Summing up on [7(m),n — 1] we have
n—1 —
A
Z 2 Z eXp Sk L, 6))
L=1(m)
or
n—1
z(T(m)) > x(n) exp Z p(0) exp(Sk(L,€)) ] . (2.13)
L=1(m)

Summing up (El) from 7(n) to n — 1, using (ZI3) and multiplying by p(n), we
obtain

p(n)z(n) — p(n)z(r(n)) + p(n)z(n)x
- p(m) exp ( i p(f) exp(Sk(ﬁ,e))) <0
m=r(n) L=1(m)

which, in view of (El), becomes
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Ax(n) + p(n)z(n) + p(n)z(n)x

"i p(m) exp ( ”i p(f) exp(Sk(K,e))) <0.

m=7(n) {=T1(m)
Thus
n—1 n—1
Az(n) + p(n) [1 + ) p(m) eXP( > " p(£) exp(Sk (L, 6)))] z(n) <0,
m=7(n) t=1(m)
or
Az(n) + by(n,e)x(n) <0, (2.14)
with
n—1 n—1
bo(n, €) = p(n) [1 + Z p(m) exp ( Z p(€) exp(Sk (L, e)))] .
m=7(n) {=7(m)
Applying the discrete Gronwall inequality in (2I4]), we obtain
u—1
z(7(u)) > z(u) H %. (2.15)

i=7(u)

Dividing (El) by z(n), summing up from 7 (s) to n — 1 and in view of (ZIH), we
take

) S Ae) SR atrw)

or

(7(s)) = x(n) eXP( i p(u) 1:[ %0(”)) : (2.16)

u=r(s) i=7(u)
Summing up (El) from 7(n) to n — 1 and using ([2I0]), we obtain

n—1

z(n) —z(r(n)) + Z p(s)z(7(s)) = 0. (2.17)

s=71(n)

Combining (2Z16]) and (2I7), we find

z(n) — z(7(n)) + z(n)x

immm<immﬁfﬁﬁ;)m,

s=7(n) u=r(s) i=7(u)
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Multiplying the last inequality by p(n), we get

p(n)a(n) — p(n)z(r(n)) + p(n)z(n)x

n—1 n—1
Epoen( BT e <

which, in view of (El), becomes

Ax(n) + p(n)x(n) + p(n)z(n)x

n—1 n—1 u—1
1
> plstesp | S plw) [T w5 | <0
‘ 1 —bo(ie€)
s=7(n) u=r(s) i=7(u)
ie.,
n—1 u—1 1
Aetn) o) |14 3 p)esn | 32 vt T oot g || M <0
s=7(n) u=r(s) i=7(u) o
Therefore
Az(n) + bi(n, )z(n) < 0, (2.18)
where
n—1 n—1 u—1 1
(o) =pn) |1+ 3 pis)esp | 30 v I =505
s=7(n) u=r(s) i=T(u) ’

Repeating the above argument leads to a new estimate

Ax(n) + ba(n,€)x(n) <0,

where
n—1 n—1 u—1 1
ba(n,e) =p(n) |1+ > p(s)exp | Y p(u) | 1T TG
s=71(n) u=r(s) i=7(u)
Continuing by induction, for sufficiently large n we get
Az(n) + by(n,€)z(n) <0, (2.19)
where
n—1 n—1 u—1 1
by(n,€) =p(n) |1+ Z p(s)exp Z p(u)_ H T b, (i)
s=71(n) u=r(s) i=7(u)
and
h(n)—1 j—1 1
z(7(s)) > z(h(n)) exp Z p(j) H m . (2.20)

j=r(s)  m=r(j)
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Summing up (El) from h(n) to n, we have

n

z(n+1) —z(h(n) + Z p(s)z(7(s)) = 0. (2.21)

s=h(n)
Combining (Z20) and ([2Z21]), we have, for all sufficiently large n,
z(n+1) —z(h(n)) + z(h(n))

n h(n)—1 j—1

Z p(s) exp Z p(j) H m <0. (2.22)

s=h(n) j=7(s)  m=7(j)

The inequality is valid if we omit z(n + 1) > 0 in the left-hand side

—z(h(n)) + z(h(n)) x

n h(n)—1 j—1 1
> ps)exp | D p0) [[ 7= <0
. . 1- bso(mv 6)
s=h(n) Jj=7(s)  m=7(j)

Thus, as z(h(n)) > 0, for all sufficiently large n it holds

n h(n)—1 j—1 1
] —_— 1
> p(s)exp Z p(j) H_l_bg)(m’e) <1,
s=h(n) j=7(s) m=r(j)

from which by letting n — oo, we have

h(n)—1 j—1

. - , 1
limsup > p(s)exp | Y (i) [] Toong | <
"% s=h(n) j=1(s)  m=t(j) A

Since € may be taken arbitrarily small, this inequality contradicts (2.3]).
The proof of the theorem is complete. O

THEOREM 2. Assume that h(n) is defined by (7)) and o € (0,1/€]. If for some

peN
n h(n)—1 j—1 1
lim sup Z p(s) exp Z p(j) H T=bo(m) >1-D(a), (2.23)
O hn) j=r(s)  m=r(j) ks

where by, is defined by 24), then all solutions of (El) are oscillatory.

Proof. Let # be an eventually positive solution of Eq. (El). Then, as in the
proof of Theorem [I we obtain ([222)), i.e., for sufficiently large n we have
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z(n+1) —z(h(n)) + z(h(n)) x

n h(n)—1 j—1 1
doops)ep | Y pG) [ 77— <O
. . 1- bso(mv 6)
s=h(n) j=7(s) m=r(j)
Thus,
n h(n)—1 ji—1
. 1 x(n+1
S p@en | S a) [[ e | <1 20
. . 1- b@(mv 6)
s=h(n) Jj=7(s) m=r(j)

which gives

1 IOSINE 1 @)
im sup Z stexp | > p() [ T 0.0m0) ()
s=h(n) j=r(s)  m=r(j) ’

By Lemma[2] it is obvious that inequality (2] is fulfilled. So, the last inequality
leads to

n h(n)—1 Jj—1
. . 1
lim sup E p(S) exXp E p(]) H m) <1-
s=h(n) j=7(s) m=7(j) PATD

Since € may be taken arbitrarily small, this inequality contradicts (Z.23)).
The proof of the theorem is complete. O

2.2. Advanced difference equations

Similar lemmas for the (dual) advanced difference equation (E), easily, can
be derived. The proofs of these lemmas are omitted, since they are quite similar
to those of the corresponding lemmas, for the retarded equation.

LEMMA 3. Assume that p(n) is defined by (LI3). If B > 0 then

p(n) a(n)
lim inf g ) = lim inf E
n—oo n—oo

Jj= n+1 Jj= n+1

LEMMA 4. Assume that p(n) is defined by (LI3), 0 < 5 < 1/e and z(n) is an
eventually positive solution of (E]). Then

xz(n—1)

> D(B)

lim inf

R 2 (o0)
and

lim inf M >\

n—00 x(n) =70

where \g is the smaller root of the transcendental equation \ = e*.
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Based on Lemmas B and @ we derive new sufficient oscillation conditions,
involving lim sup, which essentially improve all previously known results in the
literature. The proofs of these theorems are omitted, since they are quite similar
to those of the corresponding theorems, for the retarded equation.

THEOREM 3. Assume that (L2) holds and p(n) is defined by [(LI3)). If for some

peN
o(n) o(s) a(j) 1
lin sup ; q(s) exp j_%ﬂ Q(J)m_]l:[h(j)w > 1, (2.24)
where
o(n) o (s) o(u) 1 |
dy(n) =q(n) |1+ Z q(s) exp Z q(u) | 1T T=d..0) (2.25)
s=n+1 u=n+1 i=ud1 |
with

o(n) o(m)

do(n) =q(n) |1+ > qm)exp | Y q(t)exp(Sk(0))

m=n-+1 l=n+1

a(n) o(n)
S(n) = > q(ix) exp(Sk-10ix)), k=1 with So(n) =X »_ qljo)

Jr=n+1 jo=n+1

and o is the smaller oot of the transcendental equation X = e, then all
solutions of (E]) are oscillatory.

THEOREM 4. Assume that (L2) holds, p(n) is defined by (LI3) and 0 < 8 < 1/e.
If for some ¢ € N

o(n) o(s) a(4)
hfln_fogp > als)exp | > a() H T d,m) >1-D(B), (2.26)
s=n j=p(n)+1 m=j+17(j)

where dy, is defined by Z25), then all solutions of (E) are oscillatory.

2.3. Difference inequalities

We close Section 2 by citing some results concerning the corresponding to (E)
or (E)) difference inequalities. As the proofs of these results require only slight
modifications in the proofs of Theorems [[H4l we omit them.
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THEOREM 5. Assume that all conditions of Theorem [ (Theorem[3) or Theo-
rem[2 (Theorem[j)) hold. Then

(i) the retarded [advanced] difference inequality
Az(n) +p(n)z(t(n)) <0, neNy [Va(n)—g(n)z(s(n)) >0, neN]|
has no eventually positive solutions;
(ii) the retarded [advanced] difference inequality
Az(n) +p(n)z(r(n)) >0, neNy [Va(n)—q(n)z(o(n)) <0, neN|

has no eventually negative solutions.

3. An example and comments

The example below illustrates that our conditions essentially improve known
results in the literature yet indicate a type of independence among some of them.
Not to pursue complexity any further, we choose to present an example with
constant coefficients and variable non-monotone argument. This example does
not only illustrate the significance of our results but also indicates a high level
of improvement in the oscillation criteria. The calculations were made by the
use of MATLAB software.

ExXAMPLE 1 (taken and adapted from [3]). Consider the retarded difference
equation
Az(n) + —z(7(n)) =0, n € Ny, (3.1)
with (see Fig. 1, (a))
n—1 ifn=>5u,
n—6 ifn=>5u+1,
T(n) =< n—2 ifn=>5u+2,
n—=6 ifn=>5u+3,
n—3 ifn=">5u+4,

where €Ny and Ny is the set of nonnegative integers.
By (1), we see (Fig. 1, (b)) that

n—1 ifn=>5pu,
n—2 ifn=>5u+1,
hin)=¢ n—2 ifn=>5u+2,
n—3 ifn=>5u+3,
n—3 ifn=>5u+4.
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FIGURE 1. The graphs of 7(n) and h(n).
It is easy to see that
I I ey .
a = lim inf p(j) = liminf — =0.092
j=7(n) J=5p—1

and therefore, the smaller root of e¥:092* = X is \g = 1.10723.
Observe that the function F¢ : Ng — R4 defined as

n h(n)—1 j—1
) 1
F@(n?k) = E p(s)exp § p(]) H 1 —b (m 6) )
s=h(n) j=7(s) m=7(j) @ ’

attains its maximum at
n=>5u+4, peNy forevery peN
Specifically, by using an algorithm implemented in MATLAB software, we obtain

Sutd 5u -1 1

Fi(5pn+4,3) = Z p(s) exp Zp(j) H —— | ~1.021

s=5u+1 J=r(s) m:T(j)l — by (m,€)

and therefore
limsup Fi(n,3) ~ 1.021 > 1.

n—oo
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That is, condition ([23]) of Theorem [ is satisfied for ¢ = 1. Therefore, all solu-
tions of ([B]) are oscillatory.

Observe, however, that

S5u+4

li =1 =0.38<1
171111_>sot<1>p Z (j) = 1msup Z 250 <1,
Jj= T(n) s= 5M+1
1
a=0.092 < -,
e
n h(n)—l 1
lim sup Z p(J) H 0
T =k =)
5p+4 Sp
23 1
=timswp > oo []
H—r00 j= 5#+1 i=7(j) 250
23 1 1 1
~ 580 + 1_ 23 + o3 d T 1

6
201 (1- %) 250 (- 25

~ (0.4928 < 1.

Also, by using an algorithm in MATLAB software, we obtain

h(n)—1 ji—1
1
hmsupr exp Zp exp Zp H m ~0.7177<1.
n—>ook h(n) L=1(k) j=7(¢) u=r(j) 1

That is, none of conditions (LH), (LCH), (LX) = @CI) (for r = 1) and (LIH)
(for £ = 1) is satisfied.

Notation 1. Tt is worth noting that the improvement of condition (23]) to the
corresponding condition (LX) is significant, approximately 168.68 %, if we com-
pare the values on the left-side of these conditions. Also, the improvement com-

pared to conditions (L8) = ([L9) (for » = 1) and (LIH) (for & = 1) is very
satisfactory, around 107.18 % and 42.26 %, respectively.

Finally, observe that the conditions (I9]) and (LIH) do not lead to oscillation
for the first iteration. On the contrary, condition (23] is satisfied from the first
iteration. This means that our condition is better and much faster than (L9)

and (LCI0).

Remark 2. Similarly, one can construct examples, illustrating the other main
results, in the paper.
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4. Concluding Remarks

The recursive sequence Si(n) directly affects the sequence by(n). We have
been trying and still try to analytically compute the limit of Sk(n), since there
are strong indications that the limit exists.

This is because:
(1) The sequence Si(n) is bounded. Indeed, assume that {S(n)}, oy is un-

bounded. Then there exists a subsequence Sy(x)(n) — 0o as k — oo.
Since

z(7(n)) = z(n) exp(Sk(n,€)), (k€N),
it is obvious that
z(7(n)) = z(n) exp(Sya (n, €))z(7(t))

z(n)

Consequently, z(n) = 0, which contradicts z(n) > 0.

(2) The indications (using MATLAB) give us the impression that {Sk(n)}, o
is increasing.

< exp(—Sg(k) (n,e)) —0as k — .

Therefore, this limit seems to exist. The question is whether this limit can be
found (open problem), which is obviously a function of p(n) and 7(n). However,
we sent it for publication with major contribution the construction of the re-
cursive sequence {5k (1)}, cy, which always allows the condition (23] to be the
best of all the known oscillation conditions.

MATLAB calculations for this example show that there is a rapid convergence
(approximately 7 repetitions (n = 7) are needed). However, the resulting value is
approximately 1.4 >> 1. This enables us to reduce the value of p(n) of equation
(E) in each repetition, since our goal is always to achieve the value 1% in the
condition (23). In this way, all known conditions will not be satisfied in contrast
to (23]) which will be. However, the reduction of the value of p(n) can be made
up to a point, since if the condition

n

> p() <

j=r(n)

Q|

)

holds eventually, then (E]) has a nonoscillatory solution.

Therefore, if the limit of {Sk(n)}, oy is not analytically found, we can always
have the optimal condition with respect to all known oscillation conditions, but
we can never define precisely the reduction of the value of p(n) without violating
the oscillation.
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However, the problem remains open, and we believe that finally we will be

able to calculate the limit of the sequence {Sk(n)},cx-

Finishing, we think that if the limit exists but cannot be analytically com-

puted, this manuscript is the best possible result that leads to oscillation when

all

(1]

[9]
(10]

(11]

the known conditions do not apply.
Similar comments can be made for equation ().
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