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NONTRIVIAL EXAMPLE OF
AN ASSOCIATIVE CONVOLUTION..

PETER MALICKY

In this paper we study & convolution of functions of the form:
(fxg)(=z) = / f@) g(e —y) K(z,y)dy,

where K is a given kernel. B. Harm an studiesin [1] an equivalent convolution
of the form

(f *g)(z) = 7f(y>g(§) $(z ) dy.

It is easy to see that all results of this paper may be reformulated for Harman'’s
convolution, because the additive group of all real numbers is isomorphic to the
multiplicative group of all positive numbers. We shall assume that K is a mea-
surable locally bounded function. When the functions f and g are measurable
bounded functions with a compact support, then f * g is defined correctly and
has the same property.

We are interested in conditions under which convolution * is associative, i.e.
(fixfa)*fs=fi*x(f2%f3).

Denote fi2 = f1 * fo and fo3 = fo* f3.
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Then

((fr * f2) * f3)(2) = (frz * fa)(z) =

[ futo) e - ) K@) dy =

[o =] oo

- / dy / f1(w) foly — w) K(y,w) fo(o — y) K (z,y) du =

~—~00

[oe] [e o]

/diL/fl(u)fz(y—U)K(y,U)fs(w—y)K(z,y)dy=

-0

= /du/‘fl(u)fg(;'z)K(z-{-u,u)ﬁ(m—-z—u)K(z,z-i—u)dz:

[o e} oo

= /du/fl(u)fg(z)fg(z—z—u)K(z+u,u)K(:c,z+u)dz,

and

((fr *(f2 * f2))(z) = (f1 * fas)(z) =

X} / fi(u) fos(z — v) K(z,u)dy =

o =]

/ du / fi(u) f2(2) fa.(:v - z) K(z — u,z) K(z,u)dz.

-—00

 Therefore condition
K(z+u,u)K(:z:,z+u)=K(:v—u,z)K(x,u), (1)

for almost all z, u and z, is sufficient for the asociativity of convolution =* .

Now, we shall show that this condition is also necessary. Integrating (f; *
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f2) * f» and fi * (f2 * f3) we obtain

/ ((fr * f2) * f3)(z) do =

=/dz/da/fl(u)fz(z)ﬁ(m-z—u)K(z+u,u)K(m,z+u)dz=

(==} (s} (==}

-‘ .=/du/dz/fll(u)fg(z)fg(z—zfu)K(z+u,u)K(x,z.+u)dz=
— 7du 7dz 7f1.(1.z)f§(z) FOK(z+u,u)K(t+u+zz2+u)dt,

and

(fr *(f2 % f3))(z)dz =

fi(u) f2(2) fa(z —u — 2) K(z — u, 2) K(m,u) dz =

[
8

[o W
2
SI\.8 é\.S SI\8
: [=H
N

du

fi(u) fa(2) fa(z —u — 2) K(z — u,z) K(z,u)dz =

Il
213\.3 é\.s é\.g é\.g
~—.3. é\.g

{
8

(=9
ﬁ

dz

\8

fi(u) f2(2) fs() K(t + 2,2) K(t + u + z,u) dt.

!
8

Taking f1, f2 and f3 characteristic functions of arbitrary intervals we see that
condition

K(z4+u,u) K(t+u+z,z2+u)=K(t+2z,2)K({t+u+zu) (2)

for almost all ¢, u, 2 (with respect to three-dimensional Lebesgue measure) is
necessary for the associativity of the convolution * . Equivalence of (1) and (2)
is obvious after substitution z =t +u + z.

The following theorem yields examples of solutions of the functional equation

(2)-
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THEOREM 1.
(i) Let k be a real function which is nonzero everywhere. Put

Kie,y) = 22— 0 H0) ;(Z))k(y) :

Then K is a solution of (2). ‘
(ii) If K, and K; are solutions of (2) then K = K; - K; is a solution as well.

1 for y(z—y) 20,

(iii) Put Ko(z,y) = { 0 for y(z—y)<0.

' 1 f > d z—y>r,
Let r > 0. Put Kl(:c,y)={0 ;2&1;; Ao L

1 for y<r and z—y<r,

Let r < 0. Put Ky(z,y) = { 0 otherwise

Then Ko, K, and K, are solutions of (2).

Proof. Parts (i) and (ii) may be verified in a direct 'way. We shall show
that Ky is a solution of (2).
Denote @ = uz, b=1#(u+2), c=tz and d = u(t + z). Note that

1 for a>0
K = ="
o(z +u,u) {0 for a<0,
1 for 620
Ko(t \ — -
ol +u+vzz+u) {0 for b<0,
1 for ¢>0
Ko(t+2,2) = =
. ot +2,2) {0 for ¢<0,

1 for 420,

Ko(t+u+z,u)={0 for d<0

If z=0 then a =c =0 and b= d and (2) is satisfied. Let z#OlThen u=g,
2z
c a g s
t-;, b_c(;z--!-l) gnd d=a(;2-+1).

Ifa>0 and cZthen b>0 and d>0.
fa>0and c<0 then b<0.
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If a <0 and ¢> 0 then d < 0. In all cases (2) is satisfied.
I a <0 and ¢ < 0 then (2) is satisfied as well.

Now, we shall show that K; is a solution of (2) (for r > 0).

Let Ki(z 4+ u,u)Khi(t+u+2,2+u)=1.Then 2 >r, u >r, t > r and
z4+u>r.Wehave t +22>2r >r. It means Ki(t +2z,2) Ki(t +u+z,u) =1.
Let Ki(t+2,2)Ki((+u+zu)=1.Thent>r, z>r, t+2>r and u >r.
We have z+u > 2r > r. It means Ky(z +u,u) Ki(t+u+2,z+u)=1.

The proof for K, is similar.

k(z) k(z/y)
y k(z)

nonzero everywhere. Then ¢ satisfies the functional equation:

CORROLARY. Put ¢(z,y) = , where k is a real function which is

z¢(zy, v) $(zyz, zy) = $(yz,y) (zyz,z),
‘which appears in [1].

It would be interesting to obtain all solutions of (2), particularly it is interest-
ing whether every associative convolution is also commutative.A necessary and
sufficient condition for the commutativity is :

K(z,y) = K(z,z —y) élmost for all z and y.

All kernels described in Theorem 1. yield a commutative convolution.
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