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TRIANGULAR NORM-BASED ADDITION
OF LINEAR FUZZY NUMBERS

ANNA KOLESAROVA

ABSTRACT. The addition of linear fuzzy numbers based on triangular norms
is studied. In the case of continuous Archimedean t-norms with strictly convex
generators a necessary and sufficient condition for linearity of the t-norm-based
sum is given.

1. Basic notions

Let us introduce the definitions and basic propertiés of finite fuzzy numbers
and t-norms which will be used in the next part of the paper.

A finite fuzzy mumber is a convex normal fuzzy set p in the universum of
real numbers R which has a continuous membership function p, and for which
there exist numbers a,b € R and «, 8 € RT such that

(i) pp(z)=11if z €[a,b] and pp(z) =0if z<a—-aor z>b+ 0.

(i) pp is increasing in the interval [a — «,a] and decreasing in [b,b+ 3].
The interval [a,b] is the peak of the fuzzy number p and the interval [a—a, b+/]
is its support.

The membership function of a finite fuzzy number p can be expressed in the
following form [2]

1, for z € [a, b],
i (2) = L(%:w), for z € [a — o, a],
i R(”’T_b), for x € [b,b+ B3],
0, otherwise,

where L,R: [0,1] — [0,1] are shape functions which are non-decreasing, con-
tinuous and L(0) = R(0) =1, L(1) = R(1) = 0.
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For a finite fuzzy number p we will use the notation p = (a, b,a,ﬁ.) LR-
A finite fuzzy number is said to be a linear fuzzy number if L(z) = R(z) = 1—=z,
z €[0,1]. A linear fuzzy number p will be denoted by p = (a,b, , 8).

Let us note that for a # b we will get trapezoidal fuzzy numbers, and for
a = b triangular fuzzy numbers.

The original sum of fuzzy numbers p, g has been defined by Zadeh'’s extension
principle :

tpoq(2) = ziggry(up(w) Aug(y)), z€R. (1)

If we use in (1) instead of the operation A = min, which is only a special
kind of a t-norm, some t-norm T, we get the sum of fuzzy numbers based on
the t-norm T':

Hpa(2) = e T(up(z), n(y)), z€ER, (2)

or, in the modified form,

.up@q(z) = sup T(/*L:D(:L‘):/J'q(z - "E)) , z€R. (3)
2 z€R

Recall that a t-norm T is a binary operation, T': [0, 1] x [0,1] — [0, 1], which
is commutative, associative, non-decreasing in each argument and T'(z,1) = =
for each z € [0, 1]. For the t-norm A = min we will use the notation Ty;.

Any continuous Archimedean t-norm T' (i.e., a continuous t-norm for which
T(z,z) <z, z € (0,1)) can be represented by means of its additive generator
f. Namely,

T(z,y) = f"V(f(e) + f(y)) foreach =z,y€0,1],

where f(=1) is a pseudo-inverse of f given by f(~1(u) = f~! (min{u, £(0)}).
Therefore for a continuous Archimedean t-norm 7' the T—-sum of p and g can
be expressed in the form :

Hpegq(z) =sup f°1 (f(,up(l’)) + f(pg(z — a:))) , z€R. (4)

z€R

Let us note that the additive generator f of a t-norm T is a continuous, strictly
decreasing function, f: [0,1] — [0, c0] with f(1) =0.

2. Results

In [4] a membership function of a T-sum % p; of finite fuzzy numbers p; =
i=1
T

(as, b5, 0, 8) LR, i =1,2,...,n, in the case of an Archimedean t-norm T' having a
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strictly convex twice differentiable additive generator f and fuzzy numbers with
concave, twice differentiable shape functions L, R is determined.

According to [4] :

1, for A<z<B,
FED (nf(L(An—j))), for A—na<z<A,
pno (2)= (5)
iifl i F=1) (nf(R(%)D, for B <z < B+ ng,

0, otherwise

=1

where A=) a;, B=)_b;.
i=1

In this paper we will be interested in such t-norms 7' with strictly convex
generators for which T—sums of linear fuzzy numbers are again linear fuzzy
numbers. The following assertion gives a necessary condition for linearity of
T-sums in such a case.

PROPOSITION 1. Let T be a t-norm with a strictly convex twice differentiable
additive generator f. If the T—-sum p @ q of any linear fuzzy numbers p, q is a
T

linear fuzzy number, then
f(z) =a(l —z)°, for some dER"', s€(1,00).
Proof. Let T be a t-norm with a strictly convex additive generator f and
let p =4¢q=(1,1,1,1). If we take into account that the shape function L of

p and q is given by L(z) = 1 — =z, z € [0,1], then according to (5) for each
z € [0,2] it holds:

toga(s) = 10 (2 (1= 25)) = 10(2s (3)). ©

Since p @ ¢ is a linear fuzzy number, there exists a number ¢ € [0,2] such that:
T

1
2—c¢

Npg?q(z) = (z2—¢), z€[c2]. (M)
We exclude ¢ = 0 from our considerations, since for ¢ = 0 we have 7' = Ty -
The t-norm Ty, has no additive generator and does not satisfy the assumption
given in the proposition.

Comparing (6) and (7) we get

f-1<2f(§)>:2:z, 2€(c,2). (8)

2
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Let us consider a one to one correspondence between intervals (0,00) and
s—1

(0,2) given by the mapping h, h(s) =2—-2"5, s € (0,00).
Since for any ¢ € (0,2) there exists a unique element s € (0,00) such that

c=2— 2%, we can rewrite (8) into the form:

u(5)=1(535),
21(3) =5(1- (- 5)2).

Let us denote g(z) = f(1 — ). Then the previous formula can be written in the

form: 29(1_9:9((1—;)2%).

Putting 1 — £ = u and 25 = \, we get
Ag(u) = g(ur). (9)

For a given s € (0,00) the only continuous, strictly increasing, non-negative
solutions of the functional equation (9) in the interval (0,c0) are functions g
given by g(u) = au® for some a € RY, see, e.g., [1].

Therefore we have

or

flz)=g(1—z)=0a(l—x)° for some a €RY and s € (0,00).

Since f is by the assumption a strictly convex, twice differentiable function, only
the values s > 1 are satisfactory. Note, that the values s € (1,00) correspond
to the values ¢ € (0,1). O

In other words, we have just proved that if a t-norm 7' has a strictly convex,
twice differentiable additive generator and the T—sum of any linear fuzzy num-
bers is a linear fuzzy number, then 7' must necessarily be a member of Yager’s
family of t-norms for some s € (1,00).

Recall that the family of t-norms {72 }se(0,00), Where

TY (z,y) = max {O, 1—[(1—m)s+(1—y)s]%} for z,y€[0,1] and s € (0,00)

was introduced by Yager in 1980 for modeling fuzzy intersection. The corre-
sponding normed additive generators fy are given by f¥(z)=01-12).

Now we show that the addition based on each Yager’s t-norm T0 , s > 1
preserves linearity. Before proving this fact, let us make the following remark.

Remark 1. It is easy to see that the support of the sum p & g, where p =
T

ap, b,y 0, Bp) 1R, and ¢ = (aq,bq,q;Bq)L,R, 18 & subinterval of the interval
pr VP p D/Lplitp g g q q/Lgitg
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lap+ag—ap—oaq, bp+by+ B+, and the peak of the sum for each t-norm 7 is

the interval [a, + aq, by +by|. Moreover, according to the decomposition rule of

finite fuzzy numbers into two separate parts [3], the left part of the membership

function of the sum, i.e., its values for z € [a, + ag — ap — agq, ap + a4, depend

only on the left parts of 41, and 4. It means that in (2) to determine fipgq(2)
T

for such z, it is enough to use values = € [a, — o, ap] and y € [a; — @y, a,].
The analogous assertion holds for the right side of g, .
o

PROPOSITION 2. Let T}, s > 1 be a Yager’s t-norm. Then the TY-sum of
arbitrary linear fuzzy numbers p and q is a linear fuzzy number.

Proof. By Remark 1 it is sufficient to prove the assertion for triangular
fuzzy numbers.
Fix s > 1. Let p = (ap,ap, ap, Bp), ¢ = (aq, aq, ag, B;) and pﬁq = r, where

TY is the Yager t-norm. For z < ap + a4 it holds

S

pr(z) = supTSY (,pr(a:), pq(z — sc))
z€R

W=

j)

= sup <1 —min{l, [(1 —up(:r))s+(1—ﬂq(z_$)s]

Ee[a;n_apvap]
—1- min{L inf[(1— pp(2))” + (1 — pg(z — x)s]%} :

Using linearity of fuzzy numbers p, ¢, i.e., the fact that p,(z) = = (z—ap+ay)
p

and pq(z —z) = aiq(z — T —aq+ag) for x € [a, — ap,ap], we get

Ee) =1 —min{l,inf{(l — aip(a:—ap-kap))s + ( — o%q(Z—:B—aq-f-Oéq))s} i}

or

/,Lr(z):1—min{1,inf[<apa;$) + (%)s];}. (10)
Let us denote h(z) = (%) + (ai_aji)s and let us look on the minimal

value of h for z € [a, — ap, ap).
The derivative of the function A is :

-2 (D) £ (2

Qp Qp Qq Qq

The only point z for which h’'(z) =0 is

apA —ag+ 2

T\ , where A= (_)a (11)

Tg =
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It can be shown that the function h acquires its minimum in the interval
[ap — ap, ap] in the point zo and the minimal value of A is

h(.’l?o) — [w]s (a; + )\sa;)%

apog(l+A)
The function A'/® acquires its minimal value in the point z¢, too, and it holds:
a, +aqg— 2 1
h% P q s Mas)s . 12
(20) apog(l+A) (ozq + ) (12)
If we denote 1%
p, = P ) (13)

(g +X0ap)*
then using (12), (10) can be expressed in the form :

L2 )—1—m1n{1 (ap—i—aq z)}. (14)

It means that for z € [ap +aq — ap — 0y, ap + a4] for which = (ap +ag—2z)>1
we get pir(z) = 0. Further, if £~ (ap + a4, —z) <1 it holds

1
() =1 = —(ap +ag = 2),
or, in the modified form,
1
() = (s — @y = ag + ).

S
If we express the number k given by (13) only by means of a, and a4, we get
1

§—

ks _ap[1+<ai)L} S (15)

It can be easily shown that lim ks, = ap + ag, hm ks = max{op,aq} and
S— 00

ks € (max{ayp, ag}, ap + ag) for all s € (1,00).
If we sum up the previous results, we can write
0, tor z £ ay +ag — ki,
pr(2) {kis(z—ap—aq—i—ks), for ap +aq — ks £ 2z < ap +agy,
where ks € (max{a,,aq}, ap + ag) is given by (15).
It means that the left part of the membership function of the sum p EB q is

linear. The same procedure can be used for proving linearity of the rlgh’c part.
O

Remark 2. The number ks defined by (15) expresses the “uncertainty” of
the left side of the sum. As we have seen, for given a,, og, the value k; depends
only on the parameter s of the used t-norm TSY . So, choosing the parameter s
(s > 1), we can change the uncertainty of the sum from max{ay, g} to ap+ay,.

Summarizing, we get our main result.
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THEOREM 1. Let T be a continuous Archimedean t-norm with strictly con-
vex, twice differentiable additive generator. Then the T—sum of any linear fuzzy
numbers is a linear fuzzy number if and only if the t-norm T' is a Yager’s t-norm
TY for some s > 1.

The proof of this assertion follows from Propositions 1 and 2. O

REFERENCES

[1] ACZEL, J.: Lectures on Functional Equations and their Applications, Academic Press,
New York, 1969.

[2] DUBOIS, D.—PRADE, H.: Fuzzy Sets and Systems: Theory and Applications, Academic
Press, New York, 1980.

[3] DUBOIS, D.—PRADE, H.: Inverse operations for fuzzy numbers, in: Proc. IFAC Symp.
on Fuzzy Information, Knowledge, Representation and Decision Analysis (E. Sanchez, ed.),
Pergamon Press, Oxford-New York, 1983, pp. 399-404.

[4] FULLER, R.—KERESZTFALVI, T.: t-norm-based addition of fuzzy intervals, Fuzzy Sets
and Systems 51 (1992), 155-159.

Received March 30, 1994 Department of Mathematics
Faculty of Electrical Engineering

Slovak Technical University
Ilkovicova 3

SK-812 19 Bratislava
SLOVAKIA

81





