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LAW OF LARGE NUMBERS ON
D-POSET OF FUZZY SETS

FERDINAND CHOVANEC — MARIA JURECKOVA

1. Introduction -

F. Képka defined the new structure a D-poset of fuzzy sets [1] and sug-
gested how to construct the probability theory on it .

The D—poset of fuzzy sets is a family F' C [0,1]° on which is defined the
difference (we denote g\ f) for any f,g € F, f < g such that:

(1) g\f<yg
(2 g\(g\fN)=f . ‘
(3) if f<g<h,then h\g<h\f and (h\f)\(h\g)=g\f and F

satisfies the following properties
(4) if 1,(t)=1 for every t € X, then 1; € F
(5) if {fn}nENgFa f,,/'f,then ng
An observable on a D-poset F' is a mapping z: B(R) — F with properties:
(6) z(R)=1, '
(7) if {A}nen C B(R), An /A, then z(4,) / z(4)
(8) if A,B € B(R), AC B, then z(B\ A) =z(B) \ z(4),
where B(R) is the Borel o -algebra of the real line R.
A state is a mapping m: F-— [0, 1], such that:
9) m(l:)=1 v
(10) if (fn)nEN C F, fn /' f, then m(f) = m(fl) A+ Zm(fn \fn—l)-
The mapping m: B(R) — [0,1], defined by the formuld7h,(4) = m(z(4))

is a probability measure. .
The mean value of the observable z in the state m is defined by the integral

 E(z) = /tdmz (if there exists),
R
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and the dispersion of z is integral

D(z) := /(t — E(z))® dm, (if there exists).
i
We denote L? = {z, z-observable: [t*dm, < oo}.

2. Definitions and notions

DEFINITION 1. We shall say that the observables z1,x,...z, are compatible,
if there exists the observable y and the real-valued Borel measurable functions
fiyfay--+y fn,such that z; =yo fi! for i=1,2,...,n.

By this definition we can introduce the calculus for compatible observables.

l zitzato o =yo(fi + f7 + o+ £,
T1Ty...Tn=yo(fi-fo...fu) tzi=yo f1.

In [2] it is shown, when thé observables are compatible.

DEFINITION 2. Let zi,...,Z,, n > 2, be the observables from F. Let the
mapping p; : R® — R be the projection p;i(t1,...t,) =tit; €R, 1 =1,2,...n.
We shall say that the observables z;,z;,...z, have a joint observable w :
B(R") — F,if '

(i) w®")=1,.

(i) if (An)nen C B(R"), 4y C Ant1, n €N, then \/ w(4,) € F and
\ n€eN

w(|J 4n) =/ w(4n)

n€EN n€EN _
(iii) ¥ A,B € B(R™), AC B, then w(B\ A) = w(B) \ w(4)
" (iv) w(p'(E)) = zi(E) for every E € B(R) , i =1,2,...,n.
It is easy to prove the next theorem.

THEOREM 1. If the observables z,,...,z, are compatible, then there exists
a joint observable for z1,...,z,.

16



LAW OF LARGE NUMBERS ON D-POSET OF FUZZY SETS

If the joint observable for zy,...,z, exists, then we are able to construct
some operations with zy,..:.,z,. E. g.,

1 & q. - 1«
;Zz;:wog 3 whereg:R"-—»R,g(tl,...,tn)=;Zt;,

i=1 i=1

zi-zj=woh !, where h(ur,...up) =ui-uj;, 4,j=1,...n

DEFINITION 3. We shall say that (z,).en of observables is

(i) finitely compatible if z,,...z, are compatible for every n,
(i) pairwise uncorrelated if E(z;-z;) = E(;)- E(z;).

3. Law of large numbers.

THEOREM 2. Let (z,)nen be a sequence of finitely compatible pairwise un-

. n
correlated observables from L? such that lim % E D(z;) = 0. Then for every
n—oco . =
=1 ’
€>0

lim m(% 'z:;(x. - BE(z;)) ((—e,e))) =1.

n-—co

Proof. Let J = {1,2,...,n}, n € N, J C N and let w be a joint
observable for zq,...,z,. :

We define the mapping P; : B(R") — [0,1], P;(A) = m(w(A)), for every
A € B(R™). By the Kolmogorov theorem there exists exactly one probability
measure P on measurable space (R",0(S)), (S being the algebra of all mea-
surable cylinders in RV ) such that P(r7'(4)) = Ps(A), for every A € B(R")
(w7 : RN — R" being the corresponding projection).
We define the mapping ¢; : RY — R by the formula £i((tn)nen) = ti.

We denote T = (t2)nen € R™. Then
(€1r--1En)7(A) = (T €RY: (E40),..., Ea(D)) € A) = (FE RY: (t1,...,10) €
A}={feRN:n;0) € A} = 73 (A)}.

We obtain that P((¢1,...,€:)71(4)) = P(r7'(4)) = m(w(4)) for every
A € B(RY).

It follows that P((El, cer gl )t (g"l(F))) = m(w(g“l(F))) for every F €
B(R) and every Borel function ¢:R™ - R.
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If g(ti,...,ta) Z(t, — ki), where k; = E(¢;) and ¥ = (—¢,¢), we
‘obtain P(% Z(Ei - E(&))_l(( —€,€) ) ( Z(z, E(z;) ((—E,E))) .B

the classical theory

lim P( Z(g, E() " ((-5.e)) =

n—oo
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