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ABSTRACT. In this paper, the extended Fan sub-equation method to obtain
the exact solutions of the generalized time fractional Burgers-Fisher equation is
applied. By applying this method, we obtain different solutions that are benefit
to further comprise the concepts of complex nonlinear physical phenomena. This
method is simple and can be applied to several nonlinear equations. Fractional
derivatives are taken in the sense of Jumarie’s modified Riemann-Liouville de-
rivative. A comparative study with the other methods approves the validity and
effectiveness of the technique, and on the other hand, for suitable parameter val-
ues, we plot 2D and 3D graphics of the exact solutions by using the extended Fan
sub-equation method. In this work, we use Mathematica for computations and
programming.

1. Introduction

Fractional calculus, defined by the generalization of the order of classical
(traditional) calculus to the arbitrary real or complex order, is like an ancient
idea that is as old and deep-rooted as classic calculus. Towards the end of the
17th century, it has arisen with some specification between L’Hospital and Leib-
nitz, then it has been developed with the studies of the renown mathematicians
such as Laplace, Abel, Fourier, Liouville, Riemann, Grunwald and Letnikov [18].
Recently, Atangana and Baleanu have suggested a new fractional order deriv-
ative, the new derivative based on the generalized Mittag-Lefler function and

© 2021 Mathematical Institute, Slovak Academy of Sciences.

2010 Mathematics Subject Classification: 34A08, 26A33, 34K28, 35C10.
Keywords: extended Fan sub-equation method, time fractional Burgers-Fisher equation,
solitary wave solution.

Licensed under the Creative Commons BY-NC-ND 4.0 International Public License.



DJOUAHER ABBAS—ABDELOUAHAB KADEM

the fractional derivative that has non-singular and nonlocal kernel. With the
help of the new derivative, many new papers have appeared in the literature,
some of these are, Alkahtani analyse chaotic behaviour on the Chuas circuit

model [I].

In recent years, for solving time fractional differential equations, many re-
searchers have proposed powerful techniques to get an exact solution, such as
the sine-cosine method [3l[14], (G’/G)-expansion method [10], the Exp-function
method [§], the tanh method [23], the sub equation method [2,[7], the improved
(G'/@G)- expansion method [I7], the invariant subspace method, the generalized
Riccati equation method [I6], the Kudryashov method [20], fractional residual
power series method [12].

These numerical methods are good mathematical techniques to obtain nu-
merical/approximate solutions for non-linear models. It has been observed that
the numerical solutions are closer to the exact solution. In addition to this, both
methods can gain different meanings depending on the field.

Burgers-Fisher (BF) equation is very important in many areas such as fluid
dynamics, physics, engineering, etc. The study of the BF model has been in-
vestigated by many authors both for conceptual understanding of physical laws
and testing various numerical methods. Also, some applications in fields as gas
dynamics, number theory, heat conduction, elasticity, etc., have been found. It is
a highly nonlinear equation because it is a combination of reaction, convection,
and diffusion mechanisms. This equation is called Burgers-Fisher because it has
the properties of a convective phenomenon from Burgers equation, and diffusion
transport as well as reactions kind of characteristics from Fisher equation.

Some researchers have studied Burgers-Fisher equation in the numerical or
analytical sense. Among them, Wazwaz [24] formally derived a variety of ex-
act travelling wave solutions of distinct physical structures. In [4], Chandraker
et al. investigated the numerical treatment of Burgers-Fisher equation. Zhu
et al. [25] obtained the numerical solution of BF equation via cubic B-spline
quasi-interpolation method and so on.

The form of the time fractional generalized Burgers-Fisher equation is

d®u(x,t) du(z,t) d*u (z,t)
dte dzx dz?

+ Bu’ (z,1) =qu(z,t) (1 —u’ (z,t). (1)

Here the coefficient o, 0 < a < 1 is the order of the fractional time derivative
and d,+, 3 are arbitrary constants. The extended Fan sub-equation method is
used to construct the exact solitons solutions of Eq. (). The rest of this paper
is organized as follows. In Section [2 we describe the extended Fan sub-equation
method for solving nonlinear FDEs. In Section [3, we give an application of the
proposed method to the time fractional generalized Burgers-Fisher equation.
In Section Ml some conclusions are given.
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2. Theoretical background and preliminaries

The Jumarie’s modified Riemann-Liouville derivative of ath order, see Ju-
marie (2009) [II], can be defined as

t
F(ioé) ‘({‘(t - 5)“1—1 f(f)dﬁ, a < 07
def(t t
d{cg ) - p(ll_a) % E)[ (t =&~ (f(&) = £(0)d¢, 0<a<1, (2)
[da;:af(t)}(n), n<a<n+1, n>1

Some useful formulas and properties of the modified Riemann-Liouville deriva-
tive can be summarized, as

det? ru+ﬁ)t&ﬂ

dte T (1+8—a) ' p>0 (3)
de (u;:iv(t)) — () d‘j;:o(ét) +ult) d‘:‘;o(ét)’ (1)
du(v(t)) _ d*u(v(t)) o
die = doe (v1)%, (5)
du(v(t)) d*v (t)
T — iy S (6)

Egs. [@)—(@]) which will be used in the application of Extended Fan sub-equation
method are important tools for fractional calculus. In the rest of this section,
basic steps of the method will be presented. In the third section, application of
the method and obtained results will take place.

Li and He (2010) [9,13] defined the fractional complex transformation as

B kax? py” 12> ct®
S=Tta+o TTa+y Tary tata

u(x,y,z,t):u(f),

It reduces the nonlinear partial differential equation of fractional order into a
nonlinear ordinary differential equation (ODE), where k,p,l are arbitrary con-
stants, the localized wave solution u = u (§) travels with speed ¢ and & is the
amplitude of the travelling wave.
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3. Extended Fan sub-equation method for finding the
exact solutions of non-linear FDEs

In this section, we illustrate the basic idea of the extended Fan sub-equation
method for solving nonlinear fractional partial differential equation.

Let us assume a fractional order partial differential equation with presented
polynomial P including various order derivatives as

P (u, Dffu, DS, Uy, Uy Uy - - . ) = 0, (8)

where z,t are independent variables and w (z,t) is an unknown function and
polynomial P includes the highest order derivative and nonlinear term of u (z, t).
Also, D* (-), symbolizes the modified Riemann Liouville fractional derivation.

We illustrate the main steps of Extended Fan Sub-Equation method as follows:
In the first step, we obtain the traveling wave solution of Eq. () of the form:

At
I'l4+a)’ )

where k and A\ are arbitrary constants. As a result, we obtain a nonlinear ODE
in the following form

u(e,t) =u(),  &=kr—

N (u, o/, ulu”...) =0, (10)
where the prime indicates differentiation with respect to £. Exact solution of this

equation can be constructed as follows [5]

u(£)=%+-~-+%+AO+A1W(£)+~-~ LA A, £0. (11)

Here A;(i=0,1,2,3,...,n) are constants to be determined later. Also,
U = (&) satisfies the following ODE

(12)

where ¢ = +1 and w; are constants. Thus, the derivatives with respect to £ can
be calculated with respect to the variable ¥ as follows
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The solutions of equation ([I2) are as follows [0]
First solution:

Jw —4w —4w,
‘I’IQ<TBE,92,93>, wy =wy =0, w3>0, ga= L= 2,
w3 w3
(15)
Second solution:
= ;521 + ;w?; sinh (24/w3§) , wo = w3 =wy = 0,wy >0, (16)
U = ;;1)}21 + % sin (2 —wgf) , wo = w3 = wy = 0,wy <0, (17)
v = 2S€Ch2 < w2£> N wO:wI:w4:0,w2 >0, (18)
ws 2
—w2 2 —w2 o - -
U = se < f), wo = wy = wy = 0, wy <0, (19)
w3 2
U = ! = = = =0 (20)
—w€2, Wy = W1 = W2 = wy = U.
Third solution
_ W (ey/wag) o _uwi
U = e , ws =wy = 0,wy = , wy >0, (21)
2’11)2 4’[1)2
—Wo 1 )
\I/:——I——w1§, wo = wg = wy = 0, wl#O (22)
w1 4

Substituting [II)—(4) into equation ([I{0) and collecting all terms with the same
powers of together, the left-hand side of equation (I{) is converted into a poly-
nomial. After setting each coefficients of this polynomial to zero, we obtain a
set of algebraic equations in terms of A, (n =0,1,2...,n). Solving the system
of algebraic equations and then substituting the results and the general solutions

of (I5)—([22) into equation ([II), give solutions of equation (I0).

4. Application of the extended Fan sub-equation method

In this section, we apply the extended Fan sub-equation method for solving
the time fractional generalized Burgers-Fisher equation as follows.

ExAMPLE. We consider the time fractional generalized Burgers-Fisher equation

in the form s s
uf‘—l—ﬁuux—um:fyu(l—u), (23)

where 0 < a < 1, « is the order of the fractional time derivative and 3, ~, d, are
arbitrary constants.



DJOUAHER ABBAS—ABDELOUAHAB KADEM

Now substituting Eq. (@) in Eq. 23]), we obtain
B 4+ (A = kBul) v/ +yu (1 —u’) = 0. (24)
Applying the folding transformation
u(§) = v (€), (25)

we obtain the following equation which is similar to the most general form of
second order nonlinear oscillator equation [I5l[19] with many arbitrary parame-

ters. With some restrictions on the parameters, new integrable equations were
found and discussed in [22]

k26vv” + k% (1 —6) o'+ (A — kBv) dvv’ 4+ 462 (1 —v) v? = 0. (26)

Balancing the highest power of nonlinear terms of vv”and v'v? gives n=1. Thus
the extended Fan sub-equation method admits the following solution

0 (€) = % A+ AT (), (27)

where A_1, Ap, Ay are constants to be determined and ¥ satisfies equation (I2)).

By substituting equations ([27) and (I2)) into equation (26)), collecting the
coefficients of W’ and setting them to be zero, a set of algebraic equations is
obtained. Solving this set of algebraic equations using Mathematica [21], we get

1.
A_1:w4:0, AOI%—HS, ( )
28
_ E(2+d)w _ 2+5%A
Ay = Tz?’, w3 = ley
with Ag, A1 # 0, wq, wy being arbitrary constants.
2.
A_1:A0:0, U)O:w4:07 ( )
2,12 82 29
Al _ 4o ]j_[gkg wz’ Wo = Yo —L—Qkﬁz;Al’
with wy, A1 # 0, w1, ws being arbitrary constants.
3.
A1:A0:0, w3 = wy = 0,
A _ —hwo(45) o = 2(Mre%a) (30)
-1 = B6 ) 1= k2(2+9)

with wy, A_1 # 0,wp, wo being arbitrary constants.

Setting wy = 0 in ([28]), we get the Weirstrass elliptic doubly periodic type
solution [6]

N | ’7A1(52 . At©
(%] (xat) - AO +AIQ ( 2]{72(2 _’_5) (kx P(]. +O[)> 792393) ) (3]‘)
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where
_ 4(2+0) [kB(—4+0%) +3)]
2= 37 (—2+6) 64, ’
C2(2+0)° [y6(—4+62) — 3 (kB (—4 + 6%) + 6)) A4]
9= 277 (—2 + 6) 6 A3 '

Substituting (3I) into ([25), we have

1
5
v A162 At
Ag+ A 207 (g A .
o+ 19( 2k2(2 + 9) (kx I(1ta) )29

If we restrict ws = 0 in (29]) by using (I0) and ([I7) we obtain a triangular type
solution and a hyperbolic type solution (ws < 0,wq > 0) successively

SAA, [1 + sin ((kx _ F(Alt:a)) W )]

up (z,t) =

U2 (l‘,t): (_2+5) (—7524—](:55141) s (32)
SAAy [1 + sinh (2 (kx - r(?fa)> \/W )]
vs (z,t) = 33)

(=24 6) (=02 + kBJA;)
Substituting ([B2) into ([25), we have

INA; {—1 + sin <(m_ réfa)) W)]

U2 (.%’,t): ,

(—2+0) (—702 + kBoA,)

=

SAA; {—1 + sinh <2 (k:x _ réfa)) \/W)]

(=2 +9) (=02 + kBoA;)

o=

uz (x,t) =

If we restrict wy = 0 in (29) by using (I8) and ([IJ) we obtain a bell shaped
solitary wave solution (wg > 0)

(28 = k0 (2 4 sec 7 | (ko — iy ) /=2

20 ’

(34)

vy (z,t) =

and a triangular type solution (we < 0)

§—kBA)(2+0 At [~62 — kBoA, |
1;5(x,t)=(7 627:5)( i )sec2 l(l{:x—r(lia)> 2 4k25 3 (35)




DJOUAHER ABBAS—ABDELOUAHAB KADEM

substituting (34]) and (B8] into (25]), we have

(70 — kBA7) (2 + 6) sec h? [(kx — F(?ia)) \/ _762;61355141]

276 ’

=

uyg (z,t) =

§—kBA)(2+0 At [~62 — kBoA, | ]
us (x,t) = l(’y évg)( 9 oe? [(ij_I‘(li—a)> 2l 4k2ﬁ !

=

At the end of this example, graphical representations of exact analytical solu-

tion wug (x,t) are presented for values = %, a= % and intervals (z,t) € (_71, %)

in Fig. 1.

FIGURE 1. The triangular type solution us (z,t) of Eq. () by substituting
the values § = %, o= %,Al =—1,v=4,8=06in Eq. (32).

Graphical representations of exact analytical solution u4 (x,t) are presented
for values § = %,a = % and intervals (z,t) € (_71, %) in Fig. 2.

oL

0.4
-04 02—
2 100
02 -200
-300
0.1
-400
0.0 = -500
00 01 02 03 04 05
x -600 |

FIGURE 2. Bell shaped solitary wave solution w4 (z,t) of Eq. () by substi-
tuting the values § = %, a = %, A1 =1,k=2, A=2in Eq. (34).
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2
If we restrict wy = g5 in B0) by using [2I) we obtain exponential type
solution as follows

ve (z,1) = kwi (14 9) — , wa > 0, (36)
286 [wl - 2eiM(km‘m)wg]
%
kw?(1+46
ug (x,t) = wi(L+9) 2y , wy > 0.

236 [wl — 2etvVmR (ke it wz}

Graphical representations of exact analytical solution ug (z, ) are presented
for values § = %, a = % and intervals (z,t) € (5, 3) in Fig. 3.

v

0.0
00 01 02 03 04 05

x -04 -02 = 02 04

0.30

0.0

FIGURE 3. Exponential type solution as follows ug (z,t) of Eq. () by sub-
stituting the values 6 = %, a= %, ¥ = _?l, k=2,A=2in Eq. (36).

If we restrict wy = 0 ,w; # 0 in (B0) by using ([22)) we obtain a polynomial
type solution

—20\ + 2k2wy + k25w

2 )
1 At w
276? {zwl (’W - —mia)) - ai‘]

vy (x,t) = (37)

=

—20X + 2k2wy + k26w,
ur (:C’ t) = 2 :|

1 At w
2767 [zwl (kx - —F(lt-i-oz)> ~w

If we restrict wg = 0 in ([B0), in this way ([B0) becomes

A1:A0:0,wo:w3:w4:0,

—20\ + 2k2wy + k2wq6 2 (6 +~6%2A_,)
2762 T T 2 e

A=
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by using ([I6) and ([I7) we obtain a triangular type solution and a hyperbolic
type solution

—20)\ + 2](22101 —+ ]{7211)1(5

vs (z,1) = v , w2 <0, (38)
2762 44 [—1 + sin ((k:x — ﬁ) Vw2 )]
—26) + 2k? kw16
v (2,1) = — S ws>0, (39)
2’}/(522"“712 |:—]_ 4 sinh (2 (k:x — m) \/U}2>]
substituting (38) and (39) into (25), we have
r 5
—26\ + 2k? k2w 6
ug (@) = LT ; wz <0,

| 290238 |1 sin (ke — iy ) vows )|

o=

—25)\ + 2k k2w 6
ug (z,t) = R B ,  we > 0.

| 2962 21 [—1 + sinh (2 (kz . %) ,/—wz)]

5. Conclusion

We have applied the extended Fan sub-equation method to solve time frac-
tional generalized Burgers-Fisher equation. The execution of extended Fan sub-
equation method in the sense of Jumarie’s modified Riemann- Liouville deriv-
ative and many new exact solitons solutions including polynomial solutions,
trigonometric periodic wave solutions, exponential solutions, rational solutions,
hyperbolic and solitary wave solutions have been presented. This approach is use-
ful when analytical solution of the mathematically defined problem is possible,
but it is time-consuming and the error of approximation obtained with numerical
solution is acceptable. In this case, the calculations are mostly made with use
of computer, because otherwise it will be highly doubtful if any time is saved.
Numerical methods are commonly used for solving mathematical problems that
are formulated in science and engineering where it is difficult or impossible to
obtain exact solutions.

Acknowledgement. The authors would like to thank Professor Miroslava
Ruzickova (Tatra Mt. Math. Publ. editor) as well as the anonymous reviewer
who has made valuable and careful comments, which improved the paper con-
siderably.
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