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ON A CHARACTERIZATION OF REES VARIETIES
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Dedicated to Professor J. Jakubik on the occasion of his 70th birthday

ABSTRACT. Necessary and sufficient conditions under which the weak congru-
ence lattice of an algebra is a sublattice of the corresponding lattice of the par-
titions in a set are given. The variety of such algebras turns out to be the Rees
one. In particular, if those two lattices coincide, the variety of sets is obtained.

A weak equivalence p on a nonempty set A is a symmetric and transitive re-
lation on A. The corresponding family of subsets is said to be the partition in A.
Obviously, the partition in A is a partition of a subset of A. The lattice of weak
equivalences on A, FwA, has been investigated by H. Dragkoviéova [3].
She proved that this lattice is semimodular, and gave necessary and sufficient
conditions under which this lattice is modular, distributive, and relatively com-
plemented.

The lattice of weak congruences of an algebra A, CwA, i.e., the lattice of all
the congruences on all the subalgebras of A was introduced in [8]. This lattice
is not necessarily a sublattice of EFwA, as is in the case of Con.A and EA
(congruence lattice and lattice of equivalences, respectively).

We shall use the notations and some results from [5] and [6].

Recall that the diagonal relation A = {(z,z) | z € A} is a codistributive
element in CwA (for p,0 € CwA, AN(pVO) = (AAp)V(AAE)). The congruence
lattice of A is the filter [A) in CwA, and SubA (the subalgebra lattice) is
isomorphic with the ideal (A] (under B — {(z,z) | = € B}, B € Sub.A).

An algebra A has the congruence extension property (the CEP) if every
congruence on a subalgebra of A is a restriction of a congruence on A.

A has the congruence intersection property (the CIP), [8], if for p,8 € Cw.A

(pNO)a=panba,
where p4 is a minimal congruence of A extending p.
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In the lattice CwA ps = pV A, and thus A has the CIP if and only if A is
a distributive element of CwA, i.e., iff for p,0 € CwA

AV(pANO)=(AVp)A(AVE).

Some other lattice characterizations of the CIP as well as of the CEP were given
in [5] and [6].
A is said to have the *CIP if for every family {pi |7 e I} C CwA,

AV N\ pi= N\Ave), [5].
i€l i€l
Summing up the notations, we have: If A = (A, F') is an algebra then EA, FwA,
Con A, Sub A, Cw.A are the lattices of equivalences on A, weak equivalences on A,
congruences on A, subalgebras on A, and weak congruences on A, respectively.
LEMMA 1. If A# 0 and p € FwA, then pUA € EA.
Proof. Obvious. O

An element a of a bounded lattice L is neutral if z — zAa and x — zVa are
homomorphisms from L to (a] and to [a), respectively and = — (z Aa,z V a)
is an embedding of L into (a] x [a).

An element a of L is neutral if and only if it is distributive, codistributive
and satisfies the property:

if tAha=yAa and zVa=yVa then z =y. [4].

PROPOSITION 1. The diagonal relation A is a neutral element in the lattice
EwA.

Proof. A is codistributive for p,0 € EwA,
(AAp)V(ANG) = (ANp)V(ANEG) = (ANp)U(ANE) = AN(pUB) = AN(pVE),

since pU €@ and pV @ have the same diagonal.
A is distributive, since by Lemma 1

AV (pANO)=AU(pNB)=(AUp)N(AUBG)=(AVp)A(AVD).

If pNA=60NA and pUA =0UA, then p and @ are equivalences on the same
subsets of A. Now, having the same extension to A (by A), they are equal.

Thus, A is neutral. O

It was proved in [3] that EwA can be embedded into the lattice EA x {1,2}.
We give another characterization of that kind.
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COROLLARY 1. The mapping p — (pNA, pUA) is an embedding from EwA
into P(A) x EA (P(A) is a power set of A).

Proof. Straightforward, since P(A) = (A] under B — {(z,z) | = € B}
for BC A, and since [A) = EA. O

COROLLARY 2. Any lattice identity is satisfied on FwA if and only if this
identity holds on EA.

An element a of a bounded lattice L is said to be infinitely distributive if for
every family {z;|i € I} CL,

CL\//\(EZ'Z/\(G,VLEZ').

i€l i€l
PROPOSITION 2. In the lattice EwA, A is an infinitely distributive element.

Proof. For a family { piliel } of weak equivalences on A,
AV/\PiZAUﬂPiZ m(AUPi)I /\(AVPi)-
il iel i€l i€l

|

PROPOSITION 3. For the lattice of weak equivalences EwA on a nonempty
set A, there is a algebra A = (A, F'), whose lattice of weak congruences CwA
coincides with EwA.

Proof. An idempotent algebra (f(z) = z) on A satisfies the required
condition. O

An algebra A is said to have the strong CEP [1] if for every p € CwA,

pUA € CuwA.

PROPOSITION 4. Let A= (A, F) be an algebra for which the lattice of weak
congruences Cw.A is a sublattice of the weak equivalence lattice EwA. Then,
A has strong CEP, CEP, CIP and *CIP.

Proof. If CwA is a sublattice of EwA, then pVA = pUA (by Lemma 1),
for every p € CwA, and A has the strong CEP. By Proposition 1, A has the
CEP, and the CIP as well. The *CIP holds by Proposition 2, since CwA is a
complete sublattice of FwA. O

Considering subalgebras, we have the following statement.
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LEMMA 2. If CwA is a sublattice of EwA, then A is a U-algebra (i.e., its
subalgebras are closed under the set union).

Proof. Recall that Sub.A is, up to the isomorphism, a sublattice of
CwA. O

Following [1], A is said to be a Rees algebra if B2 U A is a congruence on A,
for every subalgebra B of A.

If an algebra has the strong CEP, then obviously it has the CEP as well. The
converse holds for Rees algebras.

PROPOSITION 5. For a Rees algebra, the CEP implies the strong CEP.
Proof. Let pe CwA, p € ConB. Then,
(BEA(pVA)UA =pUA,

since, by CEP (see [5]):
B A(pVA)=p.

On the other hand, A is a Rees algebra and
(BPUA)A ((pVA)UA) = (B2UA)A(pV A)
=(B VA)A(pVA)=pVA,

since BZVA >pVA.
A is distributive in FwA and thus

pUA=(B>A(pVA)UA=(BEUA)A((pVA)UA)=pVA,
and A has the strong CEP. O

THEOREM 1. If A is a Rees U-algebra having the CEP, then CwA is a
sublattice of EwA.

Proof. Denote the join in EwA by +, and the one in CwA by V (U is
the set theoretic union, and A is the intersection, or the meet in both lattices).
Let p€ ConB, 8 € ConC, B,C € SubA.

(p+O)ANA=(pVO)AA, (1)
since p+60 € E(BUC), pvfe Con(BVC),and BUC=BVC.
(p+0)+A=(p+A)+(0+A)=(pUA)+(BUA) = (2)
(by Proposition 5, i.e., by the strong CEP)
=(pVA)+(VA)=
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(since Con A is a sublattice of EA)
=(pVA)VOVA)=(pVO)VA=(pVE)+A,

again by the strong CEP.
By Proposition 1, (1) and (2) imply

pt+0=pVvae.
O

Summing up Proposition 4, Lemma 2 and Theorem 1, we have the following
propositions.

THEOREM 2. For an algebra A, CwA is a sublattice of EwA if and only if
A is a Rees U-algebra satisfying the CEP.

THEOREM 3. CwA is a subalgebra of FwA if and only if A is a U-algebra
having the strong CEP.

In [1], some characterizations of Rees varieties were given. Using the prop-
erties of the weak congruence lattice we give another characterization of these
varieties.

THEOREM 4. For a variety V, the following conditions are equivalent:

(i) V is a Rees variety;
(ii) For every A€V, CwA is a sublattice of FwA.

Proof. (ii) = (i) by Theorem 2.

(i) = (ii). If V is a Rees variety, then subalgebras of each A € V are closed
under the set union and satisfy the strong CEP ([1]). Thus, by Theorem 3, Cw.A
is a sublattice of EwA, for every A € V. O

For a single algebra A, being a Rees one does not mean that CwA is a
sublattice of FwA, as shown by the following example.

EXAMPLE.
A is a 4-element Rees groupoid with nullary operations b and c:
l a b c d
a b a a c
b b b a b
c a a a a
d|d d d ¢

The lattice of weak congruences of A is shown in the following figure.
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o A?
oy’
BZ
A
p
Ap

Congruences on A: A?, 0 = {{a,b,c}, {d}}, A.
The only subalgebra: B = {a,b,c}.
Congruences on B: B2, p = {{a,b}, {c}}, Ap.

CwA is not a sublattice of FwA, since the equivalence p U A is not a
congruence on A.

In the following, we characterize algebras for which CwA = EwA.
LEMMA 3. If CwA = EwA, and |A| > 1, then A has no nullary operations.

Proof. Straightforward, since otherwise the least element of Sub .4 would
be nonvoid. O

LEMMA 4. Every subset of A is a subalgebra of A if and only if for each n-ary
operation f of A, and z1,...,z, € A

f(z1,...,2n) €{z1,...,ZT0n}.

Proof. Obvious. O

LEMMA 5. If | A |=2, then CwA = EwA if and only if f(z,...,z) =z for
every n-ary operation f of A.

Proof. Obviously, ConA = FA. By Lemma 4, if A = {a,b}, then
f(a,...,a) =a and f(b,...,b) =0b for every n-ary operation f of A. O
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LEMMA 6. If | A|=3, and CwA = EwA, then the only binary operations on
A are projections.

Proof. Let A ={a,b,c}, A= (A, f).If f is a binary operation of A,
then by Lemma 4, f(z,z) = z for every ¢ € A, and f(a,b) € {a,b}. Let
f(a,b) = a. The partition {{a}, {b,c}} induces a congruence p on A, and
thus (a,a), (b,c) € p. Hence f(a,c) = a. Using another partition of A and the
corresponding congruences, we obtain that f(z,y) =z for all z,y € A.

If f(a,b) =b, then similarly f(z,y)=1y. O
LEMMA 7. Let A= (A, f) be an algebra for which CwA = EwA. Now, if for
an n-ary operation f of A and a;,...,a, € A

Pllnso o pilliy s oo s Hig) = G 5
then
Pl 2a) =04

for all z1,...,zn € A such that z; =a; if aj=a; , j€{1,...,n}.

Proof. The equivalence p induced by the partition {{a;}, A\{a;}} yields
(ag,zr) € p, k€ {1,...,n}. Thus

(f(a'17"'1an)7f(m17"'7$’n)) €p,

ie., (ai,f(arl,...,zn)) €p,and f(z1,...,Z,) = a;. O

THEOREM 5. A= (4, f), |A| > 3, is an algebra for which CwA = EwA if
and only if there are no operations in A other than projections.

Proof. (i) Let all the operations in .4 be projections. Obviously SubA =
P(A).

Let p be an equivalence on a subset B of A. We have to prove that p is a
weak congruence on A. Let f € F, C F, and for z1,...,Zn, ¥y1,.--,Yn € B,
(z4,v:) € p- Since a restriction to B of a projection remains the projection, we
have that

(Flons s ns ma) s Flapse-asva)) E

(ii) Suppose that CwA = EwA. Then SubA = P(A), since [A) is iso-
morphic with SubA in CwA and with P(A) in EwA. Suppose that there
is an operation f on A which is not a projection. By Lemma 4, there are
A1y-- G, b1,...,by € A, such that for some ¢,5 € {1,...,n}, 1 # 7,

flar,... a5 ...,a5,...,8,) = a;, (3)

F1y .o biy by b)) = b, (4)
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and
ap #a; or by #b;, foreach k=1,...,n. (5)
Now, we shall consider the following two cases:
a) a; # b; and b) a; = b;.
a) a; # b;. Consider z1,...,z, € A such that = = a; iff ar, = a; and z;, =
bj iff by =b; , k=1,...,n. By Lemma 7, (3) implies that f(z1,...,Z5) = a;
and by (4) f(z1,...,2n) = b;, which is a contradiction.
b) a; = b; = a. Now, by (3), (4) and (5)
fla,...,an) = f(b1,...,by,) =a, where ay =b; implies ar #a.
Since |A| > 3 there are z,y € A such that a,z and y are all different. By
Lemma 7, (3) implies

f(wla---uwn)ZClv (6)
where
a, forap=oa,
Ty =14 y, forby=a,
x, otherwise.
By (4),
f(yl;---;y'n):a: (7)
where

a, forb,=a,
k= .
o x, otherwise.

The congruence p induced by the partition {{a,z}, A4\ {a,z}} implies by (6)
that
(Pl < 5 @) Flziyssss2n)) E 0,

z, forzy=a,
2k = .
Zr, otherwise.

where

Hence, since f(z1,...,24) =a, f(z1,...,2n) € {z,y}, and since (a,z) € p, but
(a,y) & p, we have that

Pty = ®)
On the other hand, the partition {{a,y}, A\ {a,y}} and the corresponding
congruence 0, yield by (7) that

(f(yla-"7yn)7 f(zly---azn)) €6.
Since f(y1,...,yn) = a, and f(z1,...,2,) € {z,y}, and (a,y) € 0 but (a,z) &
0, it follows that
flz1y-e . 2) =y,
contradicting to (8).
By (i) and (ii), the proof is complete. O
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COROLLARY 3. For an algebra A , CwA = FwA if and only if Con A = EA
and SubA = P(A).

Proof. The “only if” part follows from the previous theorem, since the

equalities Sub.A = P(A) and Con A = FA imply that every f € F is a
projection. O

An obvious consequence of Theorem 5 is also the following proposition.

THEOREM 6. For a variety V, the following conditions are equivalent:

(i) for every A€V, CwA= EwA;
(i) V is equivalent to the variety of sets.

(Recall that (ii) means that V' has no operations other than projections). O
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