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FINITE INDEFINITE MEASURES
ON HYPERBOLIC LOGICS

MARJAN S. MATVEJCHUK

ABSTRACT. We present a generalization of Gleason’s theorem for finite indefi-
nite measures on hyperbolic logics related with W*—factors in a Krein space.

Let H be a space with an indefinite metric [-,-], a canonical decomposition
H=H* [-l—] H~, and with a canonical symmetry J. H is a Hilbert space
with respect to the inner product (z,z) = [Jz,z]. There exist two orthogonal
projections P* and P~ such that P* + P~ =], J= P+ — P~ and PtH =
H*, PPH=H", [z,2] = (Jz,z), for any z,z € H. A W*—factor A in H is
called a W*J-factor, if J € A. A W*J—factor A is said to be a W*II-factor
if at least one of projections Pt or P~ is finite relative to A. Let AT be
the set of all orthogonal projections in A and II (= II(.4)) be the set of all
J—selfadjoint projections in A, ie., Il = {p € A: p? = p, [pz,2] = [z,p2], for
any x,z € H}. Let IIy be the set of all projections p € II such that the subspace
pH is finite relative to A. Now let II*™ (II7) be the set of all projections
p € II, for which the subspace pH is positive (Vz € pH, z # 0, [z,z] > 0)
(respectively, negative, i.e., Vz € pH, z # 0, [z,z] < 0). Any projection e € II
is representable in the form e =ey +e_, where e, €I, e_ e II~.

A mapping p: II — R (p: Iy — R) is called a measure if, for any repre-
sentation e = ) e, (the sum is understood in the strong topology), we have

L
p(e) = > p(e,). A measure p is said to be a semiconstant if p(e) = cr(ey)

Ve € II or pu(e) = cr(e—) Ve € II, where 7 is a faithful normal semifinite
trace on A; indefinite, if p[lIt > 0 and p[lI- < 0 (p[UT NI; > 0 and
plII~ NIy < 0, respectively). An indefinite measure p: II r — R is said to be
finate if, for any projection p € (II* UII™), the inequality sup{|u(q)|: ¢ < p,
g €1Ils} < oo holds.
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THEOREM. Let A be a W*J—factor different of Iy. Then for any finite in-
definite measure p: Il — R there exist a J-selfadjoint trace-class operator T
and a semiconstant measure u, such that u(p) = 7(Tp) + p«(p), Vp € Iy . If
the projections PT and P~ are infinite relative to A, then p* =

Proof. One can suppose that there exists a partial isometry v € A such
that vptv* < p~. Let g € Iy be an orthogonal projection and let gy > 0,
g— > 0. From the theorem of the paper [1] it holds that there exist a unique
J-selfadjoint trace-class operator T, (T, = gT,g) and a number ¢, such that
ple) = 7(Tye)+cgr(eq), Ve < g. If the projections g, and g_ are both infinite
relative to A, then ¢, =0 (0:-00=0).

Hence, if p € II; is an orthogonal projection and g < p, then gT,g = Tj
and ¢, =c4. Put c=¢p. '

Now we prove that ¢ = 0 if the projections Pt and P~ are both infi-
nite relative to A. Let {e,},e; be an infinite set of pairwise orthogonal finite
projections from A, and Y e, = PT. Put ¢, = ve,v*. The operators

L

a(3p. £v*0,) = 1(3p, V30" o, F V3p,v — v*p,0)

are projections from II~. Let T, = Ty, 4¢, - The operator T, is J-selfadjoint.
Hence,

u(q(%% & v*cpb)) = = (37(T.p.) £ V3T (T, (v, — @) — T(T.e,)) =

(3/~‘(‘PL) +2V3Re7(T.Jv*p,) — (p(e) — CT(eL))) (£0).

N[ = DN =

Let
X ={vel: (ue)—cr(e)) Rer(T,Jv*p,) < 0}.

The projections from {q(%gobv*goL)}LGX U {Q(%‘PLU*%)}LGJ\X are by the
construction pairwise orthogonal. Hence there exists the projection

q= Zb(%‘phv*(ﬁ,) i Z q(%‘Pn _U*(PL) ell”.
teX te\X

a

This implies

M=

DN | —

<Z|u(q(%<p“v*sob))|+ > |,U(Q(%<PL7*U*‘PL))|> < 400.
LeX

LeI\NX
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From this it follows

0< % > lule) —er(e)] < <Z 2V3ReT(T.Jv"p,) — (u(e,) — cr(e,))| +

LeTl LteX

DN | =

+ 3 |- 2vBRer(TIv 0 — (u(e) — CT<eL))|) <M+ 23 [r(Tp)| =

e\ X
3
=M - 5#(2%) < 4o0.
In addition, 0 < )" u(e,) < +o0o. Hence

el > 7(e) = lelr(p*) = le] - +00 < +oo.

This implies ¢ = 0.

Now we show there exists a J-selfadjoint trace-class operator 7' such that
gl'g = T, for any orthogonal projection g € II;. Any measure p can be
represented as the sum of a Hermitian component uy(e) = 5 (u(e) + u(er)),
Ve and a skew-Hermitian component u,(e) = $(u(e) — p(e*)), Ve. Hence
pn(e) = 7 (3(T, +Ty)e) +cr(es) and pg(e) =7 (3(T, - Ty)e), Ve < g. The
operator Thy = %(Tg + T,) is selfadjoint and J-selfadjoint and the operator
Tsg = 5(Ty — T}) is skew-adjoint and J-skew-adjoint (such as Ty, = JT;J).
This implies

Thg = P*TpyPt + P"Th,P~ and

Tsg = P*TsqP™ 4+ P TPt = U|P~ Ty, P*| — |P T, PT|UT,
where P~TyPT = U|P~T,P*| polar decomposition of the operator
P~T,,Pt.

By the theorem of the paper [3], there exist selfadjoint trace-class operators
At A~ such that A* = PTATP* and _

pn(e) = 7(A%e) +er(e), Ve < P,
pr(e) =7(A7e), Ve< P~.

Hence, there exist sequences of finite orthogonal projections {ej} and {e;},
ef <P*, ey <P, Vn, e | 0 such that the operators (ef)t At (ef)L and
(en)-A~(e; ) are bounded. Then by the Lemma 1 [1], the following inequality

|7 (e + en) Togler + 7)Y (r — 1)) | = 2| ps(7)] <
< 48||r||sup{u(e’) — p(e™): et < PT, e < P},
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where r € Iy, 7 < g < (e} + e7)L, holds. From this it follows that there
exists a constant t such that |T,g|| < ¢ for any projection g < (ef +e;)t.
" Hence there exist a skew-adjoint and a J-skew-adjoint bounded operator T
for which (e} +-e, )t Tr (e} +e;)t =T and gT"g = Tog, Vg, g < (et +e;)t,
T3 = (ef +e;)L T (e +e7)L, where m > n. Hence, lim T =T exists in

n—oo

7-topology. Let now T'= T, + A% + A~ . The operator T is that in question. O
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