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T -SUPERIORITY AND t-NORM-BASED IMAGES

OF FUZZY SETS

Slavka Bodjanova — Martin Kalina

ABSTRACT. Comparisons of finite fuzzy sets based on the results of conjunctive
and disjunctive aggregations of their membership grades are studied. For a given

t-norm T, the notion of T -superiority of fuzzy sets is introduced. When a fuzzy
set g is T -superior to a fuzzy set f, the description of a vague concept by g is much
more desirable than the description by f. For a comparison of a fuzzy set f with the
“standard” fuzzy set g (describing the desirable or historically the most common
characterization of the vague concept in question) t-norm-based transformations
of f with respect to g, called the T -images of f, are suggested. A special type

of the T -image of f with respect to g may be considered as a soft evaluation
of T -superiority of g to f.

1. Introduction

The task of analyzing vague data described by fuzzy sets is very broad and
heterogeneous [4], [7], [10]. We focus on comparison of finite fuzzy sets. Since
a fuzzy set describes vagueness with membership grades in the range [0,1], com-
parison of fuzzy sets may be based on aggregation of their membership grades.
We refer to aggregation by special type of aggregation functions called triangu-
lar norms (t-norms) and their duals, triangular conorms (t-conorms) [1], [3], [6].
Each t-norm is a generalization of the logical conjunction from the two-valued
set {0, 1} to the whole unit interval. On the other hand, a t-conorm generalizes
the logical disjunction. The result of a conjunctive or a disjunctive aggregation
may represent “the worst” or “the best” case scenario, depending on whether
the highest or the lowest value of a particular aggregation is preferred. Under
certain circumstances, if the worst case scenario obtained from a fuzzy set g is
better than the best case scenario derived from a fuzzy set f, we may claim that
g is superior to f. Let us consider the following illustrative example.
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Example 1. Let X = {x1, x2, x3, x4} be a set of four online homework assign-
ments assigned to students in a college class. Denote by f the concept “progress
on X”. Let the progress of each student be evaluated by the proportion of prob-
lems in a homework xi ∈ X, i = 1, . . . , 4, that the student solved correctly.
Data for two students, say Anton (fA) and Benjamin (fB), are given in Table 1.
Clearly, Anton’s progress is superior to Benjamin’s. He missed only one home-
work, while Benjamin missed two. Moreover, Anton’s worst (minimal) result 0.5
is better (higher) than Benjamin’s best (maximal) result 0.2.

Table 1. Progress on X characterized by f.

f x1 x2 x3 x4

fA 0 0.8 0.5 0.85

fB 0.2 0.1 0 0

The conclusions in Example 1 were based on the results of aggregation of avail-
able data by the t-norm TM (minimum) and its dual t-conorm SM (maximum).
Depending on the data and the purpose of study, other aggregation functions
can be considered [1], [3], [5]. The first goal of our paper is to provide a math-
ematical description of the “superiority” relationship between two fuzzy sets.
For a given t-norm T and a pair of fuzzy sets f and g we state when g is
“T -superior” to f. Because T -superiority is a rare event, we also introduce par-
tial T -superiority and a measure of T -superiority.

In some applications a comparison of several evaluations of the same concept
with so-called “standard” description of the concept may be required. For ex-
ample, in our illustrative Example 1, we may have information about the “stan-
dard” progress on X estimated from the data on all students taking the same
set of homework in the past. The task is to decide whether two students evalu-
ated, e.g., by fuzzy sets fC and fD, show more or less the same progress when
compared with the standard progress represented by a fuzzy set g. Instead of the
detailed pointwise comparison of the membership grades of fC and fD (which
may lead to a high computational cost) we suggest a comparison of coarser trans-
formations (images) of fC and fD based on g. Coarsening of fuzzy sets is often
used in applications where a complex vague structure needs to be simplified
in order to provide easier manipulation and interpretation of data. Well-known
examples of coarser transformations of fuzzy sets are α-level sets [4], [7] or fuzzy
α-level sets [9], where coarsening depends on a single parameter α. Coarsening
of fuzzy sets with respect to more parameters was studied in [2].

The second goal of our paper is to propose some transformations (preferably
coarser images) of fuzzy sets with respect to a given “standard” fuzzy set g whose
membership grades reflect a t-norm-based relationship between evaluated fuzzy
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sets and the given set g. We introduce the T -image of a fuzzy set f with respect
to g based on the results of aggregation of subsets of membership grades of g
by a t-norm T. A special type of the T -image of f with respect to g may be
considered as a soft evaluation of T -superiority of g to f. The choice of T depends
on the area of application and on the purpose of study.

Our paper is organized as follows. After some preliminary notions and nota-
tions in Section 2, the concept of T -superiority and partial T -superiority of fuzzy
sets is introduced in Section 3. T -images of fuzzy sets are presented in Section 4.
Concluding remarks are in Section 5.

2. Preliminary notions

A vague concept on a set X is often described by a mapping f : X → [0, 1]
known as a fuzzy set. In our study we assume that X is a finite universe of dis-
course. We denote by F (X) the family of all fuzzy sets on X and by |X| the car-
dinality of X. The meet and join operators on F (X) are given, respectively,
by (f∧g)(x) = min

{
f(x), g(x)

}
and (f∨g)(x) = max

{
f(x), g(x)

}
, for all x ∈ X.

Then
(
F (X),∧,∨,0,1) is a complete and distributive lattice, where 0 and 1

are constant fuzzy sets, representing, respectively, the empty set and the set X.
Obviously, f ≤ g if and only if f(x) ≤ g(x) for all x ∈ X. The complement of f
is the fuzzy set f c defined pointwise by f c(x) = 1 − f(x).

The support of f is the set supp f =
{
x ∈ X; f(x) > 0

}
. The set

Λf =
{
a ∈ (0, 1]; f(x) = a for some x ∈ supp f

}
will be called the level set of f. When |Λf | < |Λg| we say that f is coarser than g.

Comparison of vague concepts described by fuzzy sets may be realized by com-
parison of the results of aggregation of their membership grades. Recall that
an aggregation function with arity n is an increasing mapping Ag : [0, 1]n → [0, 1]
such that Ag(0, . . . , 0) = 0 and Ag(1, . . . , 1) = 1. For n = 2 we obtain a binary
aggregation function. An associative and commutative binary aggregation func-
tion T is called a triangular norm (t-norm) if it satisfies T (a, 1) = a for all
a ∈ [0, 1]. An element a �= 0 is called a zero divisor of T if there exists b �= 0 such
that T (a, b) = 0. We say that a t-norm T1 is stronger than a t-norm T2, with
the notation T2 ≤ T1, if T2(a, b) ≤ T1(a, b) for all (a, b) ∈ [0, 1]2. Because of asso-
ciativity, the arity of t-norms can be generalized to any n > 2. For aggregation
of elements (a1, . . . , an) ∈ [0, 1]n we will consider the following t-norms:

the minimum
TM (a1, . . . , an) = min(a1, . . . , an),

the �Lukasiewicz t-norm

TL(a1, . . . , an) = max

(
0,

n∑
i=1

ai − (n− 1)

)
,
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and the product t-norm

TP (a1, . . . , an) =

n∏
i=1

ai.

Then TL ≤ Tp ≤ TM and T ≤ TM for any t-norm T. Note that for arbitrary
an+1 ∈ [0, 1]

T (a1, . . . an, an+1) ≤ T (a1, . . . , an).

The dual t-conorm of a t-norm T : [0, 1]2 → [0, 1] is the mapping S : [0, 1]2 → [0, 1]
defined by

S(a, b) = 1 − T (1 − a, 1 − b).

Then S is an associative and commutative binary aggregation function that
satisfies S(a, 0) = a for all a ∈ [0, 1]. The t-conorms of arity n dual of TM , TL
and TP , are, respectively, the maximum

SM (a1, . . . , an) = max(a1, . . . , an),

the �Lukasiewicz t-conorm

SL(a1, . . . , an) = min

(
1,

n∑
i=1

ai

)
,

and the probabilistic sum

SP (a1, . . . , an) = 1 −
n∏

i=1

(1 − ai).

Then SM ≤ SP ≤ SL and SM ≤ S for any t-conorm S. For arbitrary an+1 ∈ [0, 1]

S(a1, . . . an, an+1) ≥ S(a1, . . . , an).

For a ∈ [0, 1] we use the convention T (a) = S(a) = a.

3. T-superiority of fuzzy sets

In this section, we introduce a comparison of fuzzy sets based on the results
of conjunctive and disjunctive aggregations of their membership grades.

���������� 1� Consider a t-norm T, its dual t-conorm S and a relation
RT : F (X)×F (X)→ {0, 1} defined for all (f, g)∈ F (X)×F (X) by RT (f, g)=1
if S

({f(x);x ∈ supp f}) < T
({g(x);x ∈ supp g}) and | supp f | ≤ | supp g|, oth-

erwise RT (f, g) = 0.

If RT (f, g) = 1, we say that g is T -superior to f.

Note that the relation RT is an irreflexive, asymmetric and transitive relation
on F (X) \ {0}. If for a fuzzy set f ∈ F (X) we have that f(x) = 1 for some
x ∈ X, then there is no fuzzy set g ∈ F (X) such that RT (f, g) = 1.
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Remark 1� The support of the constant fuzzy set 0 is empty, i.e., supp 0 = ∅.
According to the convention, S

({f(x);x ∈ ∅}) = 0 and T
({f(x);x ∈ ∅}) = 1.

Therefore, 0 is the only fuzzy set that is T -superior to itself, i.e., RT (0,0) = 1.

T -superiority represents a rather rare relationship. When an additional el-
ement is included in aggregation, the numerical value of T -aggregation may
decrease while the numerical value of S-aggregation may increase. Therefore,
RT (f, g) = 1 is more likely when both | supp f |, and | supp g| are small.

Now we address the relationship between T -superiority of f and g and T -su-
periority of their complements.

	
��������� 1� Let f, g ∈ F (X) and 0 < g(x) < 1 for all x ∈ X. Then
RT (f, g) = 1 if and only if RT (gc, f c) = 1.

P r o o f. When 0 < g(x) < 1 for all x ∈ X, then also 0 < gc(x) < 1 for all
x ∈ X and | supp g| = | supp gc| = |X|. The relationship RT (f, g) = 1 implies
that f(x) < 1 for all x ∈ X, which means that 0 < f c(x) for all x ∈ X and
| supp f c|= |X|. Therefore | supp gc|≤| supp f c|. Then RT (f, g)=1 if and only if

S
({
f(x);x ∈ supp f

})
< T

({
g(x);x ∈ supp g

})
. (1)

However,
S
({
f(x);x ∈ supp f

})
= 1 − T

({
1 − f(x);x ∈ supp f

})
and

T
({
g(x), x ∈ supp g

})
= 1 − S

({
1 − g(x), x ∈ supp g

})
.

Inequality (1) can be rewritten as

S
({

1 − g(x), x ∈ supp g
})

< T
({

1 − f(x);x ∈ supp f
})
,

which is equivalent to

S
({
gc(x);x ∈ supp gc

})
<T

({
f c(x);x ∈ supp f c

})
. (2)

Therefore RT (gc, f c) = 1. �
One can easily observe that T -superiority of g to f is possible only when

f and g do not have any common nonzero membership grade. Under certain
circumstances, T -superiority of g to f may imply that f is a subset of g.

	
��������� 2� Assume f, g ∈ F (X) and RT (f, g) = 1. Then

i) Λf ∩ Λg = ∅,
ii) if supp f ⊂ supp g, then f ≤ g,

iii) if T has no zero-divisors, then RT (0, g) = 1 for all g,

iv) if T has no zero-divisors and f(x) < 1 for all x ∈ X, then RT (f,1) = 1.

P r o o f. i) Because T ≤ TM and SM ≤ S, if RT (f, g) = 1, then RTM
(f, g) = 1.

At the same time, RTM
(f, g) = 1 implies that max{α;α∈Λf}<min{β; β∈Λg}.

Hence Λf ∩ Λg = ∅.
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ii) Because max
{
f(x), x ∈ supp f

}
< min

{
g(x), x ∈ supp g

}
, for each x ∈

supp g we obtain that f(x) < g(x). Since supp f ⊂ supp g, if g(x) = 0, then
f(x) = 0. Hence f(x) ≤ g(x) for all x ∈ X which means that f ≤ g.

Properties iii) and iv) are obvious. �

Note that neither Λf∩Λg =∅ nor f≤g guarantee that S
({f(x);x∈supp f})<

T
({g(x);x∈supp g}).
Now we assume that f, g ∈ F (X), | supp f | ≤ | supp g|, and

S
({
f(x);x ∈ supp f

}) ≥ T
({
g(x);x ∈ supp g

})
.

Therefore, g is not T -superior to f. However, it may happen that g is T -superior
to a part of f restricted only to elements with low membership grades f(x).
Further in the text, fp will denote the following restriction of f to a p-element
subset of supp f with the lowest membership grades

fp =

{(
x(1), f

(
x(1)

))
,
(
x(2), f

(
x(2)

))
, . . . ,

(
x(p), f

(
x(p)

))}
,

where x(1), x(2) . . . , x(p) are reordered elements from supp f such that f(x(1)) ≤
f(x(2)) ≤ · · · ≤ f(x(p)).

���������� 2� Consider a t-norm T and f, g ∈ F (X). Let | supp f | = m.
We say that g is partially T -superior to f if | supp f | ≤ | supp g| and there exists
p ∈ {1, . . . ,m} such that RT (fp, g) = 1.

Remark 2� When g is T -superior to f and m = | supp f |, then for all
p ∈ {1, . . . ,m} we obtain that RT (fp, g) = 1.

Now we will introduce a measure of T -superiority.

���������� 3� Assume a t-norm T . Let a mapping γT : F (X)×F (X) → [0, 1]
satisfy the following conditions for all (f, g) ∈ F (X) × F (X):

C1: γT (f, g) = 1 if and only if RT (f, g) = 1,

C2: γT (f, g) = 0 if and only if (RT (fp, g) = 0 for all p ∈ {1, 2, . . . , | supp f |} or
| supp f | > | supp g|),

C3: if h ∈ F (X), | supp h| = | supp f | and h ≤ f , then γT (h, g) ≥ γT (f, g),

C4: if h ∈ F (X), | supp h| = | supp g| and g ≤ h, then γT (f, g) ≤ γT (f, h).

Then γT is a measure of T -superiority and γT (f, g) evaluates the degree to which
g is T -superior to f.

Note that in Definition 3 conditions C3 and C4 characterize the desired mono-
tonicity of a measure of T -superiority. The value of γT (f, g) increases when
the membership grades of f decrease or when the membership grades of g in-
crease.
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��������� 3� Assume a t-norm T. Consider f, g ∈ F (X) such that m =
| supp f |. Let j∗ = 0 if RT (fp, g) = 0 for all p ∈ {1, . . . ,m} or | supp f | >
| supp g|, otherwise j∗ = max

{
p;RT (fp, g) = 1

}
. Then the coefficient

δT (f, g) =
j∗

m
(3)

evaluates the degree of T -superiority of g to f.

P r o o f. Obviously, δT (f, g) ∈ [0, 1] and δT satisfies the condition C2 from Def-
inition 3. Further, δT (f, g) = 1 if and only if j∗ = m. Clearly, this happens
if and only if RT (fm, g) = 1, which is equivalent to RT (f, g) = 1, and therefore
the condition C1 holds. Now we verify conditions C3 and C4.

C3: Assume h ≤ f and | supph| = | supp f | = m. Then for all p ∈ {1, . . . ,m} :
S
(
h(x(1)), . . . , h(x(p))

) ≤ S
(
f(x(1)), . . . , f(x(p))

)
. Hence

s∗ = max{p;RT (hp, g) = 1} ≥ max{p;RT (fp, g) = 1} = j∗.

Therefore

δT (f, g) =
j∗

m
≤ s∗

m
= δT (h, g).

C4: Assume g ≤ h and | supp g| = | supp h|. Then we have that T
({g(x);

x ∈ supp g}) ≤ T
({h(x);x ∈ supp h}). Therefore

s∗ = max
{
p;RT (fp, h) = 1

} ≥ max
{
p;RT (fp, g) = 1

}
= j∗.

Hence

δT (f, g) =
j∗

m
≤ s∗

m
= δT (f, h).

�


���� 1� Consider the lattice (F (X),∧,∨,0,1), fuzzy sets f, h, g ∈ F (X) and
the measure of T -superiority δT . Then

i) δT (0, g) = 1 for all g �= 0, whenever T has no zero-divisors,

ii) δT (1, g) = 0 for all g.

Example 2. Let fA and fB be the fuzzy sets from Example 1. Recall that
the set of all nonzero membership grades of fA is {0.5, 0.8, 0.85} and the set
of all nonzero membership grades of fB is {0.1, 0.2}. It is clear that fA is TM -
superior to fB . When we aggregate the data by the t-norm TL and its dual
t-conorm SL, we obtain that SL(0.1, 0.2) = 0.3 > TL(0.5, 0.8, 0.85) = 0.15.
Therefore, we conclude that fA is not TL-superior to fB . However, there is
a part of the fuzzy set fB restricted to the membership grade 0.1 such that
SL(0.1) = 0.1 < TL(0.5, 0.8, 0.85) = 0.15. Therefore, δTL

(fB, fA) = 1/2, which
means that fA is TL-superior to fB to the degree 1/2.
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���� 2� Assume a t-norm T and an aggregation function Ag with no zero
divisors. Consider f, g ∈ F (X) × F (X) such that | supp f | = m. Let j∗ = 0
if RT (fp, g) = 0 for all p ∈ {1, . . . ,m}, or | supp f | > | supp g|, otherwise
j∗ = max

{
p : RT (fp, g) = 1

}
. Then the coefficient

ψT (f, g) =

{
0 if j∗ = 0,
Ag(f(x(1)),...,f(x(j∗)))

Ag(f(x(1)),...,f(x(m)))
otherwise,

(4)

evaluates the degree of T -superiority of g to f.

In analysis of vague data, T -superiority can be used for identification of un-
usual characterizations (outliers) of a considered vague concept. When g ∈ F (X)
represents the “standard” characterization of a vague concept and for a fuzzy set
f ∈ F (X), we obtain that RT (f, g) = 1 or RT (g, f) = 1, we may say that f is
a T -outlier with respect to g. On the other hand, when | supp g| = | supp f | = m
and for all p ∈ {1, . . . ,m} : RT (fp, g) = RT (gp, f) = 0, we may say that f is
T -consistent with g. Note that the statement “g is T -superior to f” can be also
interpreted as “f is T -inferior to g”.

Example 3. Assume that the standard (expected) progress on the set of four
homework assignments in Example 1 is characterized by the fuzzy set g given
in Table 2. Consider also the progress of three students evaluated by the fuzzy
sets u, v and w with the membership grades in Table 2.

Table 2. Progress on X.

Set x1 x2 x3 x4

g 0.6 0.55 0.7 0.8

u 0.95 0.85 1 1

v 0.4 0.2 0.3 0.45

w 0.55 0.55 0.7 0.65

Then RTM
(g, u) = 1 and RTM

(v, g) = 1. Therefore, evaluations u and v
are TM -outliers with respect to g. We conclude that u is TM -superior and v is
TM -inferior in comparison with the standard g. Because | supp g|= | suppw|=4
and for all p∈{1, 2, 3, 4} :RTM

(wp, g)=RTM
(gp, w)=0, evaluation w is TM -con-

sistent with g. After comparison of fuzzy sets fA and fB from Example 1 with
the standard fuzzy set g we realize that Benjamin’s progress (fB) is TM -inferior
to the standard. Anton’s progress (fA) is neither TM -outlier nor TM -consistent
with the standard. If we use the coefficient δT defined by (3) as a measure of
TM -superiority, we obtain that δT (fA, g)=1/3. Therefore, the fuzzy set g is TM -
superior to one third of the membership grades associated with the elements
from the support of the fuzzy set fA.

32



T -SUPERIORITY AND t-NORM-BASED IMAGES OF FUZZY SETS

4. T-images of fuzzy sets

Assume f, g ∈ F (X). Any transformation of f derived from a relationship be-
tween f and g will be called an image of f with respect to g. A coarser image of f
reduces the total number of distinct membership grades of f. For a comparison
of several fuzzy sets from F (X) with a given “standard” fuzzy set g ∈ F (X)
we suggest comparison of coarser images of the considered fuzzy sets created
with respect to g. For each f ∈ F (X) and for each x ∈ X, the image of f(x)
should reflect an evaluation of a relationship between f(x) and the fuzzy set g. In
this section we propose the T -image of f induced by g, which, in a special case,
can be considered as a soft evaluation of T -superiority of g to f. In particular,
for each f(x), x ∈ supp f, we will look for the largest subset of large membership
grades from g whose T -aggregation will exceed f(x). Further in the text, gp will
denote the following restriction of g to a (k − p + 1)-element subset of supp g
with the largest membership grades

gp =
{(
x(p), g(x(p))

)
, . . . ,

(
x(k), g(x(k))

)}
,

where x(p), x(p+1) . . . , x(k) are reordered elements from supp g such that g(x(p))≤
g(x(p+1)) ≤ · · · ≤ g(x(k)).

���������� 4� Consider a t-norm T and fuzzy sets f, g ∈F (X), f �= g, g �=0,
f �=1 and | supp g| = k. Then the T image of f with respect to g is the fuzzy set

f̃(g, T ) defined for all x ∈ X as follows:

f̃(g, T )(x) = 0 if f(x) = 0, or for all p ∈ {1, . . . , k}
we have that

f(x) ≥ T
({
g(z); z ∈ supp gp

})
,

otherwise
f̃(g, T )(x) =

k − (i∗ − 1)

k
,

where i∗ is the minimum of those p ∈ {1, . . . , k} for which 0 < f(x) < T
({g(z);

z ∈ supp gp}).
	
��������� 4� Let f, g ∈ F (X) and | supp g|=k. Then for all x ∈ X the mem-

bership grade f̃(g, T )(x) satisfies the following properties:

i) when f(x)>0, then f̃(g, T )(x)=0 if there is no restriction gp, p∈{1, . . . , k}
of the fuzzy set g such that f(x) < T

({g(z); z ∈ supp gp}),
ii) f̃(g, T )(x) = 1 if and only if f(x) < T

({g(z); z ∈ supp g}),
iii) if h ∈ F (X) and h ≤ f, then h̃(g, T )(x) ≥ f̃(g, T )(x),

iv) if h ∈ F (X), | supp h| = | supp g| and g ≤ h, then f̃(h, T )(x) ≥ f̃(g, T )(x).
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P r o o f.

i) For f(x) > 0 we have that f̃ (g, T )(x) = 0 if for all p ∈ {1, . . . , k} : f(x) ≥
T
({g(z); z ∈ supp gp}). This means that there is no restriction gp of g

such that f(x) < T
({g(z); z ∈ supp gp}).

ii) f̃(g, T )(x) = 1 if and only if i∗ = min
{
p ∈ {1, . . . , k}; f(x) < T ({g(z);

z ∈ supp gp})
}

= 1 which means that f(x) < T
({g(z); z ∈ supp g}).

iii) For all x∈ supp f we have that h(x)≤f(x). If h(x)>0, then s∗ =min
{
p∈

{1, . . . , k};h(x) < T ({g(x);x ∈ supp gp})
} ≤ min

{
p ∈ {1, . . . , k}; f(x) <

T ({g(x);x ∈ supp gp})
}

= i∗. Therefore

h̃(g, T )(x) =
k − (s∗ − 1)

k
≥ k − (i∗ − 1)

k
= f̃(g, T )(x).

iv) When g ≤ h and | supp g| = | supp h| = k, then for all p ∈ {1, . . . , k}:

T
({
g(x);x ∈ supp gp

})
= T

(
g(x(p)), . . . , g(x(k))

) ≤
T
(
h(x(p)), . . . , h(x(k))

)
= T

({
h(x);x ∈ supp hp

})
.

Then

s∗ = min
{
p ∈ {1, . . . , k}; f(x) < T

({
g(x);x ∈ supp gp

})}
≥ min

{
p ∈ {1, . . . , k}; f(x) < T

({
h(x);x ∈ supp hp

})}
= i∗.

Therefore

f̃(h, T )(x) =
k − (i∗ − 1)

k
≥ k − (s∗ − 1)

k
= f̃(g, T )(x).

�

Remark 3� The membership grade f̃(g, T )(x) is the relative cardinality of the
support of the largest restriction gp of g which is T -superior to the singleton

f(x). If | supp f | ≤ | supp g|, the fuzzy set f̃(g, T ) can be considered as a soft
evaluation of T -superiority of g to f.

��
����
� 1� If RT (f, g) = 1, then for all x ∈ supp f we have f̃(g, T )(x) = 1.

��
����
� 2� Consider the lattice (F (X),∧,∨,0,1) and f, h, g ∈ F (X). Then
for all x ∈ X the following hold:

i) ˜(f ∨ h)(g, T )(x) = f̃(g, T )(x) ∧ h̃(g, T )(x),

ii) ˜(f ∧ h)(g, T )(x) = f̃(g, T )(x) ∨ h̃(g, T )(x).

Let us recall that for α ∈ (0, 1] and f ∈ F (X), the α-cut of f is the crisp
set fα defined for all x ∈ X by

fα(x) =

{
1 if f(x) ≥ α,

0 otherwise .
(5)
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The concept of α-cuts was generalized to P -level sets in [2] as follows.

���������� 5� Let f ∈ F (X) and Ω = {t1, . . . , tk} be an arbitrary set of pa-
rameters from (0, 1). Then the p-level set of f based on Ω is the fuzzy set
Ω(f) ∈ F (X) defined for all x ∈ X by

Ω(f)(x) =
|{t ∈ Ω; t < f(x)}|

|Ω| . (6)

There is a connection between TM - images of fuzzy sets and α-cuts (P -level
sets) of fuzzy sets.

	
��������� 5� Let f ∈ F (X) such that | supp f | = X and g be a constant
function on X with the level set Λg = {α}. Then for all x ∈ X

f̃(g, TM )(x) = 1 − fα(x). (7)

P r o o f. Because | supp f | = X, | supp g| = 1 and Λg = {α} we have that

f̃(g, TM )(x) =

{
0 if f(x) ≥ α,

1 otherwise .
(8)

Therefore f̃(g, TM )(x) = 1 − fα(x). �

In the case described in Proposition 5, the TM -image of f with respect to g
is the complement of the α-cut of f , where {α} = Λg.

	
��������� 6� Let f ∈ F (X) and | supp f | = X. Consider g ∈ F (X) such
that Λf ∩ Λg = ∅, g(x) < 1 for all x ∈ X and |Λg| = k. Set Ωg = Λg =
{t1, t2, . . . , tk}, t1 < t2 < · · · < tk < 1. Then for all x ∈ X

f̃(g, TM )(x) = 1 − Ωg(f)(x). (9)

P r o o f. Because | supp f | = X and Λf∩Λg = ∅, we obtain that f̃(g, TM )(x) = 0
if and only if f(x) > tk. In this case

Ω(f)(x) =
|{t ∈ Ωg; t < f(x)}|

|Ωg| =
|Ωg|
|Ωg| = 1,

and therefore
f̃(g, TM )(x) = 1 − Ωg(f)(x). (10)

Otherwise f̃(g, TM)(x)= k−(i∗−1)
k , where i∗ is the minimum of those p∈{1, . . . , k}

for which 0 < f(x) < tp. Because Λf ∩Λg =∅ we have that k−(i∗−1)=
∣∣{t ∈ Ωg;

t > f(x)
}∣∣. Then

f̃(g, TM )(x) = 1 − |{t ∈ Ωg; t < f(x)}|
|Ωg| = 1 − Ωg(f)(x). (11)

Because of (10) and (11) we conclude that f̃(g, TM )(x) = 1 − Ωg(f)(x). �
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In the case described in Proposition 6, the TM -image of f with respect to g
is the complement of the P -level set of f based on Ωg.

Remark 4� Let | supp g| = k. Then for arbitrary t-norm T and for any fuzzy

set f �= g we have that f̃(g, T ) : X → {
0, 1/k, 2/k, . . . , (k − 1)/k, 1

}
.

Example 4. Let X = {x1, . . . , x6}. Assume fuzzy sets fC , fD, g ∈ F (X) with
membership functions given in Table 3. Tm-images and Tp-images of fC and fD
with respect to g are presented in Table 4. Though the membership grades of fC
and fD are different, their TM images are indistinguishable. Therefore, in a quick
comparison, when aggregation by TM is used, fC and fD may be considered equal
with respect to the “standard” described by g. For example, if g represents the
standard progress on X, as described in Example 3, performance characterized
by fC and fD may be reported as “the same” when compared to the standard.
However, when aggregation by Tp is used, Tp images of fC and fD revealed some
differences in membership grades of x1 and x6.

Table 3. Membership function of selected fuzzy sets.

Set x1 x2 x3 x4 x5 x6

fC 0.2 0.5 0.58 0.7 0.28 0.6

fD 0.28 0.4 0.56 0.65 0.27 0.68

g 0.3 0.6 0.55 0.6 0.8 0.8

Table 4. Membership grades of selected T -images.

Set x1 x2 x3 x4 x5 x6

f̃C(g, TM ) 1 5/6 4/6 2/6 1 2/6

f̃D(g, TM ) 1 5/6 4/6 2/6 1 2/6

f̃C(g, TP ) 4/6 2/6 2/6 1/6 3/6 2/6

f̃D(g, TP ) 3/6 2/6 2/6 1/6 3/6 1/6

5. Conclusion

Our work is a contribution to applications of t-norms in analysis of vague
data described by fuzzy sets. We suggested an evaluation of a rare relationship
between two fuzzy sets, when one of them can be considered “superior” with
respect to the other. We introduced the notion of T-superiority which may help
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in decision making to identify outliers among fuzzy sets under consideration.
Then we proposed a comparison of several evaluations of the same vague concept
with a given standard evaluation of the concept based on the T -images of fuzzy
sets. In our future work we will study the relationship between T -images and
approximations of fuzzy sets by rough sets [8].
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