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ON J(r, n)-JACOBSTHAL HYBRID NUMBERS

Dorota Bród—Anetta Szynal-Liana

Rzeszow University of Technology, Rzeszow, POLAND

ABSTRACT. In this paper we introduce a generalization of Jacobsthal hybrid
numbers – J(r, n)-Jacobsthal hybrid numbers. We give some of their properties:
character, Binet’s formula, a summation formula and a generating function.

1. Introduction

The hybrid numbers were introduced by Özdemir in [6] as a new generalization
of complex, hyperbolic and dual numbers.

Let K be the set of hybrid numbers Z of the form

Z = a+ bi+ cε+ dh,

where a, b, c, d ∈ R and i, ε, h are operators such that

i2 = −1, ε2 = 0, h2 = 1 (1)
and

ih = −hi = ε+ i. (2)

If Z1 = a1 + b1i+ c1ε+ d1h and Z2 = a2 + b2i+ c2ε + d2h are any two hybrid
numbers, then equality, addition, subtraction and multiplication by scalar are
defined.
Equality: Z1 = Z2 only if a1 = a2, b1 = b2, c1 = c2, d1 = d2.
Addition: Z1 + Z2 = (a1 + a2) + (b1 + b2)i+ (c1 + c2)ε+ (d1 + d2)h.
Subtraction: Z1 − Z2 = (a1 − a2) + (b1 − b2)i+ (c1 − c2)ε+ (d1 − d2)h.
Multiplication by scalar s ∈ R: sZ1 = sa1 + sb1i+ sc1ε+ sd1h.
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Addition operation in the hybrid numbers is both commutative and associa-
tive. Zero is the null element. With respect to the addition operation, the inverse
element of Z is

−Z = −a− bi− cε− dh.

This means that (K,+) is an Abelian group.

The hybrid numbers multiplication is defined using (1) and (2). Note that
using the formulas (1) and (2) we can find the product of any two hybrid units.
The following Table 1 presents products of i, ε, and h.

Table 1.

· i ε h

i −1 1− h ε+ i

ε h+ 1 0 −ε

h −ε− i ε 1

Using the rules given in Table 1, the multiplication of hybrid numbers can
be made analogously as multiplications of algebraic expressions. As you can see,
the multiplication operation in the hybrid numbers is not commutative. But it
has the property of associativity. Moreover, the set of hybrid numbers is a non-
commutative ring with respect to the addition and multiplication operations.
The conjugate of a hybrid number Z is defined by

Z = a+ bi+ cε+ dh = a− bi− cε− dh.

The real number

C(Z) = ZZ = ZZ = a2 + (b− c)2 − c2 − d2

= a2 + b2 − 2bc− d2
(3)

is called the character of the hybrid number Z.

For the basics on hybrid number theory and algebraic and geometric proper-
ties of hybrid numbers, see [6].

2. The J(r, n)-Jacobsthal numbers

In 1965 [4] Horadam introduced a second order linear recurrence sequence
{Wn} defined by the relation

W0 = a, W1 = b, Wn = pWn−1 − qWn−2, (4)

for n ≥ 2 and arbitrary integers a, b, p, q. This sequence is a certain generalization
of famous sequences such as Fibonacci sequence (a = 0, b = 1, p = 1, q = −1),
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Lucas sequence (a = 2, b = 1, p = 1, q = −1) or Pell sequence (a = 0, b = 1,
p = 2, q = −1). Hence sequences defined by (4) are called sequences of the
Fibonacci type. The Jacobsthal sequence {Jn} is defined by the second order
linear recurrence of the type (4), i.e.,

Jn = Jn−1 + 2Jn−2 for n ≥ 2 (5)

with initial terms

J0 = 0 and J1 = 1.

The Binet’s formula of this sequence has the following form

Jn =
1

3

(
2n − (−1)n

)
for n ≥ 0.

There are many generalizations of this sequence in the literature. The second
order recurrence (5) has been generalized in two ways: the first by preserving
the initial conditions and the second by preserving the recurrence relation, see
[2], [3], [5], [9]. In [1] a one-parameter generalization of the Jacobsthal numbers
was investigated. We recall this generalization.

Let n ≥ 0, r ≥ 0 be integers. The nth J(r, n)-Jacobsthal number J(r, n) is
defined as follows

J(r, n) = 2rJ(r, n− 1) + (2r + 4r)J(r, n− 2) for n ≥ 2 (6)

with initial conditions

J(r, 0) = 1, J(r, 1) = 1 + 2r+1.

It is easily seen that J(0, n) = Jn+2. By (6) we obtain

J(r, 0) = 1,

J(r, 1) = 2 · 2r + 1,

J(r, 2) = 3 · 4r + 2 · 2r,
J(r, 3) = 5 · 8r + 5 · 4r + 2r,

J(r, 4) = 8 · 16r + 10 · 8r + 3 · 4r,
J(r, 5) = 13 · 32r + 20 · 16r + 9 · 8r + 4r.
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We will now recall some properties of the J(r, n)-Jacobsthal numbers.

������� 2.1 (Binet’s formula [1] )� For n ≥ 0 the nth J(r, n)-Jacobsthal
number is given by

J(r, n) =

√
4 · 2r + 5 · 4r + 3 · 2r + 2

2
√
4 · 2r + 5 · 4r λ1

n

+

√
4 · 2r + 5 · 4r − 3 · 2r − 2

2
√
4 · 2r + 5 · 4r λ2

n,

where

λ1 = 2r−1 +
1

2

√
4 · 2r + 5 · 4r,

λ2 = 2r−1 − 1

2

√
4 · 2r + 5 · 4r.

������� 2.2 ( [1] )� The generating function of the sequence {J(r, n)} has the
following form

f(x) =
1 + (1 + 2r)x

1− 2rx− (2r + 4r)x2
.

���	�
���� 2.3 ( [1] )� Let n ≥ 4, r ≥ 0 be integers. Then

J(r, n) = (3 · 8r + 2 · 4r)J(r, n− 3) + (2 · 16r + 3 · 8r + 4r)J(r, n− 4).

������� 2.4 ( [1] )� Let n ≥ 1, r ≥ 0 be integers. Then

n−1∑
l=0

J(r, l) =
J(r, n) + (2r + 4r)J(r, n− 1)− 2− 2r

4r + 2r+1 − 1
.

������� 2.5 (Convolution identity [1] )� Let n,m, r be integers such that
m ≥ 2, n ≥ 1, r ≥ 0. Then

J(r,m+ n) = 2rJ(r,m− 1)J(r, n) + (4r + 8r)J(r,m− 2)J(r, n− 1).

3. The J(r, n)-Jacobsthal hybrid numbers

The nth Horadam hybrid number Hn is defined as

Hn = Wn + iWn+1 + εWn+2 + hWn+3.

For special values of Wn we obtain the definitions of

(i) nth Fibonacci hybrid number FHn

FHn = Fn + iFn+1 + εFn+2 + hFn+3,
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(ii) nth Pell hybrid number PHn

PHn = Pn + iPn+1 + εPn+2 + hPn+3,

(iii) nth Jacobsthal hybrid number JHn

JHn = Jn + iJn+1 + εJn+2 + hJn+3.

Interesting results on the Horadam hybrid numbers and the Jacobsthal hybrid
numbers obtained recently can be found in [7], [8]. In this paper we introduce a
J(r, n)-Jacobsthal hybrid number JHr

n.

For a non-negative integer n the nth J(r, n)-Jacobsthal number JHr
n is

defined as
JHr

n = J(r, n) + iJ(r, n+ 1) + εJ(r, n+ 2) + hJ(r, n+ 3), (7)

where J(r, n) is given by (6).

Using the above definitions, we can write initial J(r, n)-Jacobsthal hybrid
numbers, i.e.,

JHr
0 = 1 + i(2 · 2r + 1) + ε(3 · 4r + 2 · 2r) + h(5 · 8r + 5 · 4r + 2r),

JHr
1 = 2 · 2r + 1 + i(3 · 4r + 2 · 2r) + ε(5 · 8r + 5 · 4r + 2r)

+h(8 · 16r + 10 · 8r + 3 · 4r),
JHr

2 = 3 · 4r + 2 · 2r + i(5 · 8r + 5 · 4r + 2r)

+ε(8 · 16r + 10 · 8r + 3 · 4r)
+h(13 · 32r + 20 · 16r + 9 · 8r + 4r).

(8)

The next theorems present recurrence relations for the J(r, n)-Jacobsthal
hybrid numbers.

������� 3.1� Let n ≥ 2, r ≥ 0 be integers. Then

JHr
n = 2rJHr

n−1 + (2r + 4r)JHr
n−2,

where JHr
0 , JH

r
1 are given in (8).

P r o o f. Using (7) and (6), we have

2rJHr
n−1 + (2r + 4r)JHr

n−2

= 2r
(
J(r, n− 1) + iJ(r, n) + εJ(r, n+ 1) + hJ(r, n+ 2)

)

+ (2r + 4r)
(
J(r, n− 2) + iJ(r, n− 1) + εJ(r, n) + hJ(r, n+ 1)

)

= J(r, n) + iJ(r, n+ 1) + εJ(r, n+ 2) + hJ(r, n+ 3)

= JHr
n. �
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������� 3.2� Let n ≥ 4, r ≥ 0 be integers. Then

JHr
n = (3 · 8r + 2 · 4r)JHr

n−3 + (2 · 16r + 3 · 8r + 4r)JHr
n−4.

P r o o f. Let A = 3 · 8r + 2 · 4r, B = 2 · 16r + 3 · 8r + 4r. Using Proposition 2.3,
we obtain

JHr
n = J(r, n) + iJ(r, n+ 1) + εJ(r, n+ 2) + hJ(r, n+ 3)

= A · J(r, n− 3) +B · J(r, n− 4)

+i
(
A · J(r, n− 2) +B · J(r, n− 3)

)

+ε
(
A · J(r, n− 1) +B · J(r, n− 2)

)

+h
(
A · J(r, n) + B · J(r, n− 1)

)

= A
(
J(r, n− 3) + iJ(r, n− 2) + εJ(r, n− 1) + hJ(r, n)

)

+B
(
J(r, n− 4) + iJ(r, n− 3) + εJ(r, n− 2) + hJ(r, n− 1)

)
.

Hence we have
JHr

n = A · JHr
n−3 +B · JHr

n−4. �

������� 3.3� Let n ≥ 0, r ≥ 0 be integers. Then

JHr
n − iJHr

n+1 − εJHr
n+2 − hJHr

n+3

= J(r, n) + J(r, n+ 2)− 2J(r, n+ 3)− J(r, n+ 6).

P r o o f.

JHr
n − iJHr

n+1 − εJHr
n+2 − hJHr

n+3

= J(r, n) + iJ(r, n+ 1) + εJ(r, n+ 2) + hJ(r, n+ 3)

− i
(
J(r, n+ 1) + iJ(r, n+ 2) + εJ(r, n+ 3) + hJ(r, n+ 4)

)

− ε
(
J(r, n+ 2) + iJ(r, n+ 3) + εJ(r, n+ 4) + hJ(r, n+ 5)

)

− h
(
J(r, n+ 3) + iJ(r, n+ 4) + εJ(r, n+ 5) + hJ(r, n+ 6)

)

= J(r, n) + J(r, n+ 2)− (1− h)J(r, n+ 3)

+ (ε+ i)J(r, n+ 4)− (h+ 1)J(r, n+ 3)

− (ε+ i)J(r, n+ 4)− J(r, n+ 6)

= J(r, n) + J(r, n+ 2)− 2J(r, n+ 3)− J(r, n+ 6).

�
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The next theorem presents the character of the J(r, n)-Jacobsthal hybrid
numbers.

������� 3.4� Let n ≥ 0 be integer. Then

C(JHr
n) = [1 − 4r(2r + 4r)2]J2(r, n)

+[1− 2r+1 − (2r + 2 · 4r)2]J2(r, n+ 1)

−[2(2r + 4r)(1 + 4r + 2 · 8r)]J(r, n)J(r, n + 1).

P r o o f. Using (3), we have

C(JHr
n) = J2(r, n) + J2(r, n+ 1)− 2J(r, n+ 1)J(r, n+ 2)− J2(r, n+ 3)

= J2(r, n) + J(r, n+ 1)
(
J(r, n+ 1)− 2J(r, n+ 2)

)− J2(r, n+ 3)

= J(r, n+ 1)
(
J(r, n+ 1)− 2

(
2rJ(r, n+ 1) + (2r + 4r)J(r, n)

))

− (
2rJ(r, n+ 2) + (2r + 4r)J(r, n+ 1)

)2
+ J2(r, n).

After simple calculations we get

C(JHr
n) = (1− 2r+1)J2(r, n+ 1)− 2(2r + 4r)J(r, n)J(r, n+ 1)

− (
(2r + 2 · 4r)J(r, n+ 1) + 2r(2r + 4r)J(r, n)

)2
+ J2(r, n)

= [1− 4r(2r + 4r)2]J2(r, n)

+ [1 − 2r+1 − (2r + 2 · 4r)2]J2(r, n+ 1)

− [2(2r + 4r)(1 + 4r + 2 · 8r)]J(r, n)J(r, n + 1).

�

������� 3.5� Let n ≥ 0, r ≥ 0 be integers. Then

(i) JHr
n + JHr

n = 2J(r, n),

(ii) (JHr
n)

2 = 2J(r, n)JHr
n − C (JHr

n) .

P r o o f.
(i) By the definition of the conjugate of a hybrid number we get

JHr
n + JHr

n = J(r, n) + iJ(r, n+ 1) + εJ(r, n+ 2) + hJ(r, n+ 3)

+J(r, n)− iJ(r, n+ 1)− εJ(r, n+ 2)− hJ(r, n+ 3)

= 2J(r, n).
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(ii) Using formula (7) and Table 1, we have

(JHr
n)

2 = J2(r, n)− J2(r, n+ 1) + J2(r, n+ 3)

+2iJ(r, n)J(r, n+ 1) + 2εJ(r, n)J(r, n+ 2)

+2hJ(r, n)J(r, n+ 3) + (εi+ iε)J(r, n+ 1)J(r, n+ 2)

+(ih+ hi)J(r, n+ 1)J(r, n+ 3)

+(εh+ hε)J(r, n+ 2)J(r, n+ 3)

= J2(r, n)− J2(r, n+ 1) + J2(r, n+ 3) + 2J(r, n+ 1)J(r, n+ 2)

+2
(
iJ(r, n)J(r, n+ 1) + εJ(r, n)J(r, n+ 2)

+hJ(r, n)J(r, n+ 3)
)

= −J2(r, n)− J2(r, n+ 1) + J2(r, n+ 3)

+2J(r, n+ 1)J(r, n+ 2) + 2J(r, n)JHr
n

= 2J(r, n)JHr
n − C (JHr

n) .

�

We will present the Binet’s formula for the J(r, n)-Jacobsthal hybrid numbers.

������� 3.6� Let n ≥ 0, r ≥ 0 be integers. Then

JHr
n = C1λ

n
1

(
1 + iλ1 + ελ2

1 + hλ3
1

)

+ C2λ
n
2

(
1 + iλ2 + ελ2

2 + hλ3
2

)
,

where

C1 =

√
4 · 2r + 5 · 4r + 3 · 2r + 2

2
√
4 · 2r + 5 · 4r ,

C2 =

√
4 · 2r + 5 · 4r − 3 · 2r − 2

2
√
4 · 2r + 5 · 4r

and

λ1 = 2r−1 +
1

2

√
4 · 2r + 5 · 4r,

λ2 = 2r−1 − 1

2

√
4 · 2r + 5 · 4r.

P r o o f. By Theorem 2.1 we get

J(r, n) = C1λ
n
1 + C2λ

n
2 .
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Hence

JHr
n = J(r, n) + iJ(r, n+ 1) + εJ(r, n+ 2) + hJ(r, n+ 3)

= C1λ
n
1 + C2λ

n
2 + i

(
C1λ

n+1
1 + C2λ

n+1
2

)

+ε
(
C1λ

n+2
1 + C2λ

n+2
2

)

+h
(
C1λ

n+3
1 + C2λ

n+3
2

)

= C1λ
n
1

(
1 + iλ1 + ελ2

1 + hλ3
1

)

+C2λ
n
2

(
1 + iλ2 + ελ2

2 + hλ3
2

)
,

which ends the proof. �

������� 3.7� Let n ≥ 1, r ≥ 0 be integers. Then

n−1∑
l=0

JHr
l =

JHr
n + (2r + 4r)JHr

n−1 − (2 + 2r)(1 + i+ ε+ h)

4r + 2r+1 − 1

− (
i+ ε(2 + 2r+1) + h(2r+2 + 3 · 4r + 2)

)
.

(9)

P r o o f. By the definition of the J(r, n)-Jacobsthal hybrid numbers we have

n−1∑
l=0

JHr
l = JHr

0 + JHr
1 + · · ·+ JHr

n−1

= J(r, 0) + iJ(r, 1) + εJ(r, 2) + hJ(r, 3)

+J(r, 1) + iJ(r, 2) + εJ(r, 3) + hJ(r, 4) + · · ·

+J(r, n− 1) + iJ(r, n) + εJ(r, n+ 1) + hJ(r, n+ 2)

= J(r, 0) + J(r, 1) + · · ·+ J(r, n− 1)

+i[J(r, 1) + J(r, 2) + · · ·+ J(r, n) + J(r, 0)− J(r, 0)]

+ε[J(r, 2) + J(r, 3) + · · ·+ J(r, n+ 1) + J(r, 0)

+J(r, 1)− J(r, 0)− J(r, 1)]

+h[J(r, 3) + J(r, 4) + · · ·+ J(r, n+ 2)

+J(r, 0) + J(r, 1) + J(r, 2)

−J(r, 0)− J(r, 1)− J(r, 2)].
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Using Theorem 2.4, we obtain

n−1∑
l=0

JHr
l =

1

4r + 2r+1 − 1

[
J(r, n) + (2r + 4r)J(r, n− 1)− 2− 2r

+i[J(r, n+ 1) + (2r + 4r)J(r, n)− 2− 2r]

+ ε[J(r, n+ 2) + (2r + 4r)J(r, n+ 1)− 2− 2r]

+h[J(r, n+ 3) + (2r + 4r)J(r, n+ 2)− 2− 2r]
]

−i− ε(2 + 2r+1)− h(2r+2 + 3 · 4r + 2)

=
1

4r + 2r+1 − 1

[
J(r, n) + iJ(r, n+ 1) + εJ(r, n+ 2)

+hJ(r, n+ 3) + (2r + 4r)

(
J(r, n− 1) + iJ(r, n) + εJ(r, n+ 1) + hJ(r, n+ 2)

)

−(2 + 2r)(1 + i+ ε+ h)
]

−i− ε(2r+1 + 2)− h(2r+2 + 3 · 4r + 2)

=
JHr

n + (2r + 4r)JHr
n−1 − (2 + 2r)(1 + i+ ε+ h)

4r + 2r+1 − 1

−(
i+ ε(2 + 2r+1) + h(2r+2 + 3 · 4r + 2)

)
.

�

In particular, we obtain the following formula for the Jacobsthal hybrid
numbers.

��������� 3.8� Let n ≥ 1 be an integer. Then

n−1∑
l=0

JHl =
JHn+1 − JH1

2
.

P r o o f. By formula (9) for r = 0 we have

n−1∑
l=0

JH0
l =

JH0
n + 2JH0

n−1 − 3(1 + i+ ε+ h)

2

−(i+ 4ε+ 9h)

=
JH0

n+1 − (3 + 5i+ 11ε+ 21h)

2
.

Using the fact that Jn(0) = Jn+2 and JH0 = i+ ε+3h, JH1 = 1+ i+3ε+5h,
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we get n−1∑
l=0

JHl =
JHn+1 − (3 + 5i+ 11ε+ 21h)

2
+ JH0 + JH1

=
JHn+1 − (3 + 5i+ 11ε+ 21h) + 2(1 + 2i+ 4ε+ 8h)

2

=
JHn+1 − (1 + i+ 3ε+ 5h)

2
=

JHn+1 − JH1

2
,

which ends the proof. �
������� 3.9� Let m ≥ 2, n ≥ 1, r ≥ 0 be integers. Then

2JHr
m+n = 2rJHr

m−1JH
r
n+(4r+8r)JHr

m−2JH
r
n−1

+J(r,m+n)+J(r,m+n+2)−2J(r,m+ n+ 3)−J(r,m+ n+ 6).

P r o o f.

2rJHr
m−1JH

r
n + (4r + 8r)JHr

m−2JH
r
n−1

= 2r
(
J(r,m− 1) + iJ(r,m) + εJ(r,m+ 1) + hJ(r,m+ 2)

)

· (J(r, n) + iJ(r, n+ 1) + εJ(r, n+ 2) + hJ(r, n+ 3)
)

+ (4r + 8r)
(
J(r,m− 2) + iJ(r,m− 1) + εJ(r,m) + hJ(r,m+ 1)

)

· (J(r, n− 1) + iJ(r, n) + εJ(r, n+ 1) + hJ(r, n+ 2)
)

= 2r
(
J(r,m− 1)J(r, n) + iJ(r,m− 1)J(r, n+ 1)

+ εJ(r,m− 1)J(r, n+ 2) + hJ(r,m− 1)J(r, n+ 3)

+ iJ(r,m)J(r, n)− J(r,m)J(r, n+ 1) + (1− h)J(r,m)J(r, n+ 2)

+ (ε+ i)J(r,m)J(r, n+ 3) + εJ(r,m+ 1)J(r, n)

+ (h+ 1)J(r,m+ 1)J(r, n+ 1)− εJ(r,m+ 1)J(r, n+ 3)

+ hJ(r,m+ 2)J(r, n)− (ε+ i)J(r,m+ 2)J(r, n+ 1)

+ εJ(r,m+ 2)J(r, n+ 2) + J(r,m+ 2)J(r, n+ 3)
)

+ (4r + 8r)
(
J(r,m− 2)J(r, n− 1) + iJ(r,m− 2)J(r, n)

+ εJ(r,m− 2)J(r, n+ 1) + hJ(r,m− 2)J(r, n+ 2)

+ iJ(r,m− 1)J(r, n− 1)− J(r,m− 1)J(r, n)

+ (1− h)J(r,m− 1)J(r, n+ 1) + (ε+ i)J(r,m− 1)J(r, n+ 2)

+ εJ(r,m)J(r, n− 1) + (h+ 1)J(r,m)J(r, n)

− εJ(r,m)J(r, n+ 2) + hJ(r,m+ 1)J(r, n− 1)− (ε+ i)J(r,m+ 1)J(r, n)

+ εJ(r,m+ 1)J(r, n+ 1) + J(r,m+ 1)J(r, n+ 2)
)
.
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By simple calculations and using Theorem 2.5 we get

2rJHr
m−1JH

r
n + (4r + 8r)JHr

m−2JH
r
n−1

= 2rJ(r,m− 1)J(r, n) + (4r + 8r)(J(r,m− 2)J(r, n− 1)

+ i
(
2rJ(r,m− 1)J(r, n+ 1) + (4r + 8r)J(r,m− 2)J(r, n)

)

+ ε
(
2rJ(r,m− 1)J(r, n+ 2) + (4r + 8r)J(r,m− 2)J(r, n+ 1)

)

+ h
(
2rJ(r,m− 1)J(r, n+ 3) + (4r + 8r)J(r,m− 2)J(r, n+ 2)

)

+ i
(
2rJ(r,m)J(r, n) + (4r + 8r)J(r,m− 1)J(r, n− 1)

)

+ ε
(
2rJ(r,m+ 1)J(r, n) + (4r + 8r)J(r,m)J(r, n− 1)

)

− h
(
2rJ(r,m)J(r, n+ 2) + (4r + 8r)J(r,m− 1)J(r, n+ 1)

)

− 2rJ(r,m)J(r, n+ 1)− (4r + 8r)J(r,m− 1)J(r, n)

+ 2rJ(r,m+ 1)J(r, n+ 1) + (4r + 8r)J(r,m)J(r, n)

+ 2rJ(r,m)J(r, n+ 2) + (4r + 8r)J(r,m− 1)J(r, n+ 1)

+ 2rJ(r,m+ 2)J(r, n+ 3) + (4r + 8r)J(r,m+ 1)J(r, n+ 2)

+ i
[
2rJ(r,m)J(r, n+ 3) + (4r + 8r)J(r,m− 1)J(r, n+ 2)

− (
2rJ(r,m+ 2)J(r, n+ 1) + (4r + 8r)J(r,m+ 1)J(r, n)

)]

+ ε
[
2rJ(r,m)J(r, n+ 3) + (4r + 8r)J(r,m− 1)J(r, n+ 2)

− (
2rJ(r,m+ 2)J(r, n+ 1) + (4r + 8r)J(r,m+ 1)J(r, n)

)

+ 2rJ(r,m+ 2)J(r, n+ 2) + (4r + 8r)J(r,m+ 1)J(r, n+ 1)

− (
2rJ(r,m+ 1)J(r, n+ 3) + (4r + 8r)J(r,m)J(r, n+ 2)

)]

+ h
[
2rJ(r,m + 1)J(r, n+ 1) + (4r + 8r)J(r,m)J(r, n)

+
(
2rJ(r,m+ 2)J(r, n) + (4r + 8r)J(r,m+ 1)J(r, n− 1)

)]
.
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Using Theorem 2.5 again, we obtain

2rJHr
m−1JH

r
n + (4r + 8r)JHr

m−2JH
r
n−1

= 2
(
J(r,m+ n) + iJ(r,m+ n+ 1) + εJ(r,m+ n+ 2) + hJ(r,m+ n+ 3)

)

− (
J(r,m+ n) + J(r,m + n+ 2)− 2J(r,m+ n+ 3)− J(r,m + n+ 6)

)

= 2JHr
m+n

− (
J(r,m+ n) + J(r,m + n+ 2)− 2J(r,m+ n+ 3)− J(r,m + n+ 6)

)
.

Hence we get the result. �

Next, we shall give the ordinary generating function of the J(r, n)-Jacobsthal
hybrid numbers.

������� 3.10� The generating function of the J(r, n)-Jacobsthal hybrid num-
ber sequence {JHr

n} is

G(t) =
JHr

0 + (JHr
1 − 2rJHr

0 )t

1− 2rt− (2r + 4r)t2
.

P r o o f. Assume that the generating function of the J(r, n)-Jacobsthal hybrid

number sequence {JHr
n} has the form G(t) =

∞∑
n=0

JHr
nt

n. Then

(
1− 2rt− (2r + 4r)t2

)
G(t)

=
(
1− 2rt− (2r + 4r)t2

) · (JHr
0 + JHr

1 t+ JHr
2 t

2 + · · · )
= JHr

0 + JHr
1 t+ JHr

2 t
2 + · · ·

− 2rJHr
0 t− 2rJHr

1 t
2 − 2rJHr

2 t
3 − · · ·

− (2r + 4r)JHr
0 t

2 − (2r + 4r)JHr
1 t

3 − (2r + 4r)JHr
2 t

4 − · · ·
= JHr

0 + (JHr
1 − 2rJHr

0 )t,

(10)

since JHr
n = 2rJHr

n−1 + (2r +4r)JHr
n−2 and the coefficients of tn for n ≥ 2 are

equal to zero.

Moreover,
JHr

0 = 1 + i(2 · 2r + 1) + ε(3 · 4r + 2 · 2r)
+h(5 · 8r + 5 · 4r + 2r),

JHr
1 − 2rJHr

0 = 2r + 1 + i(4r + 2r) + ε(2 · 8r + 3 · 4r + 2r)

+h(3 · 16r + 5 · 8r + 2 · 4r). �
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[6] ÖZDEMIR, M.: Introduction to hybrid numbers, Adv. Appl. Clifford Algebr. 28 (2018),
https://doi.org/10.1007/s00006-018-0833-3

[7] SZYNAL-LIANA, A.: The Horadam hybrid numbers, Discuss. Math. Gen. Algebra Appl.
38 (2018), no. 1, 91–98.

[8] SZYNAL-LIANA, A.—W�LOCH, I.: On Jacobsthal and Jacobsthal-Lucas hybrid numbers,
Ann. Math. Sil. 33 (2019), 276–283.

[9] UYGUN, S.: The (s, t)-Jacobsthal and (s, t)-Jacobsthal Lucas sequences, Appl. Math. Sci.
9 (2015), no. 70, 3467–3476.

Received February 23, 2020 Dorota Bród
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