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ON THE COMBINATORIAL PROPERTIES
OF BIHYPERBOLIC BALANCING NUMBERS

DOROTA BROD — ANETTA SZYNAL-LIANA — IwoNA WLOCH
Department of Discrete Mathematics, Rzeszow University of Technology, Rzeszow, POLAND
ABSTRACT. In this paper, we introduce bihyperbolic balancing and Lucas-

-balancing numbers. We give some of their properties, among others the Binet
formula, Catalan, Cassini, d’Ocagne identities and the generating function.

1. Introduction

A hyperbolic number is defined as z = x 4+ hy, where z,y € R and h is a
unipotent (hyperbolic) imaginary unit such that h? = 1 and h # +1. Hence the
set of hyperbolic numbers is defined as

H={z:2=2+hy,z,y c R,h? =1}.

Hyperbolic imaginary units were introduced in 1848 by James Cockle (see [4]-]7]).
Let Hs be the set of bihyperbolic numbers defined by

¢ =zo+ j171 + J2x2 + jaus,
where xg, 1, T2, x3 € R and j1, jo, j3 € R are operators such that
=g =ji=1 1)

Jij2 = j2j1 = J3, J1J3 = J3j1 = J2, J2J3 = J3j2 = j1- (2)

and

The addition and multiplication on Hs are commutative and associative. Also,
the multiplication is distributive over addition. Hence (Hy, +, -) is a commutative
ring. Hyperbolic numbers and bihyperbolic numbers are well-studied in the liter-
ature, see [ILTIL[I2]. In this paper we introduce bihyperbolic balancing numbers
and bihyperbolic Lucas-balancing numbers.
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The sequence of balancing numbers, denoted by {B,}, was introduced
by Behera and Panda in [2]. A balancing number n with balancer r is the solution
of the Diophantine equation

14244 m—-1)=On+D+0+2) 4+ (n+r).

For example, 6 is a balancing number with balancer 2, 35 is a balancing num-
ber with balancer 14. In [2] it was proved that the balancing numbers satisfy
the following recurrence relation

B, =6B,_1 — B,,_o for n>2 (3)

with initial conditions By = 0, By = 1. The sequence of balancing numbers is
given by Binet formula
,rn . ,rn
B, =12 (4)

7’1*7“2’

where 71, 75 are the roots of the characteristic equation 72 —6r+1 = 0, associated
with the recurrence relation @), i.e.,

r=3+2v2, 715=3-2V2. (5)

Note that
ri+ro =6, (6)
r—ry =4V2, (7)
rire = 1. (8)

It is well known that n is a balancing number if and only if n? is a trian-
gular number, i.e., 8n? + 1 is a perfect square, see [2]. In [§], the author intro-
duced Lucas-balancing numbers, defined as follows: if B,, is a balancing number,
the number C,, = /8B2 + 1 is called a Lucas-balancing number. The sequence
{C}} of Lucas-balancing numbers is also defined by the recurrence relation

C,=6C,_1—C,_o for n>2 (9)

with initial terms Cy = 1, C; = 3. The Binet formula for the Lucas-balancing
numbers has the following form

Cn = (T’? + Tg)v (10)

| =

where 71, ro are given by ().
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TABLE 1.
n o1 2 3 4 5 6
B,|Il0O 1 6 35 204 1189 6930 40391
C, |1 3 17 99 577 3363 19601 114243

The Table 1 includes initial terms of the balancing and Lucas-balancing num-
bers for n = 0,1,...,7. Many interesting properties of the balancing and Lucas-

balancing numbers are presented in [23L[8HI0LT3]. We give some of them.

By +Bpir— B2 = —B? (Catalan
CrnyCpyr—C? = C?-1 (Catalan
By-1Bn41— B2 = -1 (Cassini
Cpn1Cpi1 —C? = 8 (Cassini
BnBni1i— Bni1Bn = Bunn (d’Ocagne
CnCpi1—Cni1Cp = —8Bp_p (d’Ocagne

In this paper we use the following identities:

Z” _ Buy1— B, —1
i:OBi R
Z”  Cpp1 —Cp +2
z‘:oCi I

3Bn - Bn—l = Cn )
By — Bp_s = 12C,, .

identity),
identity),
identity),
identity),
identity),
identity).

2. Bihyperbolic balancing numbers

In this section, we introduce bihyperbolic balancing numbers and bihyperbolic

Lucas-balancing numbers.

Let n > 0 be an integer. We define the nth bihyperbolic balancing number

BhB,, as

BhB,, = By, + j1Bn11 + j2Bnt2 + jaBnts,

where B,, is nth balancing number.

(15)
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In the same way, we define the bihyperbolic Lucas-balancing numbers BhC),

BhC,, = Cp + j1Chq1 + j2Crio + j3Crys, (16)

where C,, is nth Lucas-balancing number.
Using (IH), ([I6) and Table 1, we get

BhBy
BhB,;
BhB,
BhBs

BhCy
BhC
BhCy
BhCs

J1 + 642 + 3573,

1461 + 35j5 + 204js,

6 + 35j, + 20475 + 1189j3, (17)
35 4 2047, + 118975 4+ 693073

143751 + 1752 + 9973,

3+ 17j1 + 9972 + 5773,

17 4 995, + 577ja + 33633 , (18)
99 + 57771 + 336352 + 1960153

By the definition of bihyperbolic balancing and Lucas-balancing numbers, we
get the following recurrence relations.

THEOREM 2.1. Let n > 2 be an integer. Then
(i) BhB, = 6BhB,_1 — BhBn_o,
(i) BhC,, = 6BhC,_1 — BhC,,_2,
where BhBy, BhB1, BhCy, BhCy are given by (IT), [I8), respectively.

Proof. (i) Using (I5) and (@Bl), we have

6BhB,,_1 — BhB,,_2

We omit the proof of (ii).

30

6(Bn—1 + j1Bn + jaBnt1 + j3Bni2)
—(Bn—2 + j1Bn—1+ joBn + j3Bni1)
68,1 — By—2+ j1(6B, — B,_1)
+72(6Bn+1 — By) + j3(6Bnt2 — Bny1)

By, + j1Bnt1 + j2Bnt2 + jsBnis = BhB,, .
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THEOREM 2.2. Let n > 1 be an integer. Then

BhC,, = 3BhB,, — BhB,,_; .

Proof. By formulas (I3) and (I3]), we have

3BhB, — BhB, _;

3(By + j1Bnt1 + j2Bnt2 + j3sBns)
—Bpn—1 — j1Bn — j2Bnt1 — j3Bno
3By, — Bn-1+ j1(3Bnt1 — By)
+52(3Bn42 — Bpt1)

+J3(3Bn+s — Bny2)

Cn + j1Cns1 + j2Cn12 + j3Cnhy3
Bh(C,,.

THEOREM 2.3. Let n > 2 be an integer. Then

BhBy+9 — BhB,,_o = 12BhC,, .

Proof. Using (I3), (I4) and (Id), we obtain

BhBy, 5 — BhBp_»

B2+ j1Bnys + j2Brya + j3Bnys
—Bpn—2 — j1Bn—1 — j2Bn — j3Bn+1
Bpta — Bna + j1(Bnis — Bn-1)
+J2(Bnta — Bn) + j3(Bnts — Bnt1)
12(Cy + j1Cns1 + j2Cn42 + j3Cn+3)
12BhC,,.

THEOREM 2.4. Let n >0, r > 1 be integers. Then

BhBy, — j1BhBpi1 — joBhBpio — jsBhBpi3 =

B, — Byni12 — Bpya+ Bpte — 2j3BhBpys.

31



DOROTA BROD — ANETTA SZYNAL-LIANA — IWONA WLOCH

Proof. Using multiplication rules () and (), we obtain

BhB, — j1BhBy, 11 — joBhB, 12 — j3BhB, 13
= By, + j1Bn+t1 + j2Bni2 + j3Bngs
— J1(Bnt1 + j1But2 + j2Bnts + J3Bnta)
— jo(Bn+2 + j1Bnts + j2Bnia + j3Bnys)
— J3(Bn+3 + j1Bn+a + j2Bnis + j3Bne)
= Bn + j1Bn+1 + j2Bnt2 + j3Bnis
— J1Bnt1 — Bng2 — j3Bnys — jaBnta
— J2Bn+2 = jsBn+s — Bpya — j1Bnys
— J3Bnts — jeBnta — j1Bnys — Bnte
=B, — Byi2— Bpta — Bts
—2(j1Bnts + joBnta + j3Bnis)
= By — Bny2 — Bnta+ Buye
— 2j3(Bn+3 + j1Bnta + jaBnys + j3Bnie)
= By, — Bypy2 — Bnja+ Bnye — 2j3BhByys
which ends the proof. O
The next theorem gives the Binet formulas for the bihyperbolic balancing and
Lucas-balancing numbers.
THEOREM 2.5. Let n > 0 be an integer. Then
BhB, = % (19)

BhC,, = %’ (20)

where r1 and ro are given by @) and
7= 1+ jiry + jor? + jar? (21)
1y =1+ jira + jors + jars . (22)
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Proof. By formula @), we get
BhB, = B, +j1Bnt1+ jeBnyo + jsBnys

= L =g 4G =t

(1T =y ) (T )]

= [P (14 jir1 + jord + jar})

T1L—T2
*7’3 (1 +j17“2 +j27“% +j37‘:2)’)]

rirl —rary

T1—T2
We omit the proof of (20). O
By simple calculations, we obtain

My =791 = 14+ 1rre + (T1T2)2
+ (r17r9)® + 51 (r1 + 7’2)(1 + (7'17'2)2)
+52(rf +73) (1 + 7172)

+ ja (ri’ + rg’ +rira(r + Tz))~
Using formulas [@)—() we get

r2 413 = (ry +1r9)? — 2r1re = 34,

ril)’ + rg’ = (r + 7'2)3 — 3ryro(ry + 1) = 198.
Thus
717y = rary = 4+ 1251 + 6852 + 20473

(23)
= 4BhCy — 192js.

3. Some identities for the bihyperbolic balancing and
Lucas-balancing numbers

In this section, we give some identities such as Catalan, Cassini and d’Ocagne
identities for the bihyperbolic balancing and Lucas-balancing numbers.
These identities are easily proved using the Binet formulas (I9) and (20]).

THEOREM 3.1 (Catalan identities). Letn > 0,7 > 0 be integers such thatn > r.
Then

(i) BhBy_yBhB,, — (BhB,)? = iy (= )?,

r1—"T2

(ii) BhCp—yBhCpyy — (BhC,)? = 1rira(rs — rh)2.
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Proof.
(i) By formula ([I3)), we get
BhB,_,BhB,., — (BhB,)?

AT =y T ) (A e ) = (e —riry)?
- (ri—r2)?

= m [ (rpry) (1 — (52)7) + rar (e ) (1= (22)7)]
Using the fact that 175 = 1, we have
BhB,,_.BhB,, ., — (BhB,)?

— 1 o TI=T2 2 TaTriy - Mara(rmry)ry —rar(rg —rg)ry
T (ri—r2)? (7’17‘2 T + 7o Ty ) = (ri—r2)?

_ (ri—=ry)(rirary —rariry) e (r;_TT)2
(r1—r2)? 2 =ry ) -

(ii) In the same way, using formula (20)), one can easily prove the result. O

By Theorem B1] for » = 1 we get the Cassini identities for the bihyperbolic
balancing and Lucas-balancing numbers.
COROLLARY 3.2. Forn >1

(i) BhBp_1BhBns: — (BhBy)? = —i11s,

(ii) BhC,_1BhC, 1 — (BhC,)? = 8r175.
THEOREM 3.3 (d’Ocagne identities). Let m > 0,n > 0 be integers such that
m >n. Then

(i) BhB,BhB,1 — BhByyy1BhB, = 22l "=ry 1)

r1—T2 ’
(ii) BhCy, BhCpy1 — BhCyit BRCy, = 1inia(r]" ™" — r5 ") (ra — 1) .
Proof.
(i) By formulas (I9) and (@), we get
BhB,,BhB,+1 — BhB,,+1BhB,

(At —rardt )(7:17"?Jr rAzr;Hrl)—(r}r;”Jrl—rAzr;nJrl)(rlrl —1rh)
(ri—rz)?

_ 1 oo m—+1 n+1 m+1 n+1

= G 2 (g — ey ) A (e ey — T g

_ 1 N[ 20

— W(T1T2> [F1ira(ry — T2)T1 "+ rari(re — )y "]

L L e o T I U] (o et O S

- r1—T2 - r1—"T2

(ii) By formula (20)), we have
BhC,,,BhC}+1 — BhC, 11 BhC,
= i(T1T2) (rira(re — r)r7 "+ iri (r — ro)ry ")

7 (" =y ) (re — ). 0
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THEOREM 3.4. Let m > 0,n > 0 be integers. Then
() BhB,uBC, — BhCyyBhB, = "l i)
Proof.

(i)

BhB,,BhC, — BhC,,BhB,
= M[(THT'{” — TAQT‘ETL)(TET? + T‘AQT;L) — (T‘ET{”’ + fQT?)(TET? — 7’}7‘5’)]

_ 1 D0 M 90 D M
= 570 [2r1rar el — 207 rry?)

= r1ir2 [(7,17‘2)71(,,4*1,,57,71’”—” - TAQTAlT;n_n)]
Ak T =)
- T1—T2 :

BhB,,BhC,, + BhC,, BhB,,
= m[(r}r{” — Pory) (e 4+ 1ary) 4+ (et 4 roryh) (e — rard)]
S 20— 27

(T’hl )2r'1n+n _ (TA2)2T;7L+71

T1—T2 ’ 0

THEOREM 3.5. Let n >0, r >0, s > 0 be integers. Then

BhB, ., BhCyys — BhBysiBhCyy, — 20178 —7i1)
rL—7T2

Proof. Using formulas (I9) and (20), we have
BhBy,++BhCyts — BhB,+sBhC) 4\

+r 7“A2T3+r)(7¢17“?+s 4 Fzrg—i-S)

- 2(7«11_7«2) [(T‘Alr?

— (AT = A )

_ 1 2o ntronts s o0 nts n+r
= 2(ri—12) [T1T2T1 ) riTory Ty
oo o ntr, nts Ao o nts, ntr
+ iy TS iy ST

= 2(7"11—7“2) [(ror2)™ (rFurz + 1271 (rirs — riry)]

rra(ryry—riry)

T1—T2 0
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THEOREM 3.6. Let n > 0 be an integer. Then

(BhC,,)? — 8(BhB,,)? = 1175 .

Proof. By (20) and ([I3) we get

A~ n o~ o n\2
2 2 T1T1+r2r TITy —T2T
(BhC,,)? — 8(BhB,)* = ( ) _8( L )
1
4

[(T1T2) 27y + rary)] = 1My . O

The following theorem gives a summation formula for the bihyperbolic
balancing numbers.

THEOREM 3.7. Let n > 0 be an integer. Then

1 . . . . .
ZBhB =1 (BhBpni1 — BhB, — (1 + j1 + jo2 + j3)) — (j2 + 7j3) -

Proof. By formula ([II]), we have
> BhB; = Y (B;+ j1Bit1 + j2Bit2 + j3Bits)
i=0 =0

= ZB +]1ZBz+1+]2ZBz+2+]3ZBz+3
1=0 1=0

= §(Bny1— Bn — 1)+ j1(3(Bny2 — Bn+1 —1) - By)
+j2(3(Bnts — Bnya — 1) — By — By)
+j3(5(Bnta — Bugs — 1) — By — By — Bs)

= 1(But1 + j1Bny2 + j2Bnis + j3Buta
—(Bn + j1Bni1 + j2Bnia + j3Bnys) — (1+j1 + j2 + js))
—j1Bo — j2(Bo + B1) — js(Bo + B1 + Ba) .

(BhByi1 — BhBy — (1+ ji +j2 + js)) — (2 + 7j3). O

iNg
oy
>
U:J

u>|>—l

In the same way, using formula ([I2]), we can prove the next theorem.
THEOREM 3.8. Let n > 0 be an integer. Then

1
Zth ~(BhCp41 — BhCy +2(1 4 j1 + jo + j3)) — (j1 + 442 + 2153) .

q;
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4. Generating functions

In [2] and [I4], the following theorems were proved.

THEOREM 4.1. [2] The generating function of the balancing sequence {B,,} has
the following form
G(Bp;x) = S
1—6x+ 22

THEOREM 4.2. [14] The generating function of the Lucas-balancing sequence
{Cyn} has the following form

]_ _
G(Cpiz) = S

1—6x+a2°
Now we will give the generating functions for the bihyperbolic balancing and
the Lucas-balancing numbers.

THEOREM 4.3. The generating function of the bihyperbolic balancing sequence
has the following form
z +j1+ (6 — z)j2 + (35 — 6z)j3

1—6x + 22 '

g(x) =
Proof. Let
g(z) = BhBy + BhByx + BhByx® + --- + BhBpa" + - - -

be the generating function of the bihyperbolic balancing sequence. Hence we have

6xg(x) = 6BhBoxr + 6BhByz? + 6BhByx® +---+ 6BhB, 12"+ -,
22g(x) = BhByx®> + BhByx® + BhBsx* +---4+ BhB, 2™ +---

Using the recurrence BhB,, = 6 BhB,,_1 — BhB,,_5 and fact that the coefficients
of ™ for n > 2 are equal to zero, we get
g(x) — 62g(z) + 2?g(z) = BhBy + (BhB; — 6BhBy)x .
Thus
_ BhBy + (BhB; — 6BhBy)x
B 1—6x + 22 '

g(x)
Using ([IT), we obtain

o(z) = 1+ 642 + 3545 + (L= jo — 6js)x x4 j1 + (6 — 2)jp + (35 — 62)js

1—6x+ 22 1—6x+ 22

O

In the same way we can prove the next theorem.
THEOREM 4.4. The generating function of the bihyperbolic Lucas-balancing
sequence has the following form
fla) = 1—-3z+ B —x)j1+ (17— 3x)j2+ (99 — 17x) 33
N 1— 6z + 22 ’
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