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ABSTRACT. It is proved that for each nilpotent totally ordered group G of

nilpotent class < 5 and each group word w(z1,...,zs) in variables z1,...,zn,
the inequality w(Z1,...,Zn) > e for some Z1,...,%Z, € G implies that there are
zy,...,op, € G such that w(z!,...,z,) <e in G.

In the Black Swamp Problem Book [1] problem 49 is the following: “Let G be
a totally ordered group (o-group) and let w(z,y, ...) be a word in free group with
countable set of free generators. Suppose that for some substitution Z,7,--- €
G we have w(Z,7,...) > e in G. Does it imply that for some substitution
',y € G we also have w(z',y’,...) < e?”

In [2] examples of the nilpotent o-group G of nilpotent class 6 and the group
word w(z,y) in two variables z and y were constructed, such that all values of
w(z,y) in o-group G have the same sign. The following question arises: is there
a similar counterexample to problem 49 of nilpotent o-group of nilpotent class
< 57 The present paper gives the negative answer to this question. It is shown
that for each nilpotent o-group G of nilpotent class < 5 and each group word

w(zy,...,2,) in variables z1,...,z, from the inequality w(Z,...,Z,) > e for
some Z1,...,Z, € G there are z7,...,z,, € G such that w(z},...,z!) < e in
o-group G.

All basic facts and definitions on ordered groups and groups can be found in
(3], [4] and [5], respectively.

It is known that each group word w(zi,...,z,) in the variety of nilpotent
groups of nilpotent class < 5 can be represented as a product of basic com-
mutators of weight < 5 in the variables z1,...,z, ([5], Theorem 11.2.4). As
usual,

[1:17 332] = xl_lmz_la"lmZ) [xla 48 % g :L'n] = [[.’L']_, v o s 73371—-1]; iL‘n] )
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and the set of integers is denoted by Z.

PROPOSITION 1. Let G be a nilpotent o-group of nilpotent class < 5 and
w(z1,x2) be a group word in two variables 1, zz. If w(Z1,Z2) > e in o-group
G for some %, T3 € G, then there are =y, =i € G such that w(z},z}) < e.

Proof. By the above arguments we may assume that

w(zy,z2) = w’fliEgQ [z1, Z2)P 1, T2, 1] [21, T2, T2] ¥ [21, T2, Z1, P11 %

X ['1:17 Zg, ngl]ﬁzl [xl)mQa m27$2]ﬁ31 [:U:l’ x2,T1,T1, ml]’Yll [$17$27 T2,T1, ml]’ym X

X [l‘l? T2,T2,T2, xl]’YSl [mlu To,T2,T2, iEg]’Y"“ X
X [[1"17 L2, x2]7 [‘7"17 m2]]751 [[wla T2, xl]y [mlv xZ]]’Ysl

for some integers ki, ka2, p1, @11, @o1, P11, B21, Bs1, vi1 (1 < ¢ < 6). By our
assumption w(Z,ZT2) > e in o-group G. Suppose that w(zi,zz) > e for all
z1, To € G. Then w(z]',z3') > e in G for all z1, z5 too. Let wy = w(z1,z2) X
w(z] ', 25 "). Direct verification shows that the group word ws(z1,z2) can be
represented in the form

wa(z1, T2) = [21, T2]P2 (21, T2, 1|2 |21, T2, T2]**2 [$17$27$1,I1Jﬁ12 X
X [z1, g, T221]P? [21, T2, T2, 22]P22 (21, T2, T1, T1, T1] 2 [21, T2, T2, T1, T1]722 X
X [I17x27x271:27$1]732 [I17I27m27m25$2]v4zx

X [[z1, 22, z2], [T1, 2]]7%2[[21, T2, 1], [21, 2]]"®2

for some integers py, a2, a2, P12, B2, B3z, vz (1 <0 <6).
Then wo(Z1,Z2) > e and wy(x1,z2) > e in o-group G for all =1, z2 € G.
Let now ws(z1,x2) = wa(zy, x2) - wa(z] !, z2). It is clear that

wa(x1,T2) > e

in o-group G for all z1, o € G and w3(Z1,T2) > e. Again, direct verification
shows that

wz(z1,z2) = [$1,~’C2,$1]a13[$1,l‘z,1’2}a23[$1,$27$1,$1]513><

(
[mla T2, 3323:1]ﬁ23 [$17I27 T2, mQ]ﬁas ['T17 T2,T1,L1, ‘7-:1]’)/13 [1:17 Zo,T2,T1, :1;11723 X
[£1, T2, T2, T2, 1] 7% [21, 2, T2, T2, T2]7** ¥

[

[331, L2, $2]7 [mlv 5;2]]’753 “131, L2, ‘Tl]a [3717 *TE]]’YGS

for some integers ai3, az3, Bi3, B23, Ba3, 1z (1 <@ < 6).
Let now wy(z1,x2) = w1, z9) - wa(zyt, x5 t).
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Clearly, wy(z1,z2) > € in o-group G for all z;1, 2o € G, wy(F1,%2) > e and
wy(T1,T2) = [T1, T2, T1, 711 (21, 2o, T2 P2 x
X [ml,332,:L'g,mz]ﬂ34[l'1,.’EQ,iZ‘]_,.'L’]_,IEl]’Yl‘lX
X [331,ZEQ,ZCQ,1'1,1131]724[(31,132,1'2,(132,I]_]’ya‘i[(ﬁl,.'132,332,372,.'132]744)(

X [[ml, T, Ta], [T1, xz]]754 [[ml, Z2, 1), [T1, 1:2]]%4

for some integers B14, Bo4, B4, via (1 <1 <6).
Similarly, let ws(z1,z2) = wa(z1,T2) - w4(:v1_1,:52). Then ws(z1,z2) > e in
o-group G for all z1, 3 € G, ws(Z1,T2) > e and

ws(x1,z2) = [931,$27$2$1]ﬂ25[ﬂ?1,$2,$1,$1,331]715[331,$2,I2,5E17$1]%5><
X [‘Tlam27x27w27$1]735[1:15x27$23$2)12]’\/45x

X [[ajl, T2, T2, [T1, 1)2”755 [[:cl, Tg, 1], [T1, :L‘z]]%E

for some integers fas, vis (1 <@ < 6). Let wg(z1,z2) = ws(z1,22) - ws(T2,T1).
Then we(z1,22) > e in o-group G for all z1, 2 € G and we(Z1,Z2) > €. By
the use of Hall’s commutator identity [5] we have

we(z1, T2) = [T1, T2, T1, 21, T1] (21, T2, T2, T1, T1]72® X
X [Zay By Bay Toy 00] 78[04 200, ©9,20, 23] 19 X
X [[ml, Ta, Lo, [T1, mg]]%ﬁ [[zl, zq, T1), [T1, :1:2]]766
for some integers ;5 (1 <14 < 6).
Finally, let wr(z1,72) = we(z1,2s) - we(z !, 251). By the above arguments

wr(Z1,Z2) > e and wr(zy,z2) > e in o-group G for all z;, zo € G. Direct
verification shows that wr(z1,z5) = e for all z1, z3 € G, a contradiction. O

1

PROPOSITION 2. Let G be a nilpotent o-group of nilpotent class < 5 and
w(z1,x2,3) be a group word in three variables x,xs, 3. If

w(Z1,Ee, T3) > €

in o-group G for some I, Ty, T3 € G then there are z}, x4, x4 € G such that
w(zl,th, Ty) < €.

Proof. Assume that w(zy,zs,23) > e for all z1, 2o, 23 € G. The group
word w(zy,z2,z3) can be represented as a product of basic commutators in
variables 1, T3, 3. By the use of Hall’'s commutator identities [5] we can
represent the group word w(z1,z2,z3) as product wi(zy,z2) - wa(zy, T2, z3),
where wq(z1,z2,) is a product of basic commutators in variables z, 5 and
wa(z1, T2, 23) is a product of basic commutators in variables z;, 3, z3, con-
taining variable z3.
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If wy(Z1,%2) > e for some Z1, Zz, then by Proposition 1 there are z}, z5 € G
such that w(z},z}) < e. Then w(z},z},e) = wi(z), z5) < e. Therefore, we may
assume that w(zy,z2) = e for all z1, z2 € G and w(zy, T2, z3) = wa(z1, T2, T3)
for all z1, z2, z3 € G. By our assumption w(Z1,Z2,Z3) = wa(Z1, T2, T3) > €.
Similarly

wy(z1, T2, z3) = wa(z1, z3) - wa(z1, T2, T3)
where ws(z1,x3) is a product of basic commutators in variables z;, z3 and
wy(z1, T2, x3) is a product of basic commutators containing variables s, z3.

By the above arguments we may suppose that ws(zi,z3) = e for all
z1, 3 € G. Therefore, w(z1,z2,z3) = wa(z1, T2, 23) for all z1, z3, 3 € G and
wy(z1,22,23) is a product of basic commutators containing variables zg, 3.
Let now wy(z1, T2, x3) = ws(z1, T2, T3) - we(T1, T2, T3) Where ws(z1, 22, z3) is a
product of basic commutators in variables z2, z3 and wg(z1, 2, z3) is a product
of basic commutators containing variables xy, 3, z3. By the above arguments
we may assume that w(zy,zs,z3) = we(z1,z2,z3) for all z1, x2, z3 € G and
we(Z1, T, T3) > €. Then the group word

w7(a:1,:1c2,:n3) = WG($1,$2,$3) ¢ 11)6(.’131_1,.’32_1,51351)

has the following properties:
1) wy(Z1,Z2,T3) > €;
2) wq(wy1,T2,73) > € for all z1,z9,23 € G,
3) wr(z1,z2,z3) is a product of basic commutators of the weight > 4
and each basic commutator contains variables x1, zs, 3.
Let
wg (1, T2, T3) = wr(zy, T2, x3) - wr(z]*, T, 3) -
Then wg(Z1,Z2,Z3) > e, ws(z1,z2,23) > e for all z1,z9,23 € G and
wg(z1,T2,z3) is a product of basic commutators and each basic commutator

of the weight 4 has two occurrences of the variable ;. Now consider the group
word
wo(z1, Ty, T3) = we(T1, T2, x3) - we(z1, 51, 23).

It is clear that wo(Z1,Z2,T3) > e, wo(T1,T2,x3) > e for all z1, z2, z3 € G
and wg(z1, T2, z3) is a product of basic commutators of the weight 5 containing
variables =1, z2, 3.

Therefore wig(z1,z2,23) = wo(z1,T2,T3) - wg(:vl_l,:cz_l,mgl) > e for all
z1, T, T3 € G and wio(Z1, T2, %3) > e. A contradiction to the equality

wio(@1, z2,z3) = e for all z1, z9, z3 € G. O

PROPOSITION 3. Let G be a nilpotent o-group of nilpotent class
< 5 and w(zy,z2,23,%4) Is a group word in four variables i, T2, T3, T4.
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If w(Z1,%2,%3,%4) > € in o-group G for some %, To, T3, T4 then there are
zy, ©5, ©5, xy such that w(z!,zh, =5, ) < e.

Proof. Let us assume that w(zy, 22, z3,24) > e for all z1, 29, 23, 24 € G

and
w(z1, T2, T3,T4) = w1(T1, Ta, T3) - wa(T1, T2, T3, T4)
where wi (21, z2,z3) is a product of basic commutators in variables z1, za, z3,
x4 and wy(z1, T2, T3, Z4) is a product of basic commutators in variables 1, o,
z3, T4 containing variable z,. Arguments similar to the proof of Proposition 2
show that
w(z1, T2, T3, Ta) = we (1, T2, T3, Ta)
for all z,, x3, 3, z4 € G, where wg(z1, 2, z3,24) is a product of basic commu-
tators containing variables zi, 3, z3, 4. Let now
wo (w1, T2, T3, T4) = ws(T1, T2, T3, Ta) - w27 ', T2, T3, T4) -

Then the word wg(z1, z2, 3, Z4) is a product of basic commutators of the weight
5 containing variables z1, z2, 3, z4. It is evident, that

wo (1, T2, T3, T4) > €
for all z1, g, 3, z4 € G and wg(Z1,T2,T3,T4) > €. Let
T, R R
w10($1,1‘2,$3,$4)=w9($1,$2,ﬁ3,$4)'w9($1 1Ly Tz ,Ty )

Clearly, wio(z1,z2,z3,24) = € for all z1, x4, z3, T4 € G. A contradiction to
the inequality wqo(Z1, Z2,Z3,T4) > €. O

THEOREM 1. Let G be an arbitrary nilpotent o-group of nilpotent class < 5

and w(zy,...,z,) be a group word in variables z1,...,z,. If

W(Z1,...,Tp) > €
in o-group G for some Z,...,Z, € G, then there are z',...,z, € G such that
w(zl,...,z)) <e.

Proof. By Propositions 1-3 we may assume that n > 5 and w(z1,...,z,)
is a product of basic commutators of weight n < 5 in variables z1,...,z,. The
group word w(zy,...,T,) can be represented in the form

BBy s 03 Bra) = Wil Bitn % 5B—1) * W {@i5559 3 T ) 5
where wi(z1,...,2,—1) is a product of basic commutators in variables
T1,...,Tp—1 and wy(z1,...,2,) is a product of basic commutators contain-
ing variable z, . If for some Z,...,Z,—1 € G is valid wy(Z1,...,Tp-1) > € in

G, then by inductive arguments

wi(zh,...,z,_;) <e, w(zy, .. Th_q, @) = wi(Th, ...zl _j,e) <e
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in G for some z},...,z},_;. So we may assume that

w(T1,. .., Tn) = wa(z1,...,Zn)
for all zy,...,z, € G. By these arguments we may assume that

WL e« oy Brg) = (s 5 4 T
for all zi,...,z, € G, where W(zy,...,z,) is a product of basic commutators
of the weight 5 containing variables z,_g4,...,%, and @(Z1,...,Z,) > e. Then

Wz, ... Tn) = B(T1, ..y z0) D(zT T ) =€,
a contradiction to inequalities
W(Z1,...,Tn) > €, Wz E) >e.
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