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ABSTRACT. This paper presents sufficient conditions involving lim sup for the
oscillation of all solutions of linear difference equations with general deviating
argument of the form

Δx(n) + p(n)x
(
τ(n)

)
= 0, n ∈ N0

[∇x(n)− q(n)x
(
σ(n)

)
= 0, n ∈ N

]
,

where (
p(n)

)
n≥0

and
(
q(n)

)
n≥1

are sequences of nonnegative real numbers and
(
τ(n)

)
n≥0

,
(
σ(n)

)
n≥1

are (not necessarily monotone) sequences of integers. The results obtained im-
prove all well-known results existing in the literature and an example, numerically

solved in MATLAB, illustrating the significance of these results is provided.

1. Introduction

In this paper we consider the difference equation with a variable deviating
argument of either retarded

Δx(n) + p(n)x
(
τ(n)

)
= 0, n ∈ N0 (E)

or advanced type ∇x(n)− q(n)x
(
σ(n)

)
= 0, n ∈ N. (E′)
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Equations (E) and (E′) are studied under the following assumptions: everywhere

3
(
p(n)

)
n≥0

and
(
q(n)

)
n≥1

are sequences of nonnegative real numbers, and(
τ(n)

)
n≥0

,
(
σ(n)

)
n≥1

are sequences of integers satisfying

τ(n) ≤ n− 1, ∀n ∈ N0 and lim
n→∞ τ(n) = ∞ (1.1)

and

σ(n) ≥ n+ 1, ∀n ∈ N, (1.2)

respectively. Here, Δ denotes the forward difference operator Δx(n) = x(n +
1) − x(n) and ∇ corresponds to the backward difference operator ∇x(n) =
x(n)− x(n− 1).

Set
w = −min

n≥0
τ(n).

Clearly, w is a finite positive integer if (1.1) holds.

By a solution of (E), we mean a sequence of real numbers
(
x(n)

)
n≥−w

which

satisfies (E) for all n ≥ 0. By a solution of (E′), we mean a sequence of real
numbers

(
x(n)

)
n≥0

which satisfies (E′) for all n ≥ 1.

A solution
(
x(n)

)
n≥−w

(or
(
x(n)

)
n≥0

) of (E) (or (E′)) is called oscillatory,

if the terms x(n) of the sequence are neither eventually positive nor eventually
negative. Otherwise, the solution is said to be nonoscillatory. An equation is
oscillatory if all its solutions oscillate.

It is clear that, for each choice of real numbers c−w, c−w+1, . . . , c−1, c0,
by using the method of steps one can obtain a unique solution

(
x(n)

)
n≥−w

to (E) satisfying the initial conditions x(−w) = c−w, x(−w + 1) = c−w+1, . . . ,
x(−1) = c−1, x(0) = c0.

It is noteworthy to observe that a first-order linear difference equation of the
form (E) [(E′)] without retarded (τ(n) ≡ n) [advanced (σ(n) ≡ n)] argument
does not possess oscillatory solutions. Therefore, the investigation of oscilla-
tory solutions is of interest for equations of the form (E) [(E′)]. Furthermore,
the mathematical modelling of several real-world problems leads to difference
equations that depend on the past or future state values rather than only the
current one.

The problem of establishing sufficient conditions for the oscillation of all so-
lutions of equations (E) and (E′) has been the subject of many investigations,
see, for example, [1]–[16] and the references cited therein. Most of these papers
concerned with the special case where the arguments are nondecreasing, while a
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few of these papers are dealing with the general case where the arguments are
not necessarily monotone. See, for example, [1]–[5], [8]–[9].

The consideration of non-monotone arguments other than the pure mathe-
matical interest, it approximates the natural phenomena described by equation
of the type (E) or (E′). That is because there are always natural disturbances
(e.g., noise in communication systems) that affect all the parameters of the
equation and therefore the fair (from a mathematical point of view) monotone
arguments become almost always non-monotone. In view of this, an interesting
question arising in the case where the argument τ(n) [σ(n)] is non-monotone,
is whether we can state further oscillation criteria which essentially improve all
the known results in the literature. In the present paper, a positive answer to the
above mentioned question is given.

The paper is organized as follows. First, we present, separately for a retarded
and advanced case, some of the related results which motivate the contents of this
paper. Next, we establish new sufficient conditions, involving lim sup, for the
oscillation of all solutions of (E) and (E′). We base our technique on the proper
use of an iterative procedure leading to new inequalities which may replace
former ones. To verify the significance of the results, we provide an example
along with various comparisons among new and known criteria.

Throughout this paper, we are going to use the following notation:

k−1∑
i=k

A(i) = 0 and

k−1∏
i=k

A(i) = 1,

α := lim inf
n→∞

n−1∑
j=τ(n)

p(j) and β := lim inf
n→∞

σ(n)∑
j=n+1

q(j), (1.3)

and

D(ω) :=

⎧⎪⎨
⎪⎩

0 if ω > 1/e,

1−ω−√
1−2ω−ω2

2 if ω ∈ [0, 1/e] .

(1.4)

1.1. Retarded difference equations

In 2008, Chatzarakis, Koplatadze and Stavroulakis [6, 7] proved that, if τ(n)
is nondecreasing and

lim sup
n→∞

n∑
j=τ(n)

p(j) > 1, (1.5)

or

lim inf
n→∞

n−1∑
j=τ(n)

p(j) >
1

e
, (1.6)
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then all solutions of (E) are oscillatory.

It is obvious that there is a gap between the conditions (1.5) and (1.6) when
the limit

lim
n→∞

n−1∑
j=τ(n)

p(j)

does not exist. How to fill this gap is an interesting problem which has been
investigated by several authors.

Now we come to the case that the argument τ(n) is not necessarily monotone.
Set

h(n) = max
0≤s≤n

τ(s). (1.7)

Clearly, the sequence h(n) is nondecreasing with τ(n) ≤ h(n) ≤ n − 1 for all
n ≥ 0.

In 2011, Braverman and Karpuz [2] proved that, if

lim sup
n→∞

n∑
j=h(n)

p(j)

h(n)−1∏
i=τ(j)

1

1− p(i)
> 1, (1.8)

then all solutions of (E) are oscillatory.

In 2015, Braverman et al [1] proved that, if for some r ∈ N

lim sup
n→∞

n∑
j=h(n)

p(j)a−1
r

(
h(n), τ(j)

)
> 1, (1.9)

where

a1(n, k) =
n−1∏
i=k

[1− p(i)] ,

ar+1(n, k) =
n−1∏
i=k

[
1− p(i)a−1

r

(
i, τ(i)

)]
,

then all solutions of (E) are oscillatory.

Remark 1� Observe that condition (1.8) is a special case of (1.9), when r = 1.

Several improvements were made to the above conditions, see [3]–[5], [8], [9]
to arrive at the recent forms [3]

lim sup
n→∞

n∑
k=h(n)

p(k) exp

⎛
⎝h(n)−1∑

�=τ(k)

p(�) exp

⎛
⎝ �−1∑

j=τ(�)

p(j)

j−1∏
u=τ(j)

1

1− dξ(u)

⎞
⎠
⎞
⎠ > 1,

(1.10)
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where

dξ(n)

=p(n)

⎡
⎣1+n−1∑

k=τ(n)

p(k) exp

⎛
⎝ n−1∑

�=τ(k)

p(�) exp

⎛
⎝ �−1∑

j=τ(�)

p(j)

j−1∏
u=τ(j)

1

1− dξ−1(u)

⎞
⎠
⎞
⎠
⎤
⎦
(1.11)

with

d0(n) = p(n)

⎡
⎣1 + n−1∑

k=τ(n)

p(k) exp

⎛
⎝ n−1∑

�=τ(k)

p(�) exp

⎛
⎝λ0

�−1∑
j=τ(�)

p(j)

⎞
⎠
⎞
⎠
⎤
⎦

and λ0 is the smaller root of the transcendental equation λ = eαλ.

1.2. Advanced difference equations

In 2012, Chatzarakis and Stavroulakis [10] proved that, if σ(n) is nondecreas-
ing and

lim sup
n→∞

σ(n)∑
j=n

q(j) > 1, (1.12)

then all solutions of (E′) are oscillatory.

Now we come to the case that the argument σ(n) is not necessarily monotone.
Set

ρ(n) = min
s≥n

σ(s). (1.13)

Clearly, the sequence ρ(n) is nondecreasing with σ(n) ≥ ρ(n) ≥ n + 1 for all
n ≥ 1.

In 2015, Braverman et al [1] proved that, if for some r ∈ N

lim sup
n→∞

ρ(n)∑
j=n

q(j)b−1
r

(
ρ(n), σ(j)

)
> 1, (1.14)

where

b1(n, k) =
k∏

i=n+1

[1− q(i)] ,

br+1(n, k) =
k∏

i=n+1

[
1− q(i)b−1

r

(
i, σ(i)

)]
,

then all solutions of (E′) are oscillatory.

85



GEORGE E. CHATZARAKIS—SAID R. GRACE—IRENA JADLOVSKÁ

Several improvements were made to the above conditions, see [3−5, 8, 9]
to arrive at the recent forms [3]

lim sup
n→∞

ρ(n)∑
k=n

q(k) exp

⎛
⎝ σ(k)∑

�=ρ(n)+1

q(�) exp

⎛
⎝ σ(�)∑

j=�+1

q(j)

σ(j)∏
u=j+1

1

1− gξ(u)

⎞
⎠
⎞
⎠ > 1,

(1.15)
where

gξ(n)

= q(n)

⎡
⎣1 + σ(n)∑

k=n+1

q(k) exp

⎛
⎝ σ(k)∑

�=n+1

q(�) exp

⎛
⎝ σ(�)∑

j=�+1

q(j)

σ(j)∏
u=j+1

1

1− gξ−1(u)

⎞
⎠
⎞
⎠
⎤
⎦
(1.16)

with

g0(n) = q(n)

⎡
⎣1 + σ(n)∑

k=n+1

q(k) exp

⎛
⎝ σ(k)∑

�=n+1

q(�) exp

⎛
⎝λ0

σ(�)∑
j=�+1

q(j)

⎞
⎠
⎞
⎠
⎤
⎦

and λ0 is the smaller root of the transcendental equation λ = eβλ.

2. Main results

2.1. Retarded difference equations

We further study (E) and derive new sufficient oscillation conditions, involving
lim sup, which improve on all previously known results in the literature.

The proofs of our main results are essentially based on the following lemmas.

����� 1 (See [9])� Assume that h(n) is defined by (1.7). If α > 0 then

lim inf
n→∞

n−1∑
j=h(n)

p(j) = lim inf
n→∞

n−1∑
j=τ(n)

p(j) = α.

����� 2 (See [4])� Assume that h(n) is defined by (1.7) and x(n) is an even-
tually positive solution of (E). If 0 < α ≤ 1/e then

lim inf
n→∞

x(n+ 1)

x(h(n))
≥ D(α) (2.1)

and

lim inf
n→∞

x(h(n))

x(n)
≥ λ0, (2.2)

where λ0 is the smaller root of the transcendental equation λ = eαλ.
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����	�� 1� Assume that (1.1) holds and h(n) is defined by (1.7). If for some
ϕ ∈ N

lim sup
n→∞

∑n

s=h(n)
p(s) exp

⎛
⎝h(n)−1∑

j=τ(s)

p(j)

j−1∏
m=τ(j)

1

1− bϕ(m)

⎞
⎠ > 1, (2.3)

where

bϕ(n) = p(n)

⎡
⎣1 + n−1∑

s=τ(n)

p(s) exp

⎛
⎝ n−1∑

u=τ(s)

p(u)

u−1∏
i=τ(u)

1

1− bϕ−1(i)

⎞
⎠
⎤
⎦ (2.4)

with

b0(n) = p(n)

⎡
⎣1 + n−1∑

m=τ(n)

p(m) exp

⎛
⎝ n−1∑

�=τ(m)

p(�) exp
(
Sk(�)

)⎞⎠
⎤
⎦ ,

Sk(n) =

n−1∑
jk=τ(n)

p(jk) exp
(
Sk−1(jk)

)
, k ≥ 1, with S0(n) = λ0

n−1∑
j0=τ(n)

p(j0),

and λ0 is the smaller root of the transcendental equation λ = eαλ, then all
solutions of (E) are oscillatory.

P r o o f. Assume, for the sake of contradiction, that
(
x(n)

)
n≥−w

is a nonoscilla-

tory solution of (E). Then it is either eventually positive or eventually negative.
As

(−x(n)
)
n≥−w

is also a solution of (E), we may restrict ourselves only to the

case where x (n) > 0 for all large n. Let n1 ≥ −w be an integer such that
x(n) > 0 for all n ≥ n1. Then, there exists n2 ≥ n1 such that x

(
τ(n)

)
> 0,

∀n ≥ n2. In view of this, Eq. (E) becomes

Δx(n) = −p(n)x
(
τ(n)

) ≤ 0, ∀n ≥ n2,

which means that the sequence
(
x(n)

)
is eventually nonincreasing.

Dividing (E) by x(n) and summing up from τ(n) to n− 1, we take

n−1∑
j0=τ(n)

Δx(j0)

x(j0)
= −

n−1∑
j0=τ(n)

p(j0)
x(τ(j0))

x(j0)
. (2.5)
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Also, since ex ≥ x+ 1, x ∈ R, we have

n−1∑
j0=τ(n)

Δx(j0)

x(j0)
=

n−1∑
j0=τ(n)

(
x(j0 + 1)

x(j0)
− 1

)

=

n−1∑
j0=τ(n)

[
exp

(
ln

x(j0 + 1)

x(j0)

)
− 1

]

≥
n−1∑

j0=τ(n)

[
ln

x(j0 + 1)

x(j0)
+ 1− 1

]

=

n−1∑
j0=τ(n)

ln
x(j0 + 1)

x(j0)
= ln

x(n)

x
(
τ(n)

) ,
or

n−1∑
j0=τ(n)

Δx(j0)

x(j0)
≥ ln

x(n)

x
(
τ(n)

) . (2.6)

Combining (2.5) and (2.6), we obtain

−
n−1∑

j0=τ(n)

p(j0)
x(τ(j0))

x(j0)
≥ ln

x(n)

x
(
τ(n)

) ,
or

ln
x
(
τ(n)

)
x(n)

≥
n−1∑

j0=τ(n)

p(j0)
x(τ(j0))

x(j0)
.

Thus

x
(
τ(n)

) ≥ x(n) exp

⎛
⎝ n−1∑

j0=τ(n)

p(j0)
x(τ(j0))

x(j0)

⎞
⎠

≥ x(n) exp

⎛
⎝ n−1∑

j0=τ(n)

p(j0)
x(h(j0))

x(j0)

⎞
⎠

≥ x(n) exp

⎛
⎝(

λ0 − ε
) n−1∑
j0=τ(n)

p(j0)

⎞
⎠

or
x
(
τ(n)

) ≥ x(n) exp
(
S0(n, ε)

)
, (2.7)

where

S0(n, ε) = (λ0 − ε)

n−1∑
j0=τ(n)

p(j0).
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Combining (E) and (2.7), we have

Δx(n) + p(n)x(n) exp
(
S0(n, ε)

) ≤ 0. (2.8)

Dividing (2.8) by x(n) and summing up from τ(n) to n− 1, we take

n−1∑
j1=τ(n)

Δx(j1)

x(j1)
≤ −

n−1∑
j1=τ(n)

p(j1) exp
(
S0(j1, ε)

)
or

x
(
τ(n)

) ≥ x(n) exp

⎛
⎝ n−1∑

j1=τ(n)

p(j1) exp
(
S0(j1, ε)

)⎞⎠ = x(n) exp
(
S1(n, ε)

)
(2.9)

where

S1(n, ε) =

n−1∑
j1=τ(n)

p(j1) exp
(
S0(j1, ε)

)
.

Continuing by induction, for sufficiently large n, we can construct the following:

x
(
τ(n)

) ≥ x(n) exp
(
Sk(n, ε)

)
, (k ∈ N) , (2.10)

where

Sk(n, ε) =

n−1∑
jk=τ(n)

p(jk) exp
(
Sk−1(jk, ε)

)
. (2.11)

Combining (E) and (2.10), we have

Δx(n) + p(n)x(n) exp
(
Sk(n, ε)

) ≤ 0. (2.12)

We divide (2.12) by x(n) > 0 and summing up on [τ(m), n− 1] we have

n−1∑
�=τ(m)

Δx(�)

x(�)
≤ −

n−1∑
�=τ(m)

p(�) exp
(
Sk(�, ε)

)
,

or

x(τ(m)) ≥ x(n) exp

⎛
⎝ n−1∑

�=τ(m)

p(�) exp
(
Sk(�, ε)

)⎞⎠ . (2.13)

Summing up (E) from τ(n) to n − 1, using (2.13) and multiplying by p(n), we
obtain

p(n)x(n)− p(n)x
(
τ(n)

)
+ p(n)x(n)×

n−1∑
m=τ(n)

p(m) exp

⎛
⎝ n−1∑

�=τ(m)

p(�) exp
(
Sk(�, ε)

)⎞⎠ ≤ 0

which, in view of (E), becomes
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Δx(n) + p(n)x(n) + p(n)x(n)×
n−1∑

m=τ(n)

p(m) exp

⎛
⎝ n−1∑

�=τ(m)

p(�) exp
(
Sk(�, ε)

)⎞⎠ ≤ 0.

Thus

Δx(n) + p(n)

⎡
⎣1 + n−1∑

m=τ(n)

p(m) exp

⎛
⎝ n−1∑

�=τ(m)

p(�) exp
(
Sk(�, ε)

)⎞⎠
⎤
⎦x(n) ≤ 0,

or

Δx(n) + b0(n, ε)x(n) ≤ 0, (2.14)

with

b0(n, ε) = p(n)

⎡
⎣1 + n−1∑

m=τ(n)

p(m) exp

⎛
⎝ n−1∑

�=τ(m)

p(�) exp
(
Sk(�, ε)

)⎞⎠
⎤
⎦ .

Applying the discrete Grönwall inequality in (2.14), we obtain

x
(
τ(u)

)
> x(u)

u−1∏
i=τ(u)

1

1− b0(i, ε)
. (2.15)

Dividing (E) by x(n), summing up from τ (s) to n− 1 and in view of (2.15), we
take

ln
x(n)

x(τ (s))
≤

n−1∑
u=τ(s)

Δx(u)

x(u)
= −

n−1∑
u=τ(s)

p(u)
x(τ(u))

x(u)

≤ −
n−1∑

u=τ(s)

p(u)

u−1∏
i=τ(u)

1

1− b0(i, ε)

or

x
(
τ(s)

) ≥ x(n) exp

⎛
⎝ n−1∑

u=τ(s)

p(u)

u−1∏
i=τ(u)

1

1− b0(i, ε)

⎞
⎠ . (2.16)

Summing up (E) from τ(n) to n− 1 and using (2.16), we obtain

x(n)− x
(
τ(n)

)
+

n−1∑
s=τ(n)

p(s)x
(
τ(s)

)
= 0. (2.17)

Combining (2.16) and (2.17), we find

x(n)− x
(
τ(n)

)
+ x(n)×

n−1∑
s=τ(n)

p(s) exp

⎛
⎝ n−1∑

u=τ(s)

p(u)

u−1∏
i=τ(u)

1

1− b0(i, ε)

⎞
⎠ ≤ 0,
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Multiplying the last inequality by p(n), we get

p(n)x(n)− p(n)x
(
τ(n)

)
+ p(n)x(n)×

n−1∑
s=τ(n)

p(s) exp

⎛
⎝ n−1∑

u=τ(s)

p(u)

u−1∏
i=τ(u)

1

1− b0(i, ε)

⎞
⎠ < 0,

which, in view of (E), becomes

Δx(n) + p(n)x(n) + p(n)x(n)×
n−1∑

s=τ(n)

p(s) exp

⎛
⎝ n−1∑

u=τ(s)

p(u)

u−1∏
i=τ(u)

1

1− b0(i, ε)

⎞
⎠ < 0,

i.e.,

Δx(n) + p(n)

⎡
⎣1 + n−1∑

s=τ(n)

p(s) exp

⎛
⎝ n−1∑

u=τ(s)

p(u)

u−1∏
i=τ(u)

1

1− b0(i, ε)

⎞
⎠
⎤
⎦ x(n) < 0.

Therefore
Δx(n) + b1(n, ε)x(n) < 0, (2.18)

where

b1(n, ε) = p(n)

⎡
⎣1 + n−1∑

s=τ(n)

p(s) exp

⎛
⎝ n−1∑

u=τ(s)

p(u)

u−1∏
i=τ(u)

1

1− b0(i, ε)

⎞
⎠
⎤
⎦ .

Repeating the above argument leads to a new estimate

Δx(n) + b2(n, ε)x(n) < 0,

where

b2(n, ε) = p(n)

⎡
⎣1 + n−1∑

s=τ(n)

p(s) exp

⎛
⎝ n−1∑

u=τ(s)

p(u)

u−1∏
i=τ(u)

1

1− b1(i, ε)

⎞
⎠
⎤
⎦ .

Continuing by induction, for sufficiently large n we get

Δx(n) + bϕ(n, ε)x(n) ≤ 0, (2.19)

where

bϕ(n, ε) = p(n)

⎡
⎣1 + n−1∑

s=τ(n)

p(s) exp

⎛
⎝ n−1∑

u=τ(s)

p(u)

u−1∏
i=τ(u)

1

1− bϕ−1(i, ε)

⎞
⎠
⎤
⎦

and

x
(
τ(s)

)
> x

(
h(n)

)
exp

⎛
⎝h(n)−1∑

j=τ(s)

p(j)

j−1∏
m=τ(j)

1

1− bϕ(m, ε)

⎞
⎠ . (2.20)
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Summing up (E) from h(n) to n, we have

x(n+ 1)− x
(
h(n)

)
+

n∑
s=h(n)

p(s)x
(
τ(s)

)
= 0. (2.21)

Combining (2.20) and (2.21), we have, for all sufficiently large n,

x(n+ 1)− x
(
h(n)

)
+ x

(
h(n)

)
n∑

s=h(n)

p(s) exp

⎛
⎝h(n)−1∑

j=τ(s)

p(j)

j−1∏
m=τ(j)

1

1− bϕ(m, ε)

⎞
⎠ < 0. (2.22)

The inequality is valid if we omit x(n+ 1) > 0 in the left-hand side

− x
(
h(n)

)
+ x

(
h(n)

)×
n∑

s=h(n)

p(s) exp

⎛
⎝h(n)−1∑

j=τ(s)

p(j)

j−1∏
m=τ(j)

1

1− bϕ(m, ε)

⎞
⎠ < 0.

Thus, as x
(
h(n)

)
> 0, for all sufficiently large n it holds

n∑
s=h(n)

p(s) exp

⎛
⎝h(n)−1∑

j=τ(s)

p(j)

j−1∏
m=τ(j)

1

1− bϕ(m, ε)

⎞
⎠ < 1,

from which by letting n → ∞, we have

lim sup
n→∞

n∑
s=h(n)

p(s) exp

⎛
⎝h(n)−1∑

j=τ(s)

p(j)

j−1∏
m=τ(j)

1

1− bϕ(m, ε)

⎞
⎠ ≤ 1.

Since ε may be taken arbitrarily small, this inequality contradicts (2.3).

The proof of the theorem is complete. �

����	�� 2� Assume that h(n) is defined by (1.7) and α ∈ (0, 1/e]. If for some
ϕ ∈ N

lim sup
n→∞

n∑
s=h(n)

p(s) exp

⎛
⎝h(n)−1∑

j=τ(s)

p(j)

j−1∏
m=τ(j)

1

1− bϕ(m)

⎞
⎠ > 1−D (α) , (2.23)

where bϕ is defined by (2.4), then all solutions of (E) are oscillatory.

P r o o f. Let x be an eventually positive solution of Eq. (E). Then, as in the
proof of Theorem 1, we obtain (2.22), i.e., for sufficiently large n we have
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x(n+ 1)− x
(
h(n)

)
+ x

(
h(n)

)×
n∑

s=h(n)

p(s) exp

⎛
⎝h(n)−1∑

j=τ(s)

p(j)

j−1∏
m=τ(j)

1

1− bϕ(m, ε)

⎞
⎠ < 0.

Thus,
n∑

s=h(n)

p(s) exp

⎛
⎝h(n)−1∑

j=τ(s)

p(j)

j−1∏
m=τ(j)

1

1− bϕ(m, ε)

⎞
⎠ < 1− x(n+ 1)

x
(
h(n)

) ,
which gives

lim sup
n→∞

n∑
s=h(n)

p(s) exp

⎛
⎝h(n)−1∑

j=τ(s)

p(j)

j−1∏
m=τ(j)

1

1− bϕ(m, ε)

⎞
⎠ ≤ 1− lim inf

t→∞
x(n+ 1)

x(h(n))
.

By Lemma 2, it is obvious that inequality (2.1) is fulfilled. So, the last inequality
leads to

lim sup
n→∞

n∑
s=h(n)

p(s) exp

⎛
⎝h(n)−1∑

j=τ(s)

p(j)

j−1∏
m=τ(j)

1

1− bϕ(m, ε)

⎞
⎠ ≤ 1−D (α) .

Since ε may be taken arbitrarily small, this inequality contradicts (2.23).

The proof of the theorem is complete. �

2.2. Advanced difference equations

Similar lemmas for the (dual) advanced difference equation (E′), easily, can
be derived. The proofs of these lemmas are omitted, since they are quite similar
to those of the corresponding lemmas, for the retarded equation.

����� 3� Assume that ρ(n) is defined by (1.13). If β > 0 then

lim inf
n→∞

ρ(n)∑
j=n+1

q(j) = lim inf
n→∞

σ(n)∑
j=n+1

q(j) = β.

����� 4� Assume that ρ(n) is defined by (1.13), 0 < β ≤ 1/e and x(n) is an
eventually positive solution of (E′). Then

lim inf
n→∞

x(n− 1)

x(ρ(n))
≥ D(β)

and

lim inf
n→∞

x(ρ(n))

x(n)
≥ λ0,

where λ0 is the smaller root of the transcendental equation λ = eβλ.
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Based on Lemmas 3 and 4, we derive new sufficient oscillation conditions,
involving lim sup, which essentially improve all previously known results in the
literature. The proofs of these theorems are omitted, since they are quite similar
to those of the corresponding theorems, for the retarded equation.

����	�� 3� Assume that (1.2) holds and ρ(n) is defined by (1.13). If for some
ϕ ∈ N

lim sup
n→∞

σ(n)∑
s=n

q(s) exp

⎛
⎝ σ(s)∑

j=ρ(n)+1

q(j)

σ(j)∏
m=j+1τ(j)

1

1− dϕ(m)

⎞
⎠ > 1, (2.24)

where

dϕ(n) = q(n)

⎡
⎣1 + σ(n)∑

s=n+1

q(s) exp

⎛
⎝ σ(s)∑

u=n+1

q(u)

σ(u)∏
i=u+1

1

1− dϕ−1(i)

⎞
⎠
⎤
⎦ (2.25)

with

d0(n) = q(n)

⎡
⎣1 + σ(n)∑

m=n+1

q(m) exp

⎛
⎝ σ(m)∑

�=n+1

q(�) exp
(
Sk(�)

)⎞⎠
⎤
⎦

Sk(n) =

σ(n)∑
jk=n+1

q(jk) exp
(
Sk−1(jk)

)
, k ≥ 1 with S0(n) = λ0

σ(n)∑
j0=n+1

q(j0)

and λ0 is the smaller root of the transcendental equation λ = eβλ, then all
solutions of (E′) are oscillatory.

����	�� 4� Assume that (1.2) holds, ρ(n) is defined by (1.13) and 0 < β ≤ 1/e.
If for some ϕ ∈ N

lim sup
n→∞

σ(n)∑
s=n

q(s) exp

⎛
⎝ σ(s)∑

j=ρ(n)+1

q(j)

σ(j)∏
m=j+1τ(j)

1

1− dϕ(m)

⎞
⎠ > 1−D (β) , (2.26)

where dϕ is defined by (2.25), then all solutions of (E′) are oscillatory.

2.3. Difference inequalities

We close Section 2 by citing some results concerning the corresponding to (E)
or (E′) difference inequalities. As the proofs of these results require only slight
modifications in the proofs of Theorems 1–4, we omit them.
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����	�� 5� Assume that all conditions of Theorem 1 (Theorem 3) or Theo-
rem 2 (Theorem 4) hold. Then

(i) the retarded [advanced] difference inequality

Δx(n) + p(n)x
(
τ(n)

) ≤ 0, n ∈ N0

[∇x(n)− q(n)x
(
σ(n)

) ≥ 0, n ∈ N
]

has no eventually positive solutions;

(ii) the retarded [advanced] difference inequality

Δx(n) + p(n)x
(
τ(n)

) ≥ 0, n ∈ N0

[∇x(n)− q(n)x
(
σ(n)

) ≤ 0, n ∈ N
]

has no eventually negative solutions.

3. An example and comments

The example below illustrates that our conditions essentially improve known
results in the literature yet indicate a type of independence among some of them.
Not to pursue complexity any further, we choose to present an example with
constant coefficients and variable non-monotone argument. This example does
not only illustrate the significance of our results but also indicates a high level
of improvement in the oscillation criteria. The calculations were made by the
use of MATLAB software.

Example 1 (taken and adapted from [3]). Consider the retarded difference
equation

Δx(n) +
23

250
x
(
τ(n)

)
= 0, n ∈ N0, (3.1)

with (see Fig. 1, (a))

τ(n) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

n− 1 if n = 5μ,

n− 6 if n = 5μ+ 1,

n− 2 if n = 5μ+ 2,

n− 6 if n = 5μ+ 3,

n− 3 if n = 5μ+ 4,

where μ∈N0 and N0 is the set of nonnegative integers.

By (1.7), we see (Fig. 1, (b)) that

h(n) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

n− 1 if n = 5μ,

n− 2 if n = 5μ+ 1,

n− 2 if n = 5μ+ 2,

n− 3 if n = 5μ+ 3,

n− 3 if n = 5μ+ 4.
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Figure 1. The graphs of τ(n) and h(n).

It is easy to see that

α = lim inf
n→∞

n−1∑
j=τ(n)

p(j) = lim inf
μ→∞

5μ−1∑
j=5μ−1

23

250
= 0.092

and therefore, the smaller root of e0.092λ = λ is λ0 = 1.10723.

Observe that the function Fξ : N0 → R+ defined as

Fϕ(n, k) =

n∑
s=h(n)

p(s) exp

⎛
⎝h(n)−1∑

j=τ(s)

p(j)

j−1∏
m=τ(j)

1

1− bϕ(m, ε)

⎞
⎠ ,

attains its maximum at

n = 5μ+ 4, μ ∈ N0, for every ϕ ∈ N.

Specifically, by using an algorithm implemented in MATLAB software, we obtain

F1(5μ+ 4, 3) =

5μ+4∑
s=5μ+1

p(s) exp

⎛
⎝ 5μ∑

j=τ(s)

p(j)

j−1∏
m=τ(j)

1

1− b1(m, ε)

⎞
⎠ 
 1.021

and therefore

lim sup
n→∞

F1(n, 3) 
 1.021 > 1.
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That is, condition (2.3) of Theorem 1 is satisfied for ϕ = 1. Therefore, all solu-
tions of (3.1) are oscillatory.

Observe, however, that

lim sup
n→∞

n∑
j=τ(n)

p(j) = lim sup
μ→∞

5μ+4∑
s=5μ+1

23

250
= 0.38 < 1,

α = 0.092 <
1

e
,

lim sup
n→∞

n∑
j=h(n)

p(j)

h(n)−1∏
i=τ(j)

1

1− p(i)

= lim sup
μ→∞

5μ+4∑
j=5μ+1

23

250

5μ∏
i=τ(j)

1

1− 23
250

=
23

250

[
1(

1− 23
250

)6 +
1

1− 23
250

+
1(

1− 23
250

)4 + 1

]


 0.4928 < 1.

Also, by using an algorithm in MATLAB software, we obtain

lim sup
n→∞

n∑
k=h(n)

p(k) exp

⎛
⎝h(n)−1∑

�=τ(k)

p(�) exp

⎛
⎝ �−1∑

j=τ(�)

p(j)

j−1∏
u=τ(j)

1

1− d1(u)

⎞
⎠
⎞
⎠
0.7177<1.

That is, none of conditions (1.5), (1.6), (1.8) ≡ (1.9) (for r = 1) and (1.15)
(for ξ = 1) is satisfied.

Notation 1� It is worth noting that the improvement of condition (2.3) to the
corresponding condition (1.5) is significant, approximately 168.68%, if we com-
pare the values on the left-side of these conditions. Also, the improvement com-
pared to conditions (1.8) ≡ (1.9) (for r = 1) and (1.15) (for ξ = 1) is very
satisfactory, around 107.18% and 42.26%, respectively.

Finally, observe that the conditions (1.9) and (1.15) do not lead to oscillation
for the first iteration. On the contrary, condition (2.3) is satisfied from the first
iteration. This means that our condition is better and much faster than (1.9)
and (1.15).

Remark 2� Similarly, one can construct examples, illustrating the other main
results, in the paper.
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4. Concluding Remarks

The recursive sequence Sk(n) directly affects the sequence b0(n). We have
been trying and still try to analytically compute the limit of Sk(n), since there
are strong indications that the limit exists.

This is because:

(1) The sequence Sk(n) is bounded. Indeed, assume that {Sk(n)}k∈N
is un-

bounded. Then there exists a subsequence Sθ(k)(n) → ∞ as k → ∞.
Since

x
(
τ(n)

) ≥ x(n) exp
(
Sk(n, ε)

)
, (k ∈ N) ,

it is obvious that

x
(
τ(n)

) ≥ x(n) exp
(
Sθ(k)(n, ε)

)
x
(
τ(t)

)
or

x(n)

x
(
τ(n)

) ≤ exp
(−Sθ(k)(n, ε)

) → 0 as k → ∞.

Consequently, x(n) = 0, which contradicts x(n) > 0.

(2) The indications (using MATLAB) give us the impression that {Sk(n)}k∈N

is increasing.

Therefore, this limit seems to exist. The question is whether this limit can be
found (open problem), which is obviously a function of p(n) and τ(n). However,
we sent it for publication with major contribution the construction of the re-
cursive sequence {Sk(n)}k∈N

, which always allows the condition (2.3) to be the
best of all the known oscillation conditions.

MATLAB calculations for this example show that there is a rapid convergence
(approximately 7 repetitions (n = 7) are needed). However, the resulting value is
approximately 1.4 >> 1. This enables us to reduce the value of p(n) of equation
(E) in each repetition, since our goal is always to achieve the value 1+ in the
condition (2.3). In this way, all known conditions will not be satisfied in contrast
to (2.3) which will be. However, the reduction of the value of p(n) can be made
up to a point, since if the condition

n∑
j=τ(n)

p(j) ≤ 1

e
,

holds eventually, then (E) has a nonoscillatory solution.

Therefore, if the limit of {Sk(n)}k∈N
is not analytically found, we can always

have the optimal condition with respect to all known oscillation conditions, but
we can never define precisely the reduction of the value of p(n) without violating
the oscillation.
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However, the problem remains open, and we believe that finally we will be
able to calculate the limit of the sequence {Sk(n)}k∈N

.

Finishing, we think that if the limit exists but cannot be analytically com-
puted, this manuscript is the best possible result that leads to oscillation when
all the known conditions do not apply.

Similar comments can be made for equation (E′).
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