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ON ASYMPTOTIC BEHAVIOUR OF SOLUTIONS
OF FUNCTIONAL DIFFERENTIAL EQUATIONS

RoMAN KOPLATADZE

ABSTRACT. Sufficient (necessary and sufficient) conditions are given for a func-
tional differential equation to have properties A and B.

Consider the equation
ut™(t) + F(u)(t) = 0, (1)
where F': C" (R ;R) — Lioc(Ry;R) is a continuous operator. Everywhere

below we shall assume that a nondecreasing function o: R, — R, exists such
that \ li+m o(t) = +oo and for any ¢t € Ry
— oo

F(z)(t)=F(y)(t) if =z,y e C" ' (Ry;R)

and
z(s) = y(s) for s>o(t).

For any tp € Ry let M;, denote the set of u € C*" (R, ;R) satisfying

u(t) # 0 for ¢ > t*, where ¢* = min{to,0(to)}. The following assumption will
always be fulfilled: either

Fu)(t)u(t) >0 for t > o, for any tp € Ry and u € My, (2)

or
Fu)(t)u(t) <0 for t > ¢y, forany to € Ry and u € My,. (3)
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DEFINITION 1. Let ¢, € Ry . A function u: [tg,+oo[— R is said to be the
proper solution of the equation (1) if it is locally absolutely continuous up to
the order n — 1 inclusively, there exists a function @ € C™ (R, ;R) such that
u(t) = u(t) for t > to, almost everywhere on [tg, +00[

™ (t) + F(a)(t) = 0

and
sup{|u(s)|: s € [¢t,+oo[} >0 for any ¢t € [to,+oo|.

DEFINITION 2. We say that the equation (1) has the property A provided
any of its proper solutions is oscillatory if n is even and either is oscillatory or

satisfies .
@) 10 as t14oc0 (i=0,...,n—1) (4)

if n is odd.

DEFINITION 3. We say that the equation (1) has the property B provided
any of its proper solutions either is oscillatory or satisfies (4) or

lu®@ (@) 10 as t14+o0 (1=0,...,n—1) (5)
if n is even and either is oscillatory or satisfies (5) if n is odd.

Conditions for an ordinary differential equation to have the properties A and
B are studied well enough (see [1, 2] and references therein). The analogous
problems for the equations with deviating arguments are investigated in [3, 4].

THEOREM 1. Let (2) ((3)) hold and let for any ty € Ry
- ?i(t)
HOGIED / lu(s)|deri(tys)  fort>to, weMy,  (6)

izlo’i(t)

where the measurable functions r;(¢t,s) (i =1,...,m) are nondecreasing in s,
0;,0; € C(Ry;Ry), 04(t) <T4(t) (i=1,...,m) for t >0 and
it
im 28 S0 21, m). (7)
t—_:oo 3

Suppose, moreover, that there exists € > 0 such that for any | € {1,...,n—1}
and A € [l — 1,1 where | +n is odd (even) the inequality

lim tH/g"—HZ / Sderi(6,8)de > J[ AN —il+e
t—+o0 p i=1 o:(£) i=0,il

holds. Then the equation (1) has the property A (B).
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THEOREM 2. Let (2), (6), (7) ((3), (6), (7)) hold. Suppose, moreover, that

(n—2)/2 (n—2)/2
there exists € > 0 such that for any A€ |J [2k,2k+1] (A e U [2k-
(n—1)/2 (n—3)/2
1,2k[) if n is even and forany A€ |J [2k—1,2k[ A€ |J [2k,2k+1])
k=1 k=0
if n is odd the inequality

- Ti(€)

lim t/f” A= 22 / sdnﬁ,s)d§>H|)\—z]—|—€

t—+
= =1 o) =0

holds. Then the equation (1) has the property A (B).
COROLLARY 1. Let (2), (7) ((3), (7)) hold and let for any t; € Ry

F(u)(t)| > Zpl t|u(oi(t))| for t>to, u€ My,

where p; € Lioc(R4; Ry ), 05 € C(Ry;Ry), 0i(t) <t (i=1,...,m). Suppose,
moreover, that there exists € > 0 such that for any X € [n — 2,n — 1] (for any
A€ [n—3,n—2[U[0,1] if n is odd and for any A € [n —3,n —2[ of n is even)
the inequality

+co

m n—1
lim ¢ [ €272 (@)oot ©de > [T N —il +
+ =1 =0,

t—4o0

holds. Then the equation (1) has the property A (B).
COROLLARY 2. Let (2) ((3)) hold and let for any ty € R,

at
|F(u)(®)]| > tnil /‘u(s)lds fort >ty, u€ My,
at

where 0 < o < &, and
c¢>max{—-(A+1AA—1)---(A—n+1) (@ - )“"1): Aelo,n—1]}
(c>max{(A+1AA—-1)---A—n+1)@ " - a*): X e [0,n - 1]}) (8)

Then the equation (1) has the property A (B).
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COROLLARY 3. Let o > 0 and ¢ € ]0,+00[ (c € |— 00,0[). Then the
condition

c>max{—a*AA=1)---(A=n+1): A e [0,n — 1]}
(c<—max{a™AA—1)---(A=n+1): A€ [0,n—1]})

is necessary and sufficient for the equation
c
u™ () + - u(at) =0

to have the property A (B).

COROLLARY 4. Let 0 < a <@ and ¢ € |0,+00[ (¢ € ]— c0,0[). Then the
condition (8)

(c<—max{(A+1)AA-1)... A= n+1)([@* - ) xe0,n—1]})

is necessary and sufficient for the equation

at
. c
W)+ S / u(s)ds = 0
at
to have the property A (B).
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