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ABSTRACT. Based on the generalized Riccati transformation technique and
some inequality, we study some oscillation behaviour of solutions for a class of a
discrete nonlinear fractional-order derivative equation

A[y(O)[a(0) + BOA u(O]"] 4 (£ FIG(E)] = 0,€ € Neg 1 p,
where
L—1+p

lo>0, GO)= " (t—j—1)"Hu()

Jj=Lo

and A* is the Riemann-Liouville (R-L) difference operator of the derivative
of order pu, 0 < p < 1 and 7 is a quotient of odd positive integers. Illustrative
examples are given to show the validity of the theoretical results.

1. Introduction

Fractional calculus has been a hot topic in nonlinear science because it can
describe physical phenomena more accurately. Continuous time fractional cal-
culus has been around for centuries (see [9], [25]). However, theory regrading
the discrete counterpart is relatively a young field. Recently, researchers have
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diverted their attention to the discrete fractional calculus and attempted to put
together a complete theoretical framework for the subject. Very recently, interest
has been shown by the research community in the study and applications of frac-
tional discrete calculus. Fractional discrete systems have a major advantage over
their conventional counterparts due to the infinite memory.

The discrete version of the fractional calculus is a new direction which has
potential applications in many areas of science and engineering. The application
area has gained more attention during the last few years. The definition of a frac-
tional difference operator was first made by Diaz and Olser in 1974 (see [17]).
Some of the most interesting and relevant works on discrete fractional calculus in
the last decade are available in [6], [7], [22]. In [I], the author discussed the dis-
crete difference counterparts of conventional Riemann and Caputo derivatives.
Recent years have witnessed a surge in the study of qualitative properties of the
solutions of fractional difference equations such as oscillation, boundedness, ex-
istence, uniqueness and other asymptotic behaviours and some excellent results

have been published, see [3], [6], [T5], [16] and the references cited therein.

This research work is organized as follows. Some significant previous works
are discussed in Section 2. Basic definitions of fractional derivative and lemmas
are provided in Section 3. Section 4 establishes some oscillation behaviour of so-
lutions for a class of a discrete nonlinear fractional-order equation by using gen-
eralized Riccati Transformation technique and inequalities. Further in Section 5,
numerical applications are presented to emphasize the applicability of the theo-
retical results. Finally, this work ends with a brief conclusion.

2. Some significant previous works

Recently, many researchers have come up with new findings in the study
on the oscillatory and nonoscillatory behaviour solutions of difference equa-

tions/fractional order difference equations (see [4], [10], [I1], [13], [14], [19], [21],
27, 29]).

H. Adiguzel (see [2]) investigated the oscillatory behaviour of the solutions
of fractional difference equations of the form

A <c(t)A (a(t)A(r(t)A“x(t)))) +q(t)G(t) = 0,

where
t—14a«

tE€ Nipyroar G(t) =D (t—s—1)"%a(s).

S:t()
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J. Alzabut et al. (see [B]) established the oscillation of nonlinear fractional
difference equations with damping form

A(a(t)Ay(0)) + p(D)A"y(1) + g(6)f (G(1)) =0,

t—1+a
tE€ Nipy1-ar G(t) =D (t—s—1)"Yy(s)
S:t()

and A% denotes the Riemann-Liouville difference operator of order 0 < v < 1.

where

Selvam et al. (see [20]) investigated the oscillation of a class of fractional dif-
ference equations with damping term by using Riccati transformation technique
AU (t) + p(t) A%u(t) + q(t)FIG ()] = 0,t >ty > 0,

where
t—14«

G(t) = (t—s—1)"u(s)

S:to
and A® denotes the Riemann-Liouville difference operator of order 0 < o < 1.
W. Li discussed the oscillation of forced fractional difference equations with
damping term (see [24])

(L+p(t))A(A*2(t)) +p(t)AFz(t) + f(t,z(t)) = g(t), t€ Np.

A. Secer and H. Adiguzel in [28] studied and obtained some oscillatory criteria
for the given below fractional difference equation of order p with 0 < <1

A(at)[A(r(@%00)™)] ) +aO7(G0) =0 1 Nigircy

where
t—14p

G(t) =Y (t—s—1)"Ma(s)
S:to
and A* denotes the Riemann-Liouville difference operator of order 0 < p < 1.
In [I2], Chatzarakis et al., provided conditions for oscillation of fractional
order difference equations of the form

A(A*z ()" +q(t) f(2(t) =0, t € Nygr1p

The asymptotic behaviour of solutions for a class of non-linear fractional order
difference equations with damping term of the form

Ale[a(r®ae®)])"] +pO[AFBA )]

t—1+a
+q(t)f ( Z (t—s— 1)(_0‘)90(5)) =0, teNg

s=to

was presented by Bai and Xu (see [§]).
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In this paper, we study the oscillation behaviour for a class of a discrete
nonlinear fractional-order derivative equation of the form

Alv(O)[e(l) + BOA u(O)]"] + ¢(O) FIGO] =0, L€ N1, (1)

where .
—14p
lo>0, G)=>Y (t—j—1)"Mu(j)
j=4o
and (0 —j—1)H = % is the Kernel function (see [23]). Also the present

status u(¢) depends on the past information u(0),...,u(¢ — 1) which is called
the discrete memory effect and A* is the Riemann-Liouville (R-L) difference
operator of the derivative of order pu, 0 < u <1, Ny, = {lo, lo + 1,00+ 2,...}.
The following conditions are assumed to hold throughout this paper.
Cy) ~v(0) € C’([Eo,oo)),¢(€) € C([Eo,oo)) are positive sequences of real num-
bers;

C3) n > 01is a quotient of odd positive integers;

Cs) A[S8] #0 for € € [fo, 00) and limy o Y0} S8 < oo;

C4) fis amonotone decreasing function satisfying wf(u) > 0 such that fqiff) >k
for u # 0 and a constant k > 0;

Cs) a(f) is a nonnegative sequence on [{y,c0) for a certain £y > 0, then there
exists an integer m > 0 such that 3(¢) > m for £ € [{y, o0).

3. Preliminaries and basic lemmas

Over the last decade, researchers have been working on a complete framework
for the subject. Since the subject remains to be new topic and the notations and
theory has not yet settled, let us start with a brief theory. In this section, the
following definitions and lemmas provide the basis of the work carried out in our
study.

DEFINITION 3.1 (see [I§]). A solution u(¢) of () is said to be oscillatory if it is
neither eventually positive nor eventually negative; otherwise, it is nonoscillatory.
Equation () is said to be oscillatory if all its solutions are oscillatory.

DEFINITION 3.2 (see [7]). Let pn > 0, A™* : N, — Ngy,, f is defined for
j = amod (1) and A~ f is defined for £ = (a + ) mod (1). Then the p—th
fractional sum is defined by

AHE(0) = i i— 1) f(j) for €€ Nay,.
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The falling factorial power function is
r+1)
r(—p+1)’

where I' is the gamma function defined as I'(z) = [;~t*~le~tdt, for z > 0.

o) —

DEFINITION 3.3 (see [7]). Let v > 0 and n — 1 < v < n, where n denotes
a positive integer n = [v]. Set 4 = n — v. The v—th fractional difference is
defined as
AVf(l) = AMTRF(0) = ATATEf(L).
LEMMA 3.4 (see [19]). Let u(¢) be a solution of () and
L—1+4p

Gy = > (t—j—1)Mu().

j=Lo

AG) =T(1 — p)Atu(l).

Then

LEMMA 3.5 (see [I8]). The product and quotient rules of the difference operator
A are as follows:

Alu(O)v(0)] = Au(l) - v(l + 1) +u(l) - Av(L),
A [u(ﬁ)] _ Au(l) - v(l+1) —u(l+1) - Av(0)
v(l) v(l) -v(l+1) ’
where Au(l) = u(l+ 1) — u(l).

LEMMA 3.6 (see [§]). If n is a quotient of two odd positive integers, then the
following two inequalities are true:

if GIU+1)>G(l) >0, then AG"(¢) > (AG(¢))",
if GIU+1) < G(0) <0, then AG"(¢) < (AG(¢))".

LEMMA 3.7 (see [§]). Leta > 0,b,\ € R; then bA —a)2 < &

4. Main results

In this section, we establish some new sufficient conditions for the oscilla-
tion of solutions of fractional order difference equations making use of Riccati
technique and some inequalities. For our convenience, let us define

z2(0) = a(l) + (L) A u(l).
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THEOREM 4.1. Assume that C1) — Cs) hold. If there is a positive sequence p({)
such that

P Z_Zl [Lr - (2)

= )
and
-1 . .
. Vo) B G+ mT)
i 3 oiots) - SRR 2

then every solution of () is oscillatory.

Proof. Suppose that u(¢) is a nonoscillatory solution of ({l). Without loss
of generality, we may assume that u(¢) is an eventually positive solution of ().
Then there exists ¢1 € [lp,00), such that u(¢) > 0, G(£) > 0 for £ € [{1,00),
where G () = Zﬁ;;:“(ﬂ—j —1)"Mu(4). Therefore, it follows from () and Cy)
that

or

AR (0)2"(0)] < —k¢(H)G"(¢) < 0. (4)

Thus ~v(£)z7(¢) is strictly decreasing on [¢1,00) and is eventually of one sign.
Since a(¢) > 0 for ¢ € [{p,00) and n > 0 is a quotient of odd positive integers,
we see that z(¢) is eventually of one sign. We will first show that

z(£) >0, for (€ [l1,00).

Indeed, assume that there exists ¢ > ¢; such that z(¢) < 0. Then for ¢ € [(5, 00),
we get

Y(0)z"(0) < y()2"(ly) = ¢ <0,

z(0) < [%] ’ < 0. (5)
So we can see that z(¢) < 0 on [¢2,00). From these terms, for ¢ € [(5, 00), we have
a0+ sOu(t) < | ]
all) | \uy, e |m
50+ <[] 715
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From Cj), we obtain
a(l) 1
— 4+ Atu(l) < — {
B(6)
Apply Lemma B4 to get

all)  AG) 1{

gy T—p) m

5]

1
c]"

v(€)

Summing up the last inequality from /5 to £ — 1, we get

/-1 . . /-1
a(j) | AG(j) ] 1 {
Z 4 < Z -
= {ﬁ(ﬁ PA-w]  m
or
—1 /—1 1 _
S AGH) <TA-p) Y (E
j=£2 j=£2 -
ie.,
—1 1 -
G(0) < G(l) +T(1—p) (E
j=£2 -
Thus
/—1 1
dm G(f) < G(6z) + Jim [m — Z (a

3=

3=

which contradicts G(¢) > 0, ¢ € [¢1,00). Hence z(¢) > 0 for £ € [(3,00).

From z({), we get

& = @ + AFu(l).

0) B
Using Lemma [3.4] we obtain

A0 o) AG®)

B) B " TA—w

Condition Cs) yields
AG(L)  z(0) —a(l)

z(£)

F1—p) B0

AG(0) < %

Define the Riccati transformation w(¥) by

w(0) = p0 22270 ) o),

Gn(0)

m

(7)
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Then we have w(¢) > 0 for £ € [¢1,00). Using Lemma 3.5 we take

7(6)z"(¢)
Aw(l) = A [p(ﬂ) G10) ]

C+1)2"(6+1) v
G+ 1) ”(OA[ an(o)

From (), (@) and condition Cy4), we have

= prﬂ(

Aw(t) < 2O 1 1) — kp(oye(e) — LOLOTOIAGTE

p(l+1) GM(0)G(L+1)
Lemma [3.6] yieldsA 0 O (0]
P pf) ly(£)z" 0

Using (6]) in the above inequality leads to

Ap(¢)
p(L+1)

4+ 1) [yl +1D)2"(0+1)] 2"(£+1)
-Gl +1)G"(L+1) mn

Aw(l) < w(l+1) — kp()p(e) + 2

Ap(L) w?(l+1)

Aw(l) < —kp(l)o(l) + {+1)— . 8
(0 < k000 + T ey - LDy
Apply Lemma B7 taking a = W(E-I-I)p%é-l-l)m”’ b = [)A(lf’_ﬁ)) and X = w(f + 1).

Then we obtain

Ap(0))(L + Hym?

Au(l) < —kp(0)p(0) +

4p(0+1)
Summing up from /5 to ¢ — 1 leads to
-1 -1 . .
. Lo (Bp()*( A+ DmT
A —k ,
22 w(j) < 22 { PN + ==
or
-1 . .
Lo (Bp(h)*y( + 1)m”J
kp(j)e(d) — : < wlly) —w(l) < w(ly).
];2 [ 4p(j +1)
Thus
-1 . . A N\ 2 1 n
liﬁsip]; {kP(J)ﬁf)(ﬂ) _ p(]i;(;(j 0 m ] <w(fs),
which contradicts ([B]). This completes the proof. (]
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Notation. Through the proofs of the theorems that follow, we use H(/,j) :
l,j € N, ¢ >j >0 to denote the double sequence satisfying [26]

H(,0) = 0 for (>
H(,75) > 0 for £>j>{;
AoH(0,j) = H(L,j+ 1) = H(£,j) < 0 for £>]> (o,

THEOREM 4.2. Assume that C1) — Cs) hold and there is a positive sequence p({)
such that

h2.(, )y + 1)p(j + 1)ym?
li E kp( H(¢ T =
P H(, ) 4 (6:00) & [ PUISIH(E]) - 1H (L, j) o (9)
where

N L Ap(d) .
h-l-(gvj) - AZH(&;?) + mH(&])

Then every solution of () is oscillatory.

Proof. Suppose that u(¢) is a nonoscillatory solution of ([{l). Without loss
of generality, we may assume that u(¢) is an eventually positive solution of ().
Then there exists ¢ € [ly,00), such that u(f) > 0, G(¢) > 0 for £ € [(1,00).
According to the proof of Theorem 1] equation () holds. Multiplying both
sides by H(¢,7) and then summing up from f5 to ¢ — 1 yields

2 w(H(, j) < szp d(G)H (L, j) + __ w(j+1)H(L, 5)
S igww,ﬂ,
szp G(H (L, ) < — gw +1)H(¢, j)
. : 70 +w1>(j<a+i)1>mnw’j ! "o

Using the summation by parts formula, we obtain

-1 -1
=Y WG H ) = [~HE Hw )]y, + > w(i + 1)AH(L, ),

. j=L2 j=t2
1.e., . 1
=Y W HE ) = H(l ) w(le) + > w(i+1)AH(L,j). (1)
j=L2 j=L2
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Therefore, using [II) in (I0) leads to
-1

S ko) < S ()l + 1) -

j=l2 j=l2

+ H(f, gz)W(EQ),

w?(j+ DH(L, j)
V(G A+ Dp(G + 1)m?

where hy(¢,7) = AsH(L,5) + A'070)11[(5,]').

) el p(j+1)
emma yields
S PG+ Dl + Dm?
]2;2 kp(j H(4,5) < H(l, la)w(ls) +];2 . 4H(L,5) ’
0—1 2 i i ] m"
22 [W) HIVE(E.5) — h+(&])7(i I;(;,)f)(j +1) ] < H(t, bo)w(ty). (12)
Now = h2 (4, 3)v(J + Dp(j +1)m”
N . +\&s
32 {kp(J)cb(J)H(M) - AH(C, ) ]
I B+ 1)+ Dm?
— ];0 [M(JW(J)H(M) - 4H (0, §) ]
-1 o L W)+ 1)p(G 4+ 1)m
+];2 [kp(JW(J)H(M) - AH (L, ) ] '

Using (I2)) in the above inequality, we get

=y N o RE( )G+ Dp( + ym?

jzzo {kP(J)ﬁb(J)H(&J)— - TH( ) ]
2.(4, )y (G + 1)p( + Lym?

) jz% ity - 4H (L) |

+ H(f lo)w(l2)

< Z kp(5)p(5)H (€, j) + H(¢, Lo)w(l2)
j=4o

H(L, t) ka 6(4) + H(L bo)w(l).

Jj=Yo
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Therefore,

2_: {kp No(G)H(, §) — +(£aj)’7(4j;‘<£1’)g(j + 1)m"

62 1
<D ko)) +w(t2) < oo,
j=Lo
which contradicts ([@). This completes the proof. (]

The following theorem is discussed under the condition

I 1 %
t=o0 = {(j)

J=*o
THEOREM 4.3. Assume that C1)-Cs) hold and there is a positive sequence p(¥)
such that,

l—1 oo ! .
. 1 , a(i)
lim — ——| =o0. 14
Z_H)oi—zb fy(z) ;QZ)(]) 5(1) ( )
Then every solution of () is oscillatory or satisfies hm G(0) =0.
{—00

Proof. Suppose that u(¢) is a nonoscillatory solution of ([{l). Without loss
of generality, we may assume that u(¢) is an eventually positive solution of ().
Proceeding as in the proof of Theorem [l we get that (@) holds. Then there are
two cases for the sign of z(¢). When z(¢) > 0 is eventually positive, then from
the proof of Theorem ] we get every solution of () is oscillatory.

Now, assume that z(¢) is eventually negative. Then there exists fo > ¢y such
that z(¢) < 0 for £ > ¢5. Hence

z(¢) <0,
a(l) + BOAR(E) <0,
a0) + B(E) g 205 <0,
AG(0) - _af)
o Pl—p) — B
a(f)
G() < -I'(1—- ,u)m (15)
Let condition C3) hold. Then we get
o 20 _
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Letting ¢ — oo in ([IH) leads to
lim AG(¢) < 0.

{— 00
Since G(¢) > 0, £ € [¢1,00), we have
lim AG(f) = A > 0.

{— 00

We claim that A = 0. If not, that is A > 0, then G(¢) > X\, ¢ € [l3,00).

B @, Ay (0)27(0)] < —ke(£)GT(8) < —k(£)A".

Summing up both sides from ¢ to oo yields

S TARNGZG) <D —ke(G)A"
j=2 j=t

—(0)27(0) < =D ke(4)A"
j=¢

or o

ie.,

3=

1 1 — )
2(6) > kn A @ E o)
Now

AGIH) a1 & N0
(1 —p) . A_W)Zd)(j) '

Summing up from ¢ to £ — 1 we get

()~ Gt2) > T(1— ) [N = S o) | - 291

or
~ 1 -

G(0) > G(£) + T(1 — ) | k7 A Liﬂi) " all)

T
<

Letting £— 0o we have limy_,, G(¢) =00, which contradicts to
GW) >0 for € [l,).
Thus we get A=0. Therefore elim G(¢)=0. This completes the proof. O
—00
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5. Applications

In this section, we present some applications to demonstrate the theoretical
results.

ExaAMPLE. Consider the discrete fractional order nonlinear equation

—1+4p
Aleerea)| et Y w-j-nT | =oe=1. (16)

j=1

This is a special case of ({{l) with

1 1
:—>€:L>0, k:§, m =2

and the positive function p(¢) = 2 which implies that A[p(¢)] = 2¢+ 1. Clearly,
assumptions C;) — Cs) hold. Moreover,

s[53] =5 (8) = -meri

Jj=1 =
-1 j 1y
2 |55 - <
that is, condition C3) and () are satisfied. Hence,
lim Sup§ [kp(j)¢(j) ~ (Ap(g)*( + 1)mn]
e 196 +1)
. —1ry | 2
= heni:?ip; {Z —-2(2j+1) ] = 0.

Condition (@) is satisfied. From Theorem 1] we deduce that every solution
of equation (I6]) is oscillatory.
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ExaMPLE. Consider the fractional order discrete nonlinear equation

—14p

Al @+ earu@)’ ] + 2 [ S e—j-nte | =001

j=1
This is a special case of () with

p=3 A0=7 aO)=0, 50=0,
W= =3 l=1, fw)=u,

(17)

and the positive function p(¢) = ¢? which implies that A[p(¢)] = 2¢ + 1. It is

clear that assumptions Cq) — Cs) hold. Moreover,

A[%] :A<%>:—@?ﬁ%;ﬁo,

1rog gl -1
lim - = lim j% = 00,
E—)oo; |:’y(j):| {— 00 -
-1 . -1
() 1
1 il
Hoo; [ﬁ(j) LD

that is, condition C3) and (2)) are satisfied. Furthermore, we define the double

sequence as follows:
H,j)=0—37>0, £>7>1,
H1)=0—-1>0, £>j>1,

=-1<0, (>j>1,

hy (6, 5) = DoH(E, ) + p(Aij(rji)H(é,j)

- ﬁ (25 + D= 5) = (G +1)7] .
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Hence,
. R o RE(L )G+ Dp(G + 1)m?
fmsnp 7 > {kpwwmﬂ(m - LG ]

1 £—1
= lim sup m Z

L— 00 j=to

lzj ) [(2j+1><£j>(j+1)2]21 .
1 A=)+ 1) o

Condition (@) is satisfied. From Theorem [£.2] we deduce that every solution
of equation (7)) is oscillatory.

ExAMPLE. Consider the fractional order nonlinear difference equation

—14+p
ale(evean)| w2 S e-j-n0 ) =0e=1. ()
j=1
This special case of ([Il) with
1
3 v(O) =6, a(l) =02, BL) =14
1

o) =2, n=1  L=1 flu=u'

)

1
f(u):—>€=L>0, k:3’ m =4
u” u?

and the positive function p(¢) = ¢2. It is clear that assumptions C;) — Cs) hold.
Moreover,

1)_ 20+ 1

)= " Earie

>
| —
™| o
==
—_
I
>
N

-1 00

. 1 & . o) . 3 1
lim — > ¢(j)| — 5= = lim i — —1| = oo.
—1 Z =1 ;]2

Condition (I4]) is satisfied. From Theorem 3] we deduce that every solution
of equation ([I8) is oscillatory.
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6. Conclusion

This paper obtained new results to ensure the oscillation of solutions for a class
of a discrete nonlinear fractional-order equations by using generalized Riccati
transformation technique and some inequality. The results are original and an
extension from continuous fractional-order derivatives. Finally, applications are
discussed to illustrate the validity of the theoretical results. In near future, we
intend to discuss the oscillatory behaviour for the same equation with forcing
and delay terms.

Acknowledgement. The authors would like to thank the referee for the con-
structive remarks which greatly improved the paper.
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