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OBSERVABLES AND
EXPECTATION ON PTAK’S SUM

Orca NANASIOVA

ABSTRACT. A sum of a Boolean algebra and a quantum logic has been de-
fined by P. Ptdk [2] and is studied by V. Janis§, Z. Rie¢anovid [4],
V.Janis [3], V.Janis, O. Ndndsiovd [5], 0. Ndndsiovd [6], [11],
C.A.Drossos [7] etc. It was shown that there is a special case when this struc-
ture is a direct product [4], [5]. C. A. Drossos [7] has studied the connection
between this structure and a bounded Boolean power. The sum is a free product iff
the quantum logic is a Boolean algebra, too [11]. A representation of a state on
Ptak’s sum with the function of conditional probability on quantum logic is given.
Further, we describe a conditional expectation of an observable on Ptdk’s sum us-
ing the conditional expectation of an observable on the quantum logic with range
in the center of the quantum logic. An example of this representation is given.

1. Introduction

Let L be a quantum logic (briefly q.1.). In this paper, we consider the quantum
logic as an orthomodular lattice. Precisely, L is a partially ordered set with the
first and the last elements 0 and 1 respectively, with the orthocomplementation
1:L — L such that

(1) (at)t=a,for acL;

(2) @ <b implies at >bt, a,b€ L;

(3) for all a € L we have aVal =1;

(4) for any ay,...,a, € L there exists \/ a; € L;
i=1

(5) if a<b,then b=aV (bAat) (a,beL).

Two elements a,b € L are orthogonal if a < b+, and a,b € L are compatible
(a—b)ifa=(aVb)A(aVbt). Ifa; €L forany i=1,2,...,n and be L is
such that a; < b for all i, then b« \/a; and bA (\/a;) = \(a; AD) [1], [7].
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Let M be asubset of L and a € L, a # 0. We shall say that M is partially
compatible with respect to a (abb. as M is p.c. [a]) if the following is true:
(1) forall b€ M we have b« a (M < a; in symbols);
(2) forall b,c€ M we have bAa < cAa (i.e, MAa={bAa:be M}
is a compatible set).

A subset Ly C L is a sublogic of L if, for any a € L, we have al € L
and, for any a1,...,a, € L, \/a; € L. If for any a,b € L, a < b, then L is

2
a Boolean algebra. In the following we shall pick up C(L) the center of L, i.e.,
C(Ly={a€Lja«~b forany be L} ([1], [§]).
A state on L is a map m from L into the interval [0,1] on the real line

such that

(1) m(1) =1;

(2) m(Va;) =3 m(a;) if a; < aj, forall i#j (i,j=1,2,....,n).

2 2

If L is a quantum logic, then S(L) will denote the set of all states on
L. For S C S(L) we shall say that (L,S) is a quite full system (q.fs.) if
{m € S; m(a) =1} C {m € S; m(b) = 1} implies a < b [8].

Let L;, Ly belogics. Then a mapping f: L; — Ly is called a homomorphism,
if

(1) f(1)=1;
(2) flah) = fla)*;
(3) flavb)= f(a)V f(b) for a,b € L; such that a < bt.

If L; = B(R!), then a homomorphism f is called an observable on L,. Let
z be an observable on L. The spectrum of z is defined as the smallest closed
set o(z) such that z(o(z)) =1.

The set R(f) = {f(a); a € L1} is called the range of the homomorphism f.
Two homomorphisms h: Ly — L, g: Ly — L are called compatible if, for any
a € Ly and for any b € Ly, h(a) < g(b) (where Ly, Lo, L are quantum logics).

If a mapping f: L1 — L is an injective homomorphism and f~!: f(L;) —
Ly is a homomorphism, then f is called an embedding ([8]).

Let L, Q@ be quantum logics. Let m be a state on L and h be a homo-
morphism from @ to L. It is clear that a map m from @ into L such that
mp(a) = m(h(a)) is a state on Q.

DEFINITION 1.2. ([2]) Let B and L be a Boolean algebra and a quantum
logic, respectively. Then B@® L is a quantum logic with the following properties:

(1) there exist embeddings fo: B — B® L, fi: L — B @ L such that
fol@)A f1(b) =0 iff a=0 or b=0;
(2) there is no proper sublogic L containing fo(B)U fi(L);
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(3) for each couple of states mo € S(B), m; € S(L) there exists a state
p € S(B @ L) such that p(fo(a)) = mo(a) for each a € B and

p(f1(b)) = my(b) for any be L (= (mo,mq)).

This structure is known as Ptdk’s sum. In the following, we will mention only
the main properties of this structure. For any a € B@ L there exists an orthogo-
nal partition of 1, ¢y,..., ¢, , from B and elements ay,...,a, € L such that a =
V (fo(ei) A fi(as)). We can write a as the “vector” a = [(c1,a1), -, (cn,@n)]
T

and fo(c) = [(¢,1), (c*,0)], fi(a) = [(1,a)].

PROPOSITION 1.1. ([11]) Let L, A be quantum logics, B a Boolean algebra
and B ® L the Ptak’s sum. Then a map z: B® L — A is a homomorphism
iff there exist two homomorphisms h, g such that h: B — A, g: L — A and
h(a) < g(b), for any a € B and any b € L where h= fooz, g=fi0z.

Let L be a quantum logic. Let us denote by S(L) the set of all states
on L. Let B be a Boolean algebra. If My C S(B) and M; C S(L), then
My x M; C S(B@® L) in the sense that u € Mg x M; iff there exist mg € My,
my € My with p = (mg,mq). It is clear that S(B) x S(L) C S(B® L) [11].

PROPOSITION 1.2. ([11]) Let B® L be a Ptdk’s sum and h be a map from
B to L. Amap g: B®L — L which is defined as g([(c1,a1), ..., (cn,an)]) =
\ h(c;) A a; is a homomorphism iff h is a homomorphism from B to C(L).

PROPOSITION 1.3. ([11]) Let L be quantum logic such that C(L) # {0,1}
and B be a Boolean algebra. Let m € S(L) and h be a homomorphism from
B to C(L) such that there exist c € B with m(h(c)) # 1,0. Then there exist
two states a,m € S(B @ L) such that o # m but a/fi(L) = m/fi(L) and
a/fo(B) =m/fo(B).

PROPOSITION 1.4. ([11]) Let B be a Boolean algebra and let (L,M) be
q.fs., where M is a convex set of states.

(1) If there exists a homomorphism h from B to L such that R(h) #
{0,1}, then there exist states p,a € S(B @ L) such that p/fo(B) =

a/fo(B), p/f1(L) = o/ fi(L) but p#o.
(2) C(L)=1{0,1} iff for any homomorphism h from B to C(L) and and
for any state m € M , we have

zn:m h(c;))m(a;) :im h(c;) A ai),
i=1 i=1

where [(01, ai),...,(cn, an)] €eBoL.
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2. States as conditional probability

Let L bea quantum logic. Let L = LXLx--- be the direct product of copies
of L. With coordinatewise defined partial order and orthocomplementation L
becomes a quantum logic. Let us denote L(a) = {(a1,as,as,...); a; € L for

t=1,2,... and a; # a only for finitely many 7.} and £= |J L(a).
acl

EXAMPLE 2.1. Let B be a Boolean algebra with a countable set of atoms

{b1, b2, .. } such that for any b € B there exist a number n such that b= \/ b,
=1

or bt = \/ bj, . Let L be quantum logic. Let B@® L be Ptak’s sum. Then there

is an 1somorphlsm between B @ L and L.

Indeed, if (a1, a2,as,...) € Li(a), then there exits n such that for any n < i
a; = a. In the following, we will assume {b1,bs,...} as ordered set of all atoms.
Let h be a map such that

" .
h(al,ag,ag, "y ) = (bl, al), (bg,ag), ey (bn,an), <(\/ bz) ,a)] .
i=1
(For any ordered set of all atoms {b;1,b;5...,} we get another map h.)
We will prove that h is an isomorphism. It is clear that h(1,1,...) = [(1,1)]
and R(0,0,...) = [(1,0)] . Let a € L(a), ¢ € L(c). It means that

a=(a1,as,...,an,0,a,...)
and
O = (61004005 Ll Gy 564
Let £k < n. Then
ave=(a1Vey, aaVea,..., agVeg, agyiVe,..., apVe, aVe,...).

Now we have

h(a\/c):[(bl,alVcl),...,(bk,akVCk),...,(bn,anVC), ((\Tl/bi>l,a\/c>J
:[(bl,al),...,(bk,ak), (bn, an), <(\/b) a)J v

v [(bl,cl),...,(bk,ck), (br11,€), - -, (by, ), <(\zb>Lc>]
= h(a) v h(c). -
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It is known that a' = (ai,as,..., a;-,a",...), and therefore
h(a)* = h(a").
If a # c, then h(a) # h(c). From this we get that h is an embedding.
Let [(dl,al), e, (dn,an)] € B@ L. There is exactly one ¢ such that d; =

r=1

\/ bi; where b;; € {b1,ba,...}. Then for any k #1i dj = \/k brr . Now we have
j=1

a map g([(dl,al),...,(dn,an)]) = (c1,¢3,...), where ¢; = aj, if b < dy. It is
easy to show that g is embedding and g =h~!.

DEFINITION 2.1. [12] Let L beaq.l.and L. C L\ {0}. Let p: L x L, — R
satisfies:

(1) forany b€ L., p(./b) is astate on L and p(b/b) =1;
(2) if p(¢/1)=1 and b, (cVbL)AbE L, then
p(/b) =p(cVbT)Ab/b)p(/(cV b)) AD);
(3) if a,b,ce L and aVb, aVbVcE L., then
p(a/avbVe)=p(a/aVb)p(aVblaVvbVec);
then the function p will be called a function of conditional probability on L.

PROPOSITION 2.1. Let B @® L be Ptdk’s sum and h be a homomorphism
from B ® L to L. For any m € S(L), the state mj can be described as a
function of conditional probability on L.

Proof. If h is a homomorphism from B@® L to L, then fyoh < fioh.
If m € S(L), then the map my, from B @ L into [0,1], which is defined as

mh([(al, Bt )i ¢ 5 5 (g bn)]) = m(h([(al, b1),. .- (an, bn)])) ,
is a state of S(B @& L). Without lost of generality we can assume that
m(h(fo(a;))) # 0 for all = 1,2,...,n. Now we can calculate

'mh([(aly b1),- - (@n, bn)]) (h([(ah by), ..., (an, bn)]))
- m(\/ (h(folas)) A h(fl(bi))>

=1

3

m

h(fo(a:)) AR(£(5)))

H
Il
A

(
m(h fo(as))) m(h(fo(as)) A(A () /
Jm(h(fo(a))-
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It is clear that a map
p™(./a) = m((.) A a)/m(a)

if a € C(L) is a function of conditional probability and then we can write

m(B((ar,b1)s- - (@n, b)) = 3 9™ (B(fo(@0)) /1) 2™ ((BCA2 (8) /R fo(a) )

If b; =5 for all s € {1,2,...,n}, then
mp([(a1,0), - . -, (an, b)]) = m(h([(1,b)])) =
m(h(fo(a:)) ) o™ (h((8)) /h(foa) )

=1

O

COROLLARY 2.1.1. If we assume that B® L = C(L)® L and h(fo(a)) =a,
h(fl(b)) = b, then for any [(al,bl), - (an,bn)] € B®L and for any m € S(L)

i ([(@1,81), - (s ba)]) = S m(as) p™ (bifas)
i=1
If b, =0 forall i=1,...,n we get the theorem of full probability

m(b) = my([1,8]) = Zm(ai) p(b/as).

3. Observables and their expectations

Let L be a o-complete quantum logic (i.e., L is an orthomodular o-lattice),
z be an observable and m be a state on L. Then m: E — m(z(E)) for
E € B(R;) is a probability measure on B(R;). The expectation of z on a state
m is defined by the formula

m(z) = /mdm: //\m(d)\)

if the integral on the right-hand side exists.
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If a € L and z is an observable on L such that a < z (that is, a < z(E)
for any F € B(R')) and m(z) exists we can define

m(aAz) = /dm = //\m(ac(d)\) Aa).

If o is an observable on L such that z, ({0}) =1 and and z is any other
observable, where m(z) exists, then for the observable 2’ = (2 A a) V (zo Aat)
(ie., 2/(E) = (z2(E)Aa) V (zo(E) Aat) for all E € B(R!)) we have m(zAa) =
m(z').

DEFINITION 3.1. [13] Let L be a q.l. and Ly be a sublogic of L. Let = be
an observable on L, m be a state on L and a € L\ {0}. We will suppose that

(1) R(z)U Ly is p.c. [a];

(2) m(a) =1;

(3) there exists m(z).
Then by a version En,(z/Lo,a) of conditional expectation of the observable z
in the state m, relativized by Lo, we understand any observable z with the
properties:

(1) z< a;

(2) R(z)AaC LoAa;

(3) forany b€ Ly [zdm = [zdm if the integral on the right-hand side

exists. b b

In the following, we will assume that L will be a o-lattice. Let B be a
Boolean algebra and let a = (ay,...,a,) be an orthogonal decomposition 1 on
B. Let x = (z;)j~; be a family of observables on L. We define X: B(R') —
B®L by X = [(al,ml(E)), covy (@n, 2o (E))], where E € B(R'). We will say
that X is generated by (a,x,n) (briefly X = X(a,x,n). It is clear that X is
an observable from B(R') into B& L. It is known that o(X) = | o(z;) ([6]).

i=1

LEMMA 3.1. Let L be a q.l. and = be an observable. If m ¢ S(L) is such
that there exist m(z) then there is an observable z such that

/zdm:/zdm,
b b

for any b € C(L), where R(z) Cc C(L).

Proof. It is clear that R(z) UC(L) is p.c. [], ¢ € C(L). Let m be a
state on L and m(c) # 0. Then a map u(b) = m(b A c)/m(c) is a state on L
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and moreover p(c) = 1. From this we have that there is an observable z such
that z = E,(z/C(L), c¢) and R(z) AcC C(L) A c with

/md,uzb/Eu(x/C’(L), c)du,

b

for all b€ C(L) [13]. Let us denote 2/(E) = (2(E) Ac) V (zo(E) Act) for any
Borel set E. It is clear that 2’ is an observable and pn(z(E)) = pu(2'(E)) , where
E € B(R'). Moreover R(z') C C(L) and

/zduz/z'du,
b b
for all b € C(L). It is clear that
/wdmz/Em(m/C(L), c) dmz/z'dm.
b b b

O

PROPOSITION 3.2. Let B® L be Ptdk’s sum. Let there be a homomorphism
a from B to C(L). If X(a,x,n) is an observable on B@® L and m is a state
on L such that m(z;) exists for any i, then there is an observable z on L and
amap h from B® L to L such that, for any b € C(L),

/X(a,x,n)dmhz/zdm,
(1,6] b

R(z) C C(L).
Proof. Let a be a homomorphism from B to C(L). Then a map

h([(a1,b1), -, (an, b)) = \/ (aas) A ;)

i=1

is homomorphism from B@® L to L. Then X(a,z,n)o h is an observable on
L. Now

mp(X(a, x,n)) = /X(a,x,n) dmy, = /)\m(h(X(a,x,n)(d)\))),

72



OBSERVABLES AND EXPECTATION ON PTAK'S SUM

n

m(h(X(a,x,n)(E)))=m<\/( (a:) A z:(E) ) Zm (aas) A zi(E)) .

i=1

Then we get for any b€ C(L)

[ xamy = [ am(n(X(@xm@) A L0,80))
[(1,0)]

=Z/)\m(a(ai) Az;(dA) A D).

Without lost of generality we can assume that m(a(ai)) #0 foralli=1,...,

n

and p™((.)/a(a;)) = m((.) A afas)) /m(a(a;)) (e(a;) € C(L)). Then there is
an observable z; such that R(z;)Aa(a;) C C(L)Aa(a;) and, for any ¢ € C(L),

/ zdp((.)/oas)) = / By /atan (@:/C(D), ala:)) dp () /olas)
b

b

= / zidp((.)/o(as) -

b

Let us put z} = (2; Aa;) V (zo Aa;"). Then

Z/)\m (a(a;) Azi(dA) AD) = ) m(afa;)) /)\pm(zi(d/\) Ab/a(a;))

Il

m a(ai))//\Pm(zi(d/\)/\b/a(ai))

i=1

1l

z;dm

=ta(a;)Ab

m(z; A o(a;) A b) Z m(zi A D).

'P’J= HM:

i=1

Since 1 € C(L) we have

(X (2, x,m)) Zm<z')— (‘;())
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But |J R(z{) € C(L) and there is an observable z such that z = Y z/. Then
i=1 i=1
/ X(a,x,n)dmhz/zdm.

[(1,8)] b
O

EXAMPLE 3.1. Let (£4,%1,m1) and (Qa,F2,m); be two probability spaces
such that Q; = Qo = {1,2,3,4,5,6}, F; have atoms {{1},{2},{3,4,5,6}} and
F have atoms {{3},{1},{1,4,5,6}}. Let my({1}) = 1/4, m:({3}) = 1/2,
m1({2,4,5,6}) = 1/4, ma({1}) = 1/4, ma({2}) = 1/2, m2({3,4,5,6}) = 1/4.
It is clear that L = F; UF; is a q.l. (Fig. 1 (Greechie diagram) [14]).

5456 (2 1
@

{1,4,5,6}

Fig. 1.

It is clear that a function m is the state on L if m(a) = m;(a) for any
a€F; (i= 1,2).

Let us define maps z,y from B(R') to L as follow z({1}) = {1}, z({3}) =
8 o({2)) = 124,56}, 5({3)) = {1}, v({2}) = {2}, v(5}) = {3,4,5,6}.

It is clear that z,y are observable on L and o(z) = {1,2,3}, o(y) = {2,3,5}.
We can calculate expectations of these observables in the state m:

m(z) = 1m({1}) + 3m({3}) + 2m({2,4,5,6}) = 9/4,
m(y) = 3m({1}) + 2m({2}) + 5m({3,4,5,6}) = 3.

The set C(L) = {{1},{2,3,4,5,6},{1,2,3,4,5,6},@} is the center of L. The
set C(L) @ L is a Ptdk’s sum and X = [({1}, z), ({2,3,4,5,6},y)] is the
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observable on C(L) @ L. A homomorphism h from C(L)® L to L is defined

as follows:
h([(a, b), (a‘L, c)]) =(aNb)V (al Ac),
where a € C(L), b,c € L. We get

X({1}) = [{1} ({1D), ({2, 3,4,5,6},0)],
X({2}) = [({1}, ({2}), ({2, 3,4,5,6},{2})],
X({3}) = [({1}, ({3}), ({2,3,4,5,6},{1})],
X({5}) = [({1},9), ({2,3,4,5,6},{3,4,5,6})] -

Then

mp(X) = m({1}) + 2m({2}) + 5m({3,4,5,6}) = 5/2,
mp (X A [({17 2,3,4,5, 6})’ ({1})]) = 1/47
mp (X A[({1,2,3,4,5,6}), ({2,3,4,5,6})]) = 9/4.

Let z be an observable such that R(z) = C(L) and m(z) = 5/2. Then we
get m(z) = tym({1}) + tam({1}}) = t1/4 + t23/4. From this we have o(z) =
{10 = 3t2,t2} y and

mp(z A{1}) =t1/4, mp(z A {2,3,4,5,6}) = 3t2/4,
t1:3, t2=1

It is clear that the observable z is a version of conditional expectation

En(hoX/C(L),1).
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