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THE ¢-GAMMA WHITE NOISE

HAaKEEM A. OTHMAN

ABSTRACT. For0 < g < 1land0 < a < 1, we construct the infinite dimensional
g-Gamma white noise measure vyq,q by using the Bochner-Minlos theorem. Then
we give the chaos decomposition of an L? space with respect to the measure Ya,q
via an isomorphism with the 1-mode type interacting Fock space associated to the
g-Gamma measure.

1. Introduction and preliminaries

White noise can be informally regarded as a stochastic process which is in-
dependent at different times and is identically distributed with zero mean and
infinite variance. T. Hid a introduced the theory of white noise in 1975. Nowa-
days, this theory has been applied to stochastic integration, stochastic partial
differential equation, stochastic variational equation, infinite dimensional har-
monic analysis, Dirichlet forms, quantum field theory, Feynman integral and
quantum probability. For the non-Gaussian white noise analysis, Y. Ito con-
structed the Poissonian counterpart of Hida’s theory and Kondratiev et
al. [8] established a purely non-Gaussian distribution theory in infinite dimen-
sional analysis by means of a normalized Laplace transform, and Barhoumi
et al. [I] developed the introduction of infinite dimensional Gegenbauer white
noise.

On the other hand, a g-deformation of some orthogonal polynomials and their
associated measure were introduced. We put for n € N,

n
[n]q == 11 _qq =14q+¢F+- - +¢t ([0]g :=0).

The g¢-factorial is
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Another quite frequently used symbol is the g-analogue of the Pochhammer
symbol:

n—1

(a;9)o:=1 and (a;q)n ::H(l—aqj), n=12,...,00.
j=0

It is easy to see that for all integers n

_ (59)

0= Tagri )

(See [7], [9]). The g-gamma function
(¢ 4)os -
Iy(z)=—"—(1-¢q) 7, 0<g<l1l, z#0,-1,-2
) =l 79
was introduced by Thomac in 1869 and later by Jackson in 1904. In 1847,

Heine gave an equivalent definition, but without the factor (1 — ¢)!==
When z = n + 1 with n a nonnegative integer, this definition reduces to

Lon+1) = 1(14+q)1+q+¢)+-+Q+q+F+-+¢"1)
= [n]g,

which clearly approaches n! as ¢ — 1. The ¢-Gamma distribution is given by

I,(—a)
,LL 7q<l‘) P(O["’ 1)F(_Oé)x eq( l‘) ]07+ [(x) €
and we can easily verify that its Fourier transform is given by:

/ja,q()\> = IKO[I;?(l—)I‘OZgCV) /eixA x & X €q<—l‘) dx

B (a+n+ 1) (—a—n)ly(—a) (GA)"
Z MNa+1)I(—a)ly(-a—=n) n! ~

[}

The present paper elaborates an introduction of the ¢-Gamma white noise.
The outline of our paper is as follows. In Section 2, we use the ¢g-Gamma function
to construct a standard nuclear triplet

Eoy C Hyyi=L*I,p0,) C E,,

by the Bochner-Minlos theorem. In Section 3, we define the g-Gamma white noise
measure Yq,q O (Ea o B(E,, )) and we define the ¢-type wick product by means
of an orthogonal system of mﬁnite dimensional g-Laguerre polynomials, and

we investigate the chaos decomposition of the space L2 (E; o B(EL ), Yeq)-
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2. ¢-Gamma white noise measure

Let Fo(ca)
18, (x) = {”wﬂﬁ<®w“$‘%Vfﬂw+wK) z, if o #0,
g 19, o (dz) = do(x) if o=0
and 0 < o < 1. Note that for ¢ = 1, we have the standard ¢-Gamma distribution:
Ly(—a)
aqldr) = =—L—— 2% (=) 100 dx.
H 7q( .’IJ) F(a+1)F(fa)x eq( .’IJ) 10,+ [(.’IJ) x
In [7], the g-Laguerre polynomials are defined by
(ana Qn - +1 +a+1
Lo(zyq) = ——— X1 01(q" "¢ 5 5 —2g" "),
(#:9) (@Q)n 1 )

where the basic hypergeometric series ¢ have the following forms:

a17a27 7a'r
Td)s(alaa%"'7ar;b17b27'~'7bs;qaz> =r ¢S y 4,2

oo

1+s—r
al,q>n (025 @)y, (@7 D ( n ) o
Z n(015 @) (02; s - - -5 (bs5 @) _(—1)”(] 2 ]

(5) -5

They are orthogonal with respect to jiq,q since they verify

with

[ee]

JEa s w0 du ) = D
0

a+1

m,n:

Therefore, if we put

(* T n >:;
hp.q(x) = Ly (z;9 <7 ,
(@) (wia) (¢ @)ng"

we obtain an orthonormal basis {h, 4, n € N} for the Hilbert space Hy 4 =
L*(I, ptar.q), with I =]0, +o00[. Now, define the operator A,, on H, , by

« 27a [ ¥ l_qa+1 a+1 «

where D, f(x) = %. It is easy to show that for all n € N, the function

hin.q is an eigenvector of A,, namely

Aqhn,q = Aqynhn,qv
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with Ag,n = ¢*F17"/2 x [n],. Moreover, for any p > 0, A_? is the Hilbert-Schmids
operator satisfying:
1AL s =D Aga? < oo
n>0
For each p € R, define the norm | . |, on H,, 4 by
1/2

| / |p:| Aijf |0 = Z Ag,pn<f7 hn,q>2 ) e Ha,qv

n>0

where | . [p and (.,.) are the norm and the inner product of H, 4, respectively. For
p>0,let E, 4 be the Hilbert space consisting of all f € H, , with | f |,< oo,
and E_, o4, the completion of Hg , with respect to | . |_,. Since A, is of
the Hilbert-Schmidt type, identifying H, , with its dual space we come to real
standard nuclear triplet

Eaq = ﬂ Epa,qCHag C U E_paq=E,,
p=>0 p>0
LEMMA 2.1. The function C(§) = fia,q((€)), & € Eq,q is a characteristic func-

tion, where (§) = [, &(x) da

Proof. Obviously, C is continuous on E, 4 and C(0) = 1. We shall prove that
C is positive definite. For zy,...,2, € Cand &,...,&, € E,,4, we can see that

Z 2z C(& — &) Z 2iZkfba,q((€5 — &k))

J,k=1 J,k=1
n )
_ x(&;) —zz (&k)
= ) %z k/ 7 Byt g ()
J,k=1 0

= / l] (l‘)E(l‘) dﬂa,q(m)
0 X

where [j(z) = z; €' (&), O

DEFINITION 2.2. The probability measure over Ej, ,, denoted by 74,4, is defined
by its Fourier transform (via the Bochner-Minlos Theorem) given by:

iy v llat+n+ DI(—a —n)la (=) (i{e)"
/€< (@) =3 T(o+ DI(—a)Ty(—a —n) nl

Bl "=
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We denote 74,4 the ¢-Gamma noise measure and the space (Eq,q,Ya,q) by the
g-Gamma space.

PROPOSITION 2.3. For § € £, , s.t (§) > 0 let X¢ be the random variable
defined on (E(’X’q,B(E(’X’q),fyaﬂ) by

Xﬁ(w) = <w>£>a

where B(E,, ) is the o-algebra on Ey, ,. Then X¢ has a g-Gamma distribution
with parameters a and (£).

Proof. We have

/amwwmwqucuozﬁuﬁwzmﬂﬁx AER.

’
Ll q

It proves that the distribution of the random variable X, is the probability
measure ,uéfzz on R. g

LEMMA 2.4. For all § € H, 4 we have

MNa+k+1)I(—a— k) (—a
/<w>£>kdryo¢7q<w) = I(‘(a+ 1)F()c(y)Fq(a) ](C)k') | <£> |k
Yol

@, q

Proof. We know that

[ _ (agM)®P | _ T(atk+ DI(—a —k)ly(-a)
/x dptoa (@) = =55 o T(a+DI(—a)T,(—a —qk)k! '
0
Then, we get
/ (W, F dyg(w) = / y* dpll) (y)
Et/L,q 0
= [HO 1 o o)
0
FNa+k+1)I'(—a— k) (—a) | €) |k
Fa+ 1)I(—a)ly(—a — k)E!
and it completes the proof. ([l
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3. ¢-Gamma isomorphism

Let us begin by introducing the ¢g-type Gamma wick product.

DEFINITION 3.1. For w € E:x,q andn =0,1,2,..., we define the ¢-type Gamma
wick product: : w®": ¢ € (E}, ,)®™ as follows:
Gwfiq, %) = oy Ly (S8q), ¢ € Bag. (32)

LEMMA 3.3. For all § € E, 4 such that £ # 0, then

(@79

Sonm . (3.4
(3 @)ng™ (3:4)

/<: W q, €57 (WO q, E9™) dya (W) = | € [
E/

a@,q

Proof. For { € H, 4,§ # 0, the image of the g-Gamma white noise measure
Ya,q Under the map

el
(&)

is the ¢-Gamma distribution fi4 4. Then we have

w»—><w, >€R, wEE;yq

/<: WO, €M (W™ q, €57 drya,q (W)

El, .,
oo
—l¢ st [T L5 (550) dpa (o)
0
_ | ¢ |2n (qa+15q)n
- m,n -
O (g @)ng"
This gives the desired statement. ([l

Let us denote F 4(Hq,q) the following 1 —mode type interacting Fock space:

oo
(@S0 5
Fa.q(H = —~ R gen
a#]( a,q) nezao (q7Q)nqn «,q

Thus Fo,q(Ha,q) consists of sequences 7: (fo, f1,...) such that for any n € N
fn€HE? and
(@5 )n

(o]
2 — 2
17 Bttt =2 g | Wi < -

n=0
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THEOREM 3.5. For cach F' € L*(E|, ;,Va,q), there evists a unique sequence
7 = (fn)olo € Faq(Ha,q) such that

F = Z - q, fn (36)

in the L?-sense. On the other hand, for any 7 (fn)ilo € Fa,q(Ha,q), B.6)
defines a function on L?(E!, g Youg)- In that case,

oo

U
I F W e =2 (orgrqe | Wi o0= = 7 12 -
n=0 v

The following unitary operator is called the g-Gamma isometry
I: }—q<Ha,q) - L2<E<;,qa7a,q) )
(fn)?zozo — .

Proof. It is easy to see that the set

P(E,,) = {d),gﬁ(w) :Z<: WO q, b1), dr € Eg”;, wekE,,ne N}

k=0
of smooth continuous polynomials on E’, 4 1s continuously and densely embedded
in L?(E, ¢ Yog)- Then, for any F' € LZ(Ea ¢ Ya,q) there exists a unique sequence
= (fa)nto € Fa,q(Ha,q) such that

oo

Z °q, fn

We need to show for two polynomials ¢, given by, respectively,

() =3 (W g )y V(W) =3 (W : g, )
n=0 n=0
that
/ Sl b(w) dgw) =5 LD (3.7)
T = (g T

’
EQ,Q

In particular, the L?-norm of ¢ with respect to Ya,q i given by

foz=3 L5 o e (3.8)
= (G O)na”
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For this and since ¢, and 1, are linear combinations of elements of the form
9 € € B, 4, it suffices to show that for &,& € F, 4,

(@ )n
/<: W g, i@n>< wB™: Qaf§m> Ba,g(W) = (€1,62)" X "= Omn- (3.9)
(¢ @)ng"
E,,
It is sufficient to prove the identity under the assumption | £ [o=]| 7 [o= 1.

Taking a unit vector ¢ € E, 4 such that (£, () = 0, we may write
n=BE+ X, PPN =1,

and we have
n

n n n n— n— n—
(- w® :q,n®>=2<k>ﬂ EXE(: B0 R g 620K 2 g (R,
k=0

Then we get

/ (WP g, €Y (WP g 0B dy g ()

=2 <Z> Bn_wcﬁ: WO, €9 ( W) g, €3 R)
k=o B

(: w® g, C®k> dYo,q(W).

On the other hand, by using the independence of the two random variables (., §)
and (., (), we obtain

(W g, €5 ( wBOR) ¢ g €2 (B g (OF) d ()

El 4
= [(w¥™: g, 97) (w0 €50 dyg g (w)
E 4
X/<: W g, () drye g (w).
El, 4

Therefore, the last integral is equal to 0 unless k£ # 0 and is 1 if k=0. Hence,

(: g, €5M) (- W q,n®") dya,g (W)
E/

N a+1.
= L [ o g, 696w .65 d )
B

@,q
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We conclude that

( wm: g, €M) w0 drjaq(w) = B" w

a+1
m,n -

’
i q

Since 8 = (&, n), we have completed the proof of ([3.9). Then, because of this and
¢n, and 1, are linear combinations of elements of the form %™ ¢ € E, , for all
Gn,Yn € B we have:

(¢t q)n

. ,Qn. s w®m -
/<-w 4 0u) 5 0y m) dag (@) = Sl

’
EQ,Q

It follows from (B17) and (B8] that

<¢n7 77Z]n> X 6m,n .

[ee]

2
I F ey e = | (Z« W g, fn>> ()
El

n=0
a,q

o a+1.
= Z% ((qqqi)qq) (For Fad i, G

. 2
17 1% -

The second part of the Theorem is straightforward. d

Remark 3.10. In this paper we constructed the infinite dimensional ¢-Gamma,
white noise, in particular the ¢-Gamma Gel'fand triple was obtained. We can
use it to develop a new theory of the ¢-Gamma white noise as analogue of Hida’s
theory in the white noise setting. Also a space of holomorphic functions on the
complexification of EZ) 4 With f-exponential growth which is the analogue of the
Gaussian case (where 6 is the Young function) can be introduced. We expect
to develop a new quantum ¢g-Gamma white noise operator theory as an analogue
of the quantum white noise operator theory, (see [2[-[6], [II]-[13]).

REFERENCES

(1] BARHOUMI, A—OUERDIANE, H—RIAHI, A.: Infinite dimensional Gegenbauer func-
tionals, Banach Center Publ. 78 (2007), 35-45.

[2] BARHOUMI, A.—LANCONELLI, A.—RGUIGUI, H.: QWN-convolution operators with
application to differential equations, Random Oper. Stochastic Equations 22 (2014),
195-211.

[3] BARHOUMI, A.—OUERDIANE, H—RGUIGUI, H.: QWN-Euler operator and asso-
ciated Cauchy problem, Infin. Dimens. Anal. Quantum Probab. Relat. Top. 15 (2012),
1250004, 20 p.

89



[4]

(10]
(11]
(12]

(13]

HAKEEM A. OTHMAN

BARHOUMI, A.—OUERDIANE, H—RGUIGUI, H.: Stochastic heat equation on algebra
of generalized functions, Infin. Dimens. Anal. Quantum Probab. Relat. Top. 15 (2012),
1250026, 18 p.

BARHOUMI, A.—BEN AMMOU, B. K.—RGUIGUI, H.: Operator theory: quantum
white noise approach, Quantum Stud. Math. Found. 2 (2015), 221-241.

GANNOUN, R.—HCHAICHI, R.—OUERDIANE, H—REZGUI, A.: Un théoréme de
dualité entre espace de fonction holomorphes a croissance exponentielle, J. Funct. Anal.
171 (2000), 1-14.

GASPER, G—RAHMAN, M.: Basic Hypergeometric Series, in: Encyclopedia Math.
Appl., Vol. 34, Cambridge Universty Press, Cambridge, 1990.

KONDRATIV, YU. G.—SILVA, J. L.—STREIT, L.—US, G. F.: Analysis on Poisson and
Gamma space. Infin. Dimens. Anal. Quantum Probab. Relat. Top. 1 (1998), 91-118.
VAN LEEUWEN, H—MAASSEN, H.: A g-deformation of the Gauss distribution.
J. Math. Phys. 36 (1995), 4743-4756.

OBATA, N.: White Noise Calculus and Fock Space, in: Lecture Notes in Math., Vol. 1577,
Springer, Berlin, 1994.

OUERDIANE, H—RGUIGUI, H.: QWN-conservation operator and associated wick dif-
ferential equation, Commun. Stoch. Anal. 6 (2012), 437-450.

RGUIGUI, H.: Quantum Ornstein-Uhlenbeck semigroups, Quantum Stud. Math. Found.
2 (2015), 159-175.

RGUIGUI, H.: Quantum \-potentials associated to quantum Ornstein-Uhlenbeck semi-
groups, Chaos Solitons Fractals 73 (2015), 80-89.

Received August 26, 2016 Department of Mathematics

90

Al-Qunfudah Center for
Scientific Research
Al-Qunfudhah University College
Umm Al-Qura University

KSA

Department of Mathematics

Rada’a College of Education and Science
Albida University

Albida

YEMEN

E-mail: hakim_albdoie@yahoo.com



	1. Introduction and preliminaries
	2. q-Gamma white noise measure
	3. q-Gamma isomorphism
	REFERENCES

