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ON ALGEBRAIC PROPERTIES AND LINEARITY
OF OWA OPERATORS FOR FUZZY SETS

ZDENKO TAKAC

ABSTRACT. We deal with an ordered weighted averaging operator (OWA op-
erator) on the set of all fuzzy sets. Our starting point is OWA operator on any lat-
tice introduced in Lizasoain,I.—Moreno, C.: OWA operators defined on complete
lattices, Fuzzy Sets and Systems 224 (2013), 36-52; Ochoa, G.—Lizasoain, I.—
—Paternain, D.—Bustince, H.—Pal, N. R.: Some properties of lattice OWA op-
erators and their importance in image processing, in: Proc. of the 16th World
Congress of the Internat. Systems Assoc.—IFSA ’15 and the 9th Conf. of the
European Soc. for Fuzzy Logic and Technology—EUSFLAT ’15 (J. M. Alonso
et al., eds.), Atlantis Press, Gijén, Spain, 2015, pp. 1261-1265. We focus on a par-
ticular case of lattice, namely that of all normal convex fuzzy sets in [0,1], and
study algebraic properties and linearity of the proposed OWA operator. It is
shown that the operator is an extension of standard OWA operator for real num-
bers and it possesses similar algebraic properties as standard one, however, it is
neither homogeneous nor shift-invariant, i.e., it is not linear in contrast to the
standard OWA operator.

1. Introduction

The aggregation of fuzzy sets, that is fuzzy truth values, is essential in the
type-2 fuzzy sets settings [10], [I1]. Also, the need of aggregation of fuzzy sets
arises in decision making problems when the alternatives are assessed by fuzzy
sets. Recall that Yager’s OWA operators are of special significance in solving
decision making problems. This leads to growing interest of scholars to investi-
gate OWA operators for various kinds of elements [4], e.g., for intervals [2], [T5],
fuzzy intervals [17], [18], gradual intervals [12], i.e., also for fuzzy sets.

In [6], [8] the concept of an ordered weighted averaging (OWA for short) oper-
ator is extended to any complete lattice endowed with a t-norm and a t-conorm.
The intention of authors was to avoid the need of a linear order in environments
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in which only partial, non-linear, order is available. Our aim is to study a specific
nature of ideas from [6], [§] in one particular case of complete lattice, namely that
of all normal convex fuzzy truth values (fuzzy sets in [0, 1]). It is well-known that
this set is not linearly ordered. We discuss the notion of (distributive) weighting
vector, formulate a sufficient and necessary condition under which given ele-
ments constitute a distributive weighting vector and study algebraic properties
and linearity of the proposed OWA operator for fuzzy sets.

The paper is organized as follows. Section 2 contains basic definitions and no-
tations that are used in the remaining parts of the paper. In Section 3, we propose
an OWA operator on the set of normal convex fuzzy sets in [0,1] and study its
properties. The conclusions are discussed in Section 4.

2. Preliminaries

In this section, we present some basic concepts and terminology that will be
used throughout the paper.

Let X be a set. A fuzzy set in X is a mapping from X to [0,1]. Let F(X)
denote the class of all fuzzy sets in X, and let F denote the class of all fuzzy
sets in [0, 1]. A type-2 fuzzy set in X is a fuzzy set whose membership grades are
fuzzy sets in [0, 1]. Hence, type-2 fuzzy set in X is a mapping

f: X = F
and the elements of F are called fuzzy truth values.

A fuzzy set f in X is normal if there exists x € X such that f(z) = 1. Let X
be a linear space, a fuzzy set f in X is convex if it satisfies f()\xl +(1- )\)xg) >
min(f(z1), f(zz2)) for all A € [0,1], for each 21,22 € X. We denote by Fnc
the class of all normal convex fuzzy truth values. We will use operations LI, 1,
relations C, < and special elements 6, lTonF given by:

(fUg)(2) =th;pz(f(ﬂf) Ag(y), fCg ifandonlyif frg=f,

(fNg)(z) =Zitylgz(f(ﬂf) Ag(y)), f=g ifandonlyif fug=g, "

a(x):{l if z =0, T(x):{l ifz =1,

0, otherwise, 0, otherwise.

The algebra of fuzzy truth values (F,1J,M,0,1, C, <) is closely described in [7]
and [I3]. In [13] it is showed that (Fy¢,U,M,0,1,C) is a bounded, distributive
lattice, and in [3] the authors showed that the lattice is complete. Recall that
the two orders C and =< coincide on the set of normal convex fuzzy sets.

In 1988 Yager [16] introduced OWA operator which is one of the most
widely used aggregation methods for real numbers.
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DEFINITION 2.1. Let w = (w1,...,w,) € [0,1]" be a weighting vector with
w; + - +w, = 1. An OWA operator associated with w is a mapping
OW Ay : [0,1]™ — [0, 1] defined by

OW Ay (21, .., 2n) :Zwix(i) ,
i=1

where x(;) denotes the ith largest number among z1,...,zp.

3. OWA operators defined on the set
of all normal convex fuzzy sets in [0, 1]

In this section we apply the ideas of [6], [§] to the settings of type-2 fuzzy sets.
In other words, we will study distributive weighting vectors and consequently
OWA operators on the set of fuzzy truth values F. Let us start with the notion
of a t-norm and a t-conorm on F.

DEeFINITION 3.1. A mapping T: F x F — F is said to be a t-norm on (F,C) if
it is commutative, associative, increasing in each component and has a neutral
element 1.

A mapping S: F x F — F is said to be a t-conorm on (F, C) if it is commu-
tative, associative, increasing in each component and has a neutral element 0.

The operations M and U given by () are t-norm and t-conorm on F, respec-
tively. The following propositions are easy to check, see [5], [9] and [14].

PROPOSITION 3.2. The operation 1N given by () is a t-norm on (F,C).
PROPOSITION 3.3. The operation U given by () is a t-conorm on (F,C).

According to the following lemma, it is possible to construct linearly ordered
vector from any given vector in Fg .
LEmMMA 3.4 ([6]). Let (fi1,..., fn) € FRe, and let
g1 = fil...U fn,
g=((ANfIU...U(finfu)U (20 fs)U...U(faNfu)U...U((fam1 M fa)),

ge= UL Moo fi ok € {0,

gn:fll_l---l_lfn-

Then
gn Egn1E...C g1

Moreover, if the set {f1,..., fn} is linearly ordered, then the vector (g1,...,gn)
coincides with (fo(1),- .., fo(n)) for some permutation o of {1,...,n}.
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We proceed with the study of distributive weighting vector in F3 .~ and some
of its properties.

DEeFINITION 3.5. Let wy,...,w, € F. A vector (wi,...,w,) is said to be
a weighting vector in (F,C) if wy U ... Jw, = 1, and it is said to be a dis-
tributive weighting vector if it also satisfies

F(wiU...Uwy)=(fNw)U...U(fMNwy,)

for all f € F.

The following theorem gives a necessary condition under which elements
wi, ..., wy, constitute a weighting vector in (Fy¢, C).
THEOREM 3.6. Let wy,...,w, € Fnc. Ifw U...Uw, = T, then w; = 1 for

somei e {1l,...,n}.

Proof.
1. We show that w;(1) =1 for some i € {1,...,n}. From w; U...Uw,=1
it follows (w; U ... U wy)(1) =1, hence there exist aq,...a, € [0,1] such that

max(a1,...,a,) = 1 and min(wi(a1),...,w,(a,)) =1, and consequently there
exist a1,...a, € [0,1] such that max(ai,...,a,) = 1 and wi(a1) = ... =
wy(ay) = 1. It means that for some i € {1,...,n} it holds a; = 1 and w;(a;) =1,

thus w;(1) =1 for some i € {1,...,n}. Let us write wy, (1) = 1.

2. Now we are going to show that wy, (z) = 0 for all € [0,1] if w; # 1
for all i € {1,...,n} — {ko}. Let there exist xy € [0, 1] such that wy,(xg) > 0.
Then there exist

b, bkg—1, bieg+1,---,b0n € [0,1] such that

wy(b1)y -+ Wio—1 (bkg—1), Wro+1 (Dkg+1)s - - - » Wi (br) >0,
hence
(wi U...Uwy) (max(by, ..., bry—1,%0, brg+1, - - -+ bn))
= min (w1 (b1)y -y Wry—1(bkg—1), Wiy (70), Wro+1 (kg +1)5 - - - ,wn(bn)) >0,
which contradicts our assumption wy U ... Uw, = 1. O

The following corollary states a simple necessary and sufficient condition
under which (wy,...,w,) € FR is a distributive weighting vector.

COROLLARY 3.7. A vector (w1, ..., wy,) € Fr e is a distributive weighting vector
in (Fnc, C) if and only if there exists i € {1,...,n} such that w; = 1.

Proof.

1. Necessity: Let (wi,...,w,) € Fpo be a distributive weighting vector.
Then, according to Definition BA wi U...Jw, = 1; and from Theorem
it follows w; = 1 for some i € {1,...,n}.
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2. Sufficiency: Let us first observe that (Fyc,C) is a distributive lattice,

thus it is sufficient to show that (w1, ..., w,) is a weighting vector in (Fn¢c, C).
Let w; =1 for some i € {1,...,n}. The proof follows from the observation that
1Uf=1forall fe Fnc. d

Now we can use the notion of distributive weighting vector and define an OWA
operator on the set of normal convex fuzzy truth values Fyc.

DEFINITION 3.8. Let w = (wi,...,w,) € FRo be a distributive weighting
vector in (Fyc, C). The mapping Fy : Fr o — Fnce given, for all (fi,..., fn) €
]7\71707 by
Fo(fiyoooyfn) = (w1 Ngy)U...U(w, M gn),
where (g1,...,9n) i a linearly ordered vector constructed from (fi,..., fn)
according to Lemma [34] is called an n-ary OWA operator on Fyc.

EXAMPLE 3.9. Let weighting vector be w = (wl,T) and w1, f1, fo be fuzzy truth
values given by Fig. [l Then g1 = f1 U fo, g2 = f1 1 f2, and

Fu(fi, fo) = (w1 M g1) U (1M g2) = (wi Mg1) Uge.

The results are depicted in Fig. [ (for simplicity, fuzzy truth values g; and g
are not depicted—they can be found in Fig. [2]).

===wl1G
==uiF,(f, 1)

FIGURE 1. See Example 3.9
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The remainder of this paper will be devoted to the study of properties of the
n-ary OWA operator on Fy¢. In the following theorem we show that the op-
erator satisfies three basic properties of each aggregation operator, i.e., it is
aggregation operator on Fyc.

THEOREM 3.10. Let w = (wq,...,wy,) be a distributive weighting vector in
(Fno, MU, E,0,1) and Fy the corresponding OWA operator given by Defini-
tion[3.8. Then:

(i) Fyw(0,...,0) =0.
(i) Fo(T,...,1)=1.
(i) f1 Cf1,..-, fu E fy imply

Fw(fiseoos fn) CEW(f1s-- s fn) forall fu, fi,..., fas fi € Frne-
Proof.

(i) Fy(0,...,0)= (w1 M0)U...U(w,M0)=0L...0=0.
(i) Fo(l,...., ) =(wy N U...U(w, M) =wy U...Uw, = 1.
(iii) Let f1 C ff,..., fn C f. Then we have

glggikvvgngg:;

and consequently

FW(fla"'afn)
=(wiMNg)U...U(w,Mgpn) C(wi Ngy)U...U(w, Mgp)
:FW<fik7"'af;:>' O

THEOREM 3.11. Let Fy, be an n-ary OWA operator on Fyc. Then
fll_ll_lanFw(fl,,fn)Efll_ll_lfn fOT'(lll fl,...,anfNC.

Proof. We prove the right inequality, the left one can be checked in a similar
way.
Fw(fla'-'afn) = (wl ﬂgl)'—""'—'(wn'—lgn) C (wl ﬂgl)'—""'—'(wn'—lgl)

=(w U...Uw)Ngr=1MNgi=g1=fill...U fp. .

The theorem says that the results of Fy (f1, ..., fn) are bounded by fiM...Mf,
and fiU...Uf,. It is worth pointing out that for standard OWA operators for real
numbers from min(zy,...,x,) <OWA,(z1,...,z,) <max(zi,...,z,) it follows
that OWA, (21,...,2,) >x; for some i€{1,...,n}, and OWA, (z1,...,z,) <z,
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for some j € {1,...,n}. However, the similar property does not hold for Fy,
i.e., it is possible that

Fo(fi,- s fn) T fi forall ie{l,...,n}
or
Fo(fi,--,fn) 3 f; forall je€{l,...,n}.

See Example BI2 where Fy (f1, f2) 3 f1 and Fyw(f1, f2) 3 fo.

EXAMPLE 3.12. Let weighting vector be w = (I, ws) and wa, f1, fo be fuzzy
truth values given by Fig.[2l Then g; = f1 U f2, go= f1M f2, and (see Lemma 313
for the last equality)

Fo(fi, f2) = (1M g1) U (wz M ga) = g1 U (w2 M g2) = g1.
It is easy to check that Fy(f1, f2) =¢1 3 fi, fori=1,2.

1

FIGURE 2. See Example B.12]

The following lemma was used in previous example and will also be needed
in proof of Theorem B.141

LEMMA 3.13. Let f,g,h € Fyc with f T g. Then gU (f M h) =g.

Proof. Applying the distributive laws ([I3] Proposition 36]) and absorption
laws ([13, Proposition 37]) we have:

gu(fmh)=(guf)n(guh)=gn(guhn)=g. -
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Note that the property of Lemma[3.13] does not hold in F. The reason is that
the absorption laws fail if g is not convex or A is not normal.

We can now strengthen [6] Proposition 3.8] in the settings of fuzzy truth
values. Our result is that if 1 is on the first position of a weighting vector w,
then our OWA operator is simply maximum, no matter what are the other
weights—see item 1 of the following theorem. Note that there are much stronger
assumptions for a similar assertion on minimum-—see item 2 of the theorem.

THEOREM 3.14. Let w=(wy, ..., w,) be a distributive weighting vector in Fn¢,
and let Fy, be an n-ary OWA operator on Fyc.

() Ifwy =1, then Fo(fi,..., fo) = fill...U fy.
(ii) Ifw, =1 andw; C fi01...M0 f, for all ie{l,...,n—1},
then Fo(f1,.- s fn)=fiM...11 fp.
(iii) If wy =1 for some k € {1,...,n} and w; C gy for alli e {1,...,k—1},

then Fw(f1,.-.y fn) = gk-
Proof.

(i) Let w = (1,ws, ..., w,). Then
Fo(fiy- s fn)=(1Ng1) U(wyMga)U...U(w, Mg,)
=g U(waMge)U...U(w,Mgn)
and applying Lemma (n — 1) times we conclude
Fo(fisooosfa) =1 =fl...Ufa
(i) Let w = (w1, ..., wn_1,1) with w; C g, for all i € {1,...,n —1}. Then
w; E g; for alli € {1,...,n — 1}, and we have
Fo(fi,-- i fu) = (wiMg)U...U (w1 Mgn_1) U (1M gy)
=w ... Uwp 1 Ugy=gn=f11...0 fn.
(iii) Letw:(6,...,6,11};9:16...,6). Then
FW(fla"'afn)
= (wy Mg U U (wp—1 N gr—1) U (T gr) U (g1 M grg1) -+ - U (w0 M gp)

=wy U...Uwk—1 Ugr U (wr41 M Grt1) - - U (wn M gn) = gr- -

THEOREM 3.15. Let w=(wy, ..., w,) be a distributive weighting vector in Fn¢,
and let Fy be an n-ary OWA operator on Fyc. Then:

(i) Fw is a symmetric operator, i.e.,

FW(fla"'afn) = Fw(fa(l)a"'afa(n))

forall f1,..., fn € Fnc, for each permutation o of {1,...,n}.
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(ii) Fw is an idempotent operator, i.e.,

Folf,..0 =1 forall f € Fnc.
Proof.

(i) Immediately follows from Definition
(ii) According to Definition 3.5 we have
Folfy.oos )= fHiu...U(w, Mf)
=(w U...Uw,)Nf=1Mf=f. O
We extend definitions of homogeneity and shift-invariance of aggregation func-
tions from [0, 1], see, e.g., [1], to fuzzy sets in [0, 1].

DEFINITION 3.16. An aggregation function M : Fy~ — Fnc is homogeneous
if for all A €]0, 00[ and for all (fi,..., fn) € Fro the following holds:

M(Afbv)\fn) :AM(fhvfn)
whenever (Afi,...,Afn) € FRe-

DEFINITION 3.17. An aggregation function M : Fr» — Fnc is shift-invariant
(or stable for translations) if for all A € [0,1] and for all (f1,...,fn) € Fre
the following holds:

M(f1+)\77fn+)‘):M(f177fn)+)\

whenever (fi +A,..., fn+ ) € Freo.

Recall that for f € F and appropriate A we have

(@) =1 (5) and (f+N@) =7 @-N),

moreover, A\f and f + A are normal convex fuzzy sets whenever f is normal
convex fuzzy set.

THEOREM 3.18. OWA operator Fy : o — Fne given by Definition[3.8 is not
homogeneous.
Proof.

We give a counterexample. Let A =2, f; =(0.3,0.4,0.5), fo =(0.1,0.2,0.3),
wy; = (0.2,0.3,0.4) be triangular fuzzy sets in [0,1], wy = 1 and w = (w1, ws).
Then Af; = (0.6,0.8,1), Afs = (0.2,0.4,0.6) and

Fo(fy, f2) = (wi N f1) U (w2 1 f2) = w1 U fo = wy,
Fw()\fla )\f2) = (w1 I /\f1> [ (U)Q I )\fg) = W1 [ )\fg = )\fg,
hence Fy (Af1,Af2) # AFw(f1, fa)- O

Although F5, is not homogeneous, the following properties of order relation
C are satisfied.
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LEMMA 3.19. Let f1,..., fn € F(R) and X €]0,00[. Then

(i) MaU..UXN=AfiU...Ufn),
(1) AT A = A(f T T f).

Proof.
(i) MyU...UMy)(2) = xlv.:.s.%gn:z(</\f1><x1) A N f) ()
. SLvlgin_i((ﬁ)(xl/)\)N-ﬂ(fn)(wn/A))
= (}1 u. A U }n)(z/)\) = (ANfil...Ufa)(2).
(ii) The proof is analogous. O

COROLLARY 3.20. Let A €]0, 00[. If we take Afi,..., \fy, instead of f1,..., fn €
F(R) in Lemma ([37)), then we get chain g, T...C gy instead of g, CT...C g;.

Proof. Immediately follows from Lemma (3.4 and Lemma B.19 O

The similar results hold for shift-invariance of OWA operator Fy,.

THEOREM 3.21. OWA operator Fy : Fy — Fne giwen by Definition[3.8 is not
shift-invariant.
Proof.

We give a counterexample. Let A = 0.4, f1=(0.3,0.4,0.5), fo = (0.1,0.2,0.3),

w1 = (0.2,0.3,0.4) be triangular fuzzy sets in [0,1], wy = 1 and w = (wy, ws).
Then f, + A = (0.7,0.8,0.9), f> + A = (0.5,0.6,0.7) and
Fw(f1, f2) = (w1 N f1) U (w2 1 fo) = wi U fo = wy,

Fo(fi+ X fa+ )= (wiN(fi+A)U (w2 (f2+A))
=wiU(fo+A)=fa+ A,

hence Fy (f1 + A, fo + A) # Fo(f1, f2) + A 0

Although Fy, is not shift-invariant, the following properties of order relation
C are satisfied.
LEMMA 3.22. Let fi,..., fn € F(R) and A € R. Then
1) (A+MNU...U(fn+N)=(AL...Ufn)+ A
i) (L+N0..0(fn+N)=0AN...10 )+ A
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Proof.
(i) (iU U+ 2)(2)
— s (A NE) A A+ N n)
= sup ((f) (@1 =N A A (fa) (@ = A))
(x1=A)V..V(xn—A)=2—X\
=(fid...Uf)z=A) = ((fiU...U fa) + A)(2).
(ii) The proof is analogous. O

COROLLARY 3.23. Let A€ R. If we take fi+X, ..., fn+X instead of f1,..., fn€
F(R) in Lemma ({37), then we get chain g, + A T ... T g1 + A instead of

Proof. Immediately follows from Lemma ([3.4]) and Lemma 322 O

We show that OWA operator Fy, given by Definition is an extension
of Yager’s OWA operator on [0, 1], moreover, Fy, is closed on the set of all closed
subintervals of [0, 1]. From now on we denote a singleton fuzzy set in X given
by some a € X as follows

1 ifr=a,
az) = {

0, otherwise.

THEOREM 3.24. Let vy,...,Un,a1,...,ay € [0,1], v = (v1,...,0,) and w =
(U1,...,0p). Let Fy: FReo = Fne be the corresponding OWA operator given
by Definition [3.8 and OW Ay, : [0,1]" — [0,1] be the standard Yager’s OWA
operator for real numbers given by Definition [Z1. Then

Fy(ay,...,an)=¢, where c¢=O0WAy(a1,...,an),

for all vy,... v, such that Fy, and OW A, are defined.

Proof. Operators Fy, and OW A, are defined simultaneously if and only if
the weighting vector (v1,...,v,) is distributive and vy + -+ + v, = 1, ie.,
according to Corollary BT, v, = 1 for some k € {1,...,n} and v; = 0 for all
ie{l,...,n} —{k}. Then

Fy(ay,...,a,)

=0MNg)U...u0MNgr—1) U (AN ge) UOMgrr1)U...U (0 gn)=grx=a0m
and

OWA, (a1, ..., ay)

=0-a,01)+ +0xasp-1) + 1Xasux) + 0Xaoy1) T+ 0Xa50n) = o(r)-
Recall that g; = a,(;), for all i € {1,...,n}. O
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From now on, I([0, 1]) denotes the set of all closed subintervals of [0, 1], i.e.,
1(0,1) = {[a,4]]0< a < b< 1},

[a, b] stands for the characteristic function of [a, b], i.e.,

[ﬂ](x) _ {1, if x € [a, b],

0, otherwise

and K stands for the set of all characterlstlc functions of the closed submter—
vals of [0,1]. Recall that (K,M,L,C,0,1) is a subalgebra of (Fye, M, U, C,0,1),

see [13].

THEOREM 3.25. Let w = (wi,...,wy) be a distributive weighting vector in
(K,M,U,2,0,1) and Fy, the corresponding OWA operator given by Definition[3.8.
If fi,..., fn € K, then Fy(f1,..., fn) € K.

Proof. The proof is straightforward. (]

4. Conclusion

In [6], [8] an OWA operator on any complete lattice endowed with a t-norm
and a t-conorm was introduced. In this paper we focused on OWA operators
on one particular case of complete lattice, namely that of all normal convex
fuzzy sets in [0, 1]. We showed that the proposed OWA operator for fuzzy sets is
an extension of standard OWA operator for real numbers and it possesses similar
algebraic properties as standard one, such as boundary conditions, monotonicity,
symmetry, idempotency, boundary from above by maximum and from below
by minimum. However, the proposed operator is neither homogeneous nor shift-
invariant, i.e., it is not linear in contrast to the standard OWA operator.

We have restricted our attention on operations M and LI. Our next intention
is to apply some other t-norms and t-conorms on the set of fuzzy truth val-
ues and study properties of corresponding OWA operators. Another line of our
investigation is a relationship of the proposed OWA operators to existing oper-
ators, namely type-1 OWA operators [17], [I8] and OWA operators for gradual
intervals [12].
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