TATRA
Tatra Mountains Math. Publ. 6 (1995), 95-102 AOU"TG‘“S

Mathematical Publications

COMPATIBILITY IN D-POSETS OF FUZZY SETS

FRANTISEK KOPKA

ABSTRACT. In this paper the notion of compatibility in D—posets of fuzzy sets
is introduced. Further the characterization of the finite compatible subsets of
D-poset of fuzzy sets is given.

1. Introduction

In many structures of fuzzy sets, for example, in fuzzy measurable spaces
introduced by Klement [8], soft o-algebras introduced by Piasecki [15],
F-quantum spaces introduced by Riecan [17], F-~quantum posets introduced
by Dvurecenskij and Chovanec [6], the original Zadeh [18] fuzzy
connectives, which are induced by the partial ordering of fuzzy sets, are used.

There are a lot of systems of fuzzy sets, for example, fuzzy quantum logic
introduced by Pykacz [16], fuzzy measurable spaces introduced by Butna-
riu [1] and Mesiar [13], T-measurable spaces introduced by Butnariu
and Klement [2|, h-fuzzy quantum logics and full fuzzy difference posets
introduced by Mesiar [11], [12], in which the operations of fuzzy sets are
defined by Gilles connectives [7], or they are introduced by means of t-conorms
and t-norms.

Recently has appeared a new mathematical model, a D-poset of fuzzy sets
or difference poset of fuzzy sets, introduced by author [9], in which a difference
operation is a primary notion and, moreover, a difference of fuzzy sets has the
same properties as the difference of crisp sets.

Some questions of the probability theory have been studied on D—posets of
fuzzy sets (see [3], [4]). The aim of this paper is to study a compatibility in
D-posets of fuzzy sets, which is a useful notion from the mathematical point of
view and, on the other hand, it has its own physical meaning. Compatible pairs
play an important role in the axiomatics of D-posets of fuzzy sets theories, since
they represent simultaneously verifiable events.
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Though the compatibility of a finite set of elements in a quantum logic means
that they belong to the same Boolean sublogic [14], in general, we cannot say
anything similar about the existence of such a Boolean subalgebra in the case
of D—posets of fuzzy sets, which enable a new look at the compatibility.

We note that there is a generalization of D—posets of fuzzy sets on any par-
tially ordered set, a D—poset, introduced by the author and F. Chovanec
[10]. D—posets generalize, for example, quantum logics, orthoalgebras, the set of
efects, MV algebras.

2. D—posets of fuzzy sets

A D-poset of fuzzy sets [9] is a partially ordered set F C [0, 1% with a partial
ordering <, a greatest element 1(z) = 1 for every £ € X and with a partial
binary operation \: F x F — F, called a difference, such that, for f,g € F,
g ~ f is defined if and only if f < g, and for ~\ the following axioms hold for
fig,heF:

(1) g~f<yg,
(2) g~(@~fH=7,
(3) if f<g<h,then h~g<h~fand (AN f)~(h~g)=g\f.

The following statements have been proved in [10].

PROPOSITION 1. Let f, g, h, d be the elements of a D—poset of fuzzy sets
F. Then

(i) 1N 1 is the least element of F; denote it by 0.
(i) f~0=f.
(iii) f~f=0.
(iv) If f < g, then g~ f=0 ifand only if g = f.
(v) If f<g, then g~ f =g ifand only if f =0.
Y If f<g<h,theng~f<h~fand (A~ f)~(g~f)=h~\g.
Y Ifg<hand f<h~g,then (h~g)~f=(h~f)\g.
(viii) If f < g<h, then f <h~ (g~ f) and (h\(g\f))\f:h\g.
) If f<hand g<h,then h~ f=h~g ifandonlyif f=g.
) Ifd< f<h,d<g<h,then h\f=g~difandonlyif h~g= f~d.
O
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3. -orthogonal systems of fuzzy sets

Let 7 be a D-poset of fuzzy sets. We put fL := 1 ~ f for any f ¢ F.
Then the unary operation L on F has the following properties: Q) (FHt =r;
(ii) if f < g then gt < f+.

We say that two fuzzy sets f and g are orthogonal, and write f L g, if
f < gt (or equivalently g < f1). For orthogonal fuzzy sets f and g we define
their sum as follows:

fog:=(g"~"

The partial binary operation @ on F is commutative and associative (see [5]).
It is not difficult to verify that the sum of orthogonal fuzzy sets has the following
properties:
PROPOSITION 2. Let F be a D—poset of fuzzy sets.

(1) Iff<g" then f< f®gand g< fDg;

(2) If f<g" then (f@dg)\f=gand (fBg)~g=Ff;

(3) If f,g,h € F, f < g < h, then there exists (h~g)® (g~ f) in F and

(hxg)@(g~f)=h~T.
=

Let F = {f1,..., fn} be a finite sequence of F. According to [5], recursively
we define for n > 3

fl@®fn = (fl@"'@fn—l)@fna

supposing that f1@®-- @ f,—1 and (f1®---® fo_1)® [y, exist in F. Definitorically

weput f1 D@ fp:=fiifn=1,and 1 ®---D f, :=0 if n = 0. Then for

any permutation (i1,...,i,) of (1,...,n) and any k with 1 < k < n we have

@ @fu=f,®  -&fi,
L& @fn=(hLO @)D (frt1@ - ®fn).

Let F be a D-poset of fuzzy sets. We say that a finite system F = {f1,..., fn}
n

of F is @-orthogonal iff f;®---& f,, exists in F and write L@ Bfn=D fi.
i=1

An arbitrary system G of F is @-orthogonal if every finite subsystem F of G
is @-orthogonal.

4. Compatibility in D—posets of fuzzy sets

In this section we give the definition of compatibility of two fuzzy sets and
the definition of a compatible subset of D-poset of fuzzy sets.
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DEFINITION 1. Let F be a D-poset of fuzzy sets. We say that two fuzzy sets
f,g € F are compatible (in F) if there exist such fuzzy sets u,v € F that
v<f<u,v<g<uand u~f=g~v. We write f < g.

The definition of compatibility of two elements is correct by the Proposition 1,
statement (x).

PROPOSITION 3. Let F be a D—poset of fuzzy sets.
(i) It f<g, then f = g.
(ii) If f,g,h are elements of F, f <h, g<h~ f then f < g.

Proof.
(i) Tt sufficestoput u=g and v=f. Then u\ f=g~ f=g~v.
(ii) From f <h and g < h~ f we get
f=h~ (N <h (B~ ~g),
J<h~(h~g)NF=h~((h~f)Ng).
)~ g) and v =0. Then

g=h~(h\g
We put u=h~ ((h\ f

u~ f = [h\((h\f)\g)}\f:(h\f)\((h\f)\g)=g:g\0.
|

THEOREM 1. Let F be a D-poset of fuzzy sets and let f,g € F. Then the
following four assertions are equivalent.

1) There exist u,v € F, v < f <u, v < g < wu such that u~N f=g~Nwv.
2) There exists u € F, f <u, g < u such that u~f<g,u~g<f,
respectively.

3) Thereexistsv € F, v < f, v < g suchthat g~v < INf, fNv <1y,
respectively.

4) There exists @®-orthogonal triplet {fi,g1,h1} of fuzzy sets from F,
such that f = f1®h1, g=01 P h1.

Proof. Let the assertion 1) hold, then the assertion 2) is evident.

Let us suppose that the assertion 2) is true, ie., there exists u € F, f < u,
g<uand u~g<f.Then

f\(’LL\g)Z(u\(U\f))\(U\g)I(U\(U\g))\(U\f)Ig\(U\f).

Put v = fN(u~g) = g~(u~f). Thenv < f, v < g and g~v = g\(g\(U\f)) =
u~ f <1~ f. The assertion 3) is proved.
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Let there exist v € 7, v < f, v < g such that g\v <IN f, and f~v < 1\g,
respectively. Then

(INgN(FNo)=00~Ng) N [INv) (1N f)]

=(1~g)~[((INv) N ( g\v))\((l\f)\(g\v))]

=1~ [ANdN (NN (gNv)]

=1~ (gN).
Weputuzl\[(l\f)\(g\v)]:1\[(1\9)\(f\v)].Then1\f2
(1\f)\(g\v)andsofgl\[(l\f)\(g\v)}:u.Theproofofthe

inequality g < u is similar.
Then we have

unf=N(ANHN@N)]NF=AHN[ENHN(gv)] =g,

and

ung=[AN (AN )] ~g=0~g~N[A~g~N(F~g)]=Ff~g,

Le., 1) is true. We have just shown the equivalency of assertions 1)-3).

Finally we prove the equivalence of the assertion 1) with the assertion 4).
Let the assertion 4) hold. We put u = f; ® g; ® h; and v = h;. Then

u2f,g, v=hi=gNg<g, v=h=fNfi<[f,
and
uNf=uN(fi®h)=g=g~hi=g~v.
Now let there exist v,u € F, v < f, g < u such that u~ g = f ~ v and
u ~\ f =g\ v, respectively. Put
fi=f~v=u\g, gi=g~v=u~f, hi=v.
Then
f=(~v)®v=Ffi0h and g=(g\v)Bv=g Dh.
The @®-orthogonality of triplet {f1,g1,h1} is evident. O

DEFINITION 2. Let F be a D—poset of fuzzy sets. We say that the finite subset
F={fi,fs,...,fn} C F is compatible (in F) if there exists a @-orthogonal
system G of elements of 7, G = {g;, t € T}, such that f; = ®{gs; t € T3},
where T; is a finite subset of 7', for every i =1,...,n.

An arbitrary subset E C F is compatible (in F) if every finite subset of E
is compatible (in F).
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If we consider pairs in F, our “general” definition, Definition 2, agrees with
Definition 1.

A D-poset ([10]) is a partially ordered set P with a partial ordering <,
maximal element 1, and with a partial binary operation \: P x P — P, called
a difference, such that, for a,b € P, b\ a is defined if and only if a < b, where
the following axioms hold for a,b,c € P: (i) b~a <b; (ii) b~ (b~ a) = a; (iii)
a<b<c=c~b<c~aand (cna)\(c\b)=b\a.

If B is a Boolean algebra and a,b € B, a < b, then b~a := bAat isa
difference on B, hence B is a D—poset.

Let P; and P, be two D-posets. According to [10] we say that a mapping
w: Py — Py is a morphism if w(lp,) =1p,, a,b € P;, a <b, implies w(a) <
w(b) and w(b~\ a) = w(b) \ w(a).

LEMMA 1. Let Fi, F2 be two D—posets of fuzzy sets. Let w : Fpy — Fa
be a morphism. Let F be a @®-orthogonal system of F;. Then w(F) is an
@-orthogonal system of F5.

Proof. By the definition of the operation & we have
w(f®g)=w[l~ (1N f)Ng)] =w@)~ [(w@) N w(f)) N w(g)] =
=1~ [(INw(f) N w(g)] = w(f) ®wlg).

Let G = {w(fl), coe W(fn)y f1y-.-fn € F} be an arbitrary finite system of
w(F"). Then, by previous, there exists w(f1 ® - ® fn) = w(f1)® ... w(fn) in
Fo. Hence the system w(F) is @-orthogonal. O

The previous Lemma implies the following theorem.

THEOREM 2. Let F1, F3 be two D—posets of fuzzy sets. Let w : F; — Fy
be a morphism. Let F' C F; be a compatible subset of fuzzy sets of F;. Then
w(F") is a compatible subset of fuzzy sets of Fs. )

The following theorem deals with the characterization of finite compatible
subsets of D—poset of fuzzy sets.

THEOREM 3. Let F be a D—poset of fuzzy sets. The finite subset F =
{a1,...,an} C F is compatible if and only if there exist a Boolean algebra
B and morphism w: B — F such that F C w(B).

Proof. Let B be a Boolean algebra, w: B — F is a morphism and
F C w(B). Let C = {b1,...,bp,} C B be a subset of elements of B such
that w(b;) = a; for every ¢ = 1,...,n. Denote \/ B = bp, V---V bp, , and
ANB=bp, A---Abp, for every B = {bg,,...,bg,} CC, 2<k<n.
If k=1 then \/B=AB=bp,,if k=0 then \/B=0s5 and \ B = 15.
Then in the system G¢ of B
Ge={ds = (AB)A[V(C~B)]", BCC}
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the following conditions are satisfied:

(i) dp <b; for every b; € B;

(ii) dp L b; for every b; € C, b; ¢ B;

(iii) b; = V{dB, BCC, b e B}, t=1,...,n.
Therefore the system G¢ is the system of mutually orthogonal elements. Since
the operation @ in B is identical with the operation V, G¢ is @-orthogonal
system. The morphism properties imply @-orthogonality of G = w(G¢), and
further

a; :w(bz) :w(\/{dB, BCC, b€ B}) = EB{w(dB), BCC, b€ B},

1=1,...,n.

Conversely, suppose that F C F is a compatible set, i.e., there exists a
®-orthogonal system G of elements of F, G = {gt; t € T}, such that a; =
©{g:; t € T;}, where T; is a finite subset of T, i =1,...,n.

Denote S = U‘Ti and h :‘EB{gt; t € §}. Let B be the algebra of all subsets

of the set {gz;—; € S}U{1~\h}. The map w: B — F such that
(i) w({ge}) = g¢, for every t € S;
(i) w({1\h}) =1~h;
(il) w(B) = @{w({b}); b € B} for every € B
is the morphism. Further it holds

w({gs; t € T;}) = EB{“’({Qt}); teTi} =d{g; teT}=a;
for everyi:l,...,n.Hencngw(B’).’ O
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