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STATES ON SOFT FUZZY ALGEBRAS —
FINITE AND COUNTABLE ADDITIVITY

MIRKO NAVARA — PAVEL PTAK

ABSTRACT. We bring a summary of recent results on states on soft fuzzy al-
gebras (s. f. algebras) and point out some of their explicit consequences. We are
mainly interested in the characterization of state spaces, the enlargements of s. f.
algebras related to states, extensions of states, etc. A special attention is paid to
the comparison of results for finitely additive states and for countable additive

. states. The basic technical tool for our investigation is a Boolean representation
of s. f. algebras, which, we believe, might shed light on many questions of fuzzy
logics, too (see [1], [2], [4], [6], [16], [21], etc.).

1 Basic definitions

Let us first recall the basic definitions we shall deal with in the sequel (see
(5, 7, 19]).

DEFINITION 1.1. Let. X be a non-empty set. A soft fuzzy algebra on X (resp.
a soft fuzzy o -algebra) is a set F C [0,1]¥ satisfying the following conditions:

(1) the constant zero function belongs to F',
(2) f a€ F,then a'=1-a€F,
(3) if {a;}jes is a finite (resp. countable) subset of F', then \/ a; € F
jedJ
(the symbol \/ means here the pointwise supremum of functions),
(4) the constant function 1/2 does not belong to F'.

We call X the domain of F'.

It can be seen easily that an s. f. algebra is a distributive de Morgan lattice
with a least element, 0, and a greatest element, 1. The mapping ', a comple-
mentation, is an order antiisomorphism. The function a A a', for any a € F,
does not exceed 1/2 (obviously, it does not have to be 0 in general).

In what follows, we shall sometimes deal with Boolean representations of s. f.
algebras and therefore combine the s. f. algebra notions with Boolean notions. For
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the sake of unification, let us formulate next definitions (and Def. 6.1 later on)
in a structure containing both s. f. algebras and Boolean algebras. A suitable
structure for this purpose seems to be a distributive de Morgan lattice. (The
definition of a distributive de Morgan lattice is self-explanatory.)

Let F,G be distributive de Morgan lattices (resp. distributive de Morgan o -
lattices). A mapping h: F' — G is called a homomorphism (resp. o -homomorph-
ism) if

(1) for each a € F', h(a') = h(a),
(2) for each finite (resp. countable) set {a;j}jcs C F', R(V a;) =V h(a;).
JjedJ JjEJ

Observe that h preserves the partial ordering of F' and G . Moreover, if we
write Wo(F) = {aAd': a € F} (weak zeros) and Wy (F) = {aVa': a € F}
(weak units), then h maps Wy(F) into Wy(G) and Wi(F') into Wi(G).
Obviously, if both F and G are Boolean algebras, then our definition of
a homomorphism coincides with the standard Boolean one.

DEFINITION 1.2. Let F be a distributive de Morgan lattice (resp. o -lattice).
A state (resp. o -state) on F is a mapping s: F' — [0,1] such that
(1) if a € Wi(F), then s(a) =1,
(2) if {aj}jes is afinite (resp. countable) pairwise orthogonal subset of F
(i-e., if a; < a} for i #j), then s(\/ a;) = 3 s(a;).
J€J ]

jEJ

Let us denote by S(F') (resp. So(F)) the space of states (resp. o-states) on
F. :

Thus, a state is a generalization of the Boolean notion of a probability mea-
sure. It is believed (see 7], [12], [19], etc.) that states might find an application
in the quantum axiomatics or in “soft” sciences. For the later use, let us recall
that F is said to be unital (resp. o -unitel) if for each a € F\ Wy(F) there is
a state (resp. o -state) s such that s(a) =1.

2 Boolean representations of s. f.
algebras and state spaces properties

In this section we establish certain analogy of s. f. algebras and Boolean
algebras.

s

DEFINITION 2.1. A Boolean algebra (resp. Boolean o -algebra) B is a Boolean
representation (resp. Boolean o -representation) of an s. f. algebra (resp. s. f. o -

algebra) F' if there is a homomorphism (resp. ¢-homomorphism) h: FF 2% B
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such that for each state (resp. o-state) s on F' there is a state (resp. o -state)
t on B satisfying s=toh.

It turns out that the states on an s. f. algebra and the states on its Boolean
representation are in a one-to-one correspondence [17]. (We allow here also the
degenerate Boolean algebra with 0 = 1.) However, the representation mapping
h is seen not to be injective if F' is not a Boolean algebra (in fact, Wy(F)
always belongs to the kernel of h). Let us first take up the o-additive case.

A. Boolean o-representations of s. f. o-algebras.
The next result — the existence and characterization of Boolean o -repres-
entations — was proved in [15]:

THEOREM 2.2. Every s. f. o-algebra F' has a Boolean o -representation.
Moreover, there is a minimal and a maximal Boolean o -representation, B™™®
and BT** | respectively. A Boolean o -algebra B is a Boolean o -representa-

tion of F' if and only if there are o-homomorphisms hy: BT'?* % B and
hy: B 22 pmin

The maximal and the minimal Boolean o -representations are unique up to
Boolean isomorphisms. The maximal Boolean o -representation is a reflection
of F in the category of Boolean o -algebras (see e.g. [14]). The kernel of the
maximal Boolean o -representation is the minimal o-ideal I, = {a € F': (b€
Wi(F): a Ab € Wo(F))} from [7, Th. 3.4]; in fact, the maximal Boolean o-
representation has already been constructed in [7] (however, the consequences
for the o-state spaces have not been derived there). The kernel of the mini-

mal Boolean o -representation is (]  s7!(0). Thus, N 4=
. s€S,(F) teS, (B™in)
{O0pmin} . Moreover, we have the following result.

PROPOSITION 2.3 [15, Prop. 3.4, Th. 4.5]. A Boolean o -representation B of
an s. f. o-algebra F is minimal if and only if B is o -unital.

It is a natural question to ask whether all Boolean o -algebras can be ob-
tained as Boolean o -representations of s. f. o -algebras. The answer to the latter
question is given in the following theorem (a Loomis-Sikorski theorem for s. f.
o -algebras).

'THEOREM 2.4 ([15, Th. 3.5], see also [17, Th. 2.6]). Every Boolean o -algebra
is a maximal Boolean o -representation of an s. f. o -algebra. Every o -unital
Boolean o -algebra is a minimal Boolean o -representation of an s. f. o -algebra.

Remark 2.5, In [7], the authors prove that each Boolean o -algebra is a
o -homomorphic image of an s. f. o :algebra. However, their result does not lead
to a Boolean o -representation in our sense.
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As there are Boolean o -algebras admitting no nonzero o -additive measures
(see e.g. [22]), Th. 2.4 has the following consequence which answers the question
posed in {5, 7]. -

COROLLARY 2.6 [17, Cor. 2.7]. There is an s. f. o -algebra admitting no o -
state.

If an s. f. o -algebra admits no o -state then its minimal Boolean O -repres-
entation is degenerate. The maximal Boolean o -representation is never degen-
erate [7].

B. Boolean representations of s. f. algebras.

In the case of finitely additive structures Boolean representations are much
simpler. Preceding results on Boolean ¢ -representations (Th. 2.2, Prop. 2.3 and
Th. 2.4) remain valid: However, as all Boolean algebras.are unital, the maximal
and the minimal Boolean representations coincide.

THEOREM 2.7. Every s. f. algebra F' has a Boolean representation. This
Boolean representation is unique (up to a Boolean isomorphism).

The Boolean representation is the reflection of F' in the class of Boolean
algebras. Its kernel is the minimal ideal I = {a € F: (3b € Wi (F): aA b €

Wo(F))} = (1 s7(0). As a consequence, all s. f. algebras are unital. By an
S€S(F) ' :
analogy with Th. 2.4, we obtain the following result.

PROPOSITION 2.8. Every non—degenérate Boolean’ algebra is a Boolean rep-
resentation of an s. f. algebra.

Boolean representations are always non-degenerate. The degenerate Boolean
algebra is the Boolean representation of a fuzzy algebra which is not soft, i.e.
which contains the element 1/2 [19]. As every non-degenerate Boolean algebra
admits a (two-valued) state, so does every s. f. algebra.

PROPOSITION 2.9 ([7, Th. 3.7] see also [18, Cor. 1.6]). Every s. f. algebra
admits a two-valued state.

In view of Th. 2.4 and Prop. 2.8, neither minimal nor maximal Boolean
representation has to be a complete Boolean algebra. Nevertheless, if the affine
dimension of the state space is finite (resp. countable in the o -additive case),
the Boolean representation admits a strictly positive state and it is therefore
complete. In this case an alternative approach is possible (see [4]).
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-3 Direct sums

In this section we find a characterization of states on the direct sum of s. f.
algebras — they are exactly convex combinations of the respective “coordinate”
states.

DEFINITION 3.1 [18]. Let F;, j € J, be a collection of s. f. algebras (resp.

s. f. o -algebras) with domains X ;. Let us suppose that the sets X;,j € J, are

mutually disjoint. Put X = |J X; and define the set F' of all fuzzy subsets a
i€J

of X suchthat a|X; € F; forall j € J. Then F is an s. f. algebra (resp. s. f.

o-algebra) on X . We call it the direct sum of soft fuzzy algebras Fj, j€ J.

THEOREM 3.2 [18, Th. 2.2]. Let Fj, j € J be a finite (resp. countable)
collectjon of s. f. algebras (resp. s. f. o -algebras) with domains X, . Let s; be
a state (resp. o -state) on F; (j € J). Let F be the direct sum of Fj (j € J).
Then for any choice of non-negative reals c¢; (j € J) with >, ¢; = 1, the
jEJ
mapping s defined by the formula s(a) = Y c¢jsj(a | X;) is a state (resp.
jeJ
o -state) on F. Moreover, all states (resp. o -states) on F' can be expressed in
the latter form.

Remark 3.3. The latter theorem for o -states on s. f. o-algebras remains
valid if J is of the first uncountable cardinality [23]. In that case only countable
many of the numbers ¢; (j € J) may be nonzero.

4 Enlargements

Here we discuss the existence of state determined enlargements of s. f. alge-
bras. Prior to stating the results, let us recall a few definitions.

DEFINITION 4:1 (17, 18]. Let F, G be s. f. algebras (resp. s. f. o -algebras).
Then G is said to be an enlargement (resp. o -enlargement) of F' if there exists
an injective hpmomorphism (resp. o-homomorphism) e: F — G.

Observe that if G is an enlargement of F' and if e is the enlargement map-
ping then e(F) is an s. f. algebra in its own right. Thus, the s. f. algebra F' may
be viewed as a subset of G. In a dual expression of this, we call F' a soft fuzzy
subalgebra (resp. soft fuzzy sub-o -algebra) of G.

If C1,C; are two convex subsets of R! (I is a set), then we call Cq,C,
affinely homeomorphic if there is an affine isomorphism of C; onto Cy which is
a topological homeomorphism.
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DEFINITION 4.2 [17]. An s. f. algebra (resp. s. f. o-algebra) F is called
state-inflatable (resp. o -state-inflatable) if it admits enlargements (resp. o -
enlargements) with preassigned spaces of states (resp. o-states), i.e., for each
Boolean algebra (resp. Boolean o¢-algebra) B there is an enlargement (resp.

o -enlargement) G of F such that the spaces S(G), S(B) (resp.Sq,(G), S, (B))

are affinely homeomorphic. o
THEOREM 4.3 [18, Th. 3.1]. Every s. {. algebra is state-inflatable.
For the finite-dimensional state spaces we obtain the following corollary.

COROLLARY 4.4 [18, Cor. 3.2]. Let n be a natural number. Then every s. f.
algebra admits such an enlargement G that S(G) is an n-dimensional simplex.
In particular, every s. f. algebra admits such an enlargement G that S(G) isa
- singleton.

In the case of o -additive states the situation is somehow different.

THEOREM 4.5 [17, Cor. 2.9]. Ans. f. o -algebra F is o -state-inflatable if and
only if F' possesses a two-valued o -state.

5 Extensions of states

In this paragraph we ask if every state on an s. f. algebra can be extended
over its enlargement. As we have seen, there are enlargements whose state spaces
are singletons. Thus, if we want to make our question meaningful, we have to
assume the unitality of the enlargement in question.

THEOREM 5.1 [18, Th. 4.2). Let F, G be s. f. algebras and let G be an
enlargement of F'. Let G be unital. Then every state s € S(F) can be extended
over G. %

In other words, the latter theorem asserts that if s E S(F ) then there is a
t € S(G) such that t|F=s.

Obviously, the situation is quite different if we require countable add1t1v1ty
of states. In fact, in the o -additive setup the question does not seem to be well
posed (an analogue of Th. 5.1 does not hold even if F is a Boolean ¢ - algebra).

6 Representation of observables
and the uniqueness property -

In this section we study observables (generalized random variables). We show
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that Boolean o -representations allow a natural representation of observables,
too. Further, we introduce the uniqueness property for bounded observables
(analogous to the property studied for quantum logics — see [10, 20]). It turns
out that exactly the minimal Boolean o -representation possesses this property.

Observables seem to be meaningful only in the context of the countable ad-
ditive states. Thus, we restrict our attention to s. f. o -algebras in this section.

DEFINITION 6.1. An observeble on a distributive de Morgan o -lattice F is
a o -homomorphism of the Borel o-algebra B(R) into F [7]. An observable z
is bounded if z(R) = z((—m,m)) for some m € R. We denote by O(F) the
set of all observableson F'.If s € S(F), z € O(F), then soz is a probability
measure on B(R) — the distribution of the observable x in the state s. We
denote by E(s,z) its mean value (if it exists).

_Let F' be ans. f. -o-algebra, B its Boolean o -representation and h the
corresponding ¢-homomorphism. If z is an observable on F then y = hoz

is an observable on B. The mapping hp:z — hoz (O(L) —» O(B)) is

generally not injective, but it is surjective as the following theorem says.

THEOREM 6.2. Lét B be a Boolean o -representation of an s. f. o -algebra F
‘and let 'y be an observable on B. Then y = hoz for some z € O (F).

Let us.explicitly formulate the “observable” analogy coming into existence in
the couple of an s. f. o-algebra and its Boolean o -representation.

THEOREM 6.3 [15, Th. 4.4]. Let F be an s. f. o -algebra and B its Boolean
o -representation. Then we have the following results:

(1) there exists a homomorphism h: F 223 B

(2) there exists a bijection hg: Se(F) — S,(B) such that
" Vs € So(F) Va € F: s(a) = hs(s)(h(a)),

there exists ho : O(F) 28 O(B) such that

Yz € O(F)VT € B(R): h(z(T)) = ho («)(T).
‘."For‘avllllz € O(F) and s € S;(F) the Borel measures soz, hs(s)ohe (z) are

equal and therefore the observables z,h o (z) have the same distribution in the
corresponding states s, hg(s), resp. :
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In view of Th. 6.3, the following diagram commutes:

~ B(R)
/ \\ho (z)
\ hs(s)

Boolean o -representations are generally not o -fields of sets. This makes it
more or less meaningless to try to represent observables by measurable functions.
On the other hand, we can represent observables as “pointless random variables”
(see [3]).

We say that two different bounded observables y,z are indistinguishable if
their mean values E(s,y) E(s,z) are equal in each o-state s. A distributive
de Morgan o -lattice is said to have the umqueness property if it admits no
indistinguishable observables.

THEOREM 6.4 [15, Th. 4.5]. An s. f. 0 -algebra has the uniqueness property
if and only if it is (isomorphic to) a o -field. A Boolean o -representation of an
s. f. o -algebra has the uniqueness property if and only if it is minimal.

The significance of the minimal Boolean o -representation is that it represents
exactly those events and observables (and also related phenomena) which can
be distinguished by states. Thus, one can avoid the ambiguity appearing in s. f.
o -algebras.

As applications of Boolean o -representations, let us mention the s. f. o-
algebra analogues of the central limit theorem and the strong law of large num-
bers [9], the Radon-Nikodym theorem [8], the existence of a joint distribution (7]
and the individual ergodic theorem [11]. All these results may be derived from
the existence of a Boolean ¢ -representation. The latter representation approach
allows also to develop a calculus for observables (with the disadvantage that
the corresponding observables on s. f. o -algebras are determined only up to the
indistinguishability; this does not appear in the approach of e.g. [9]).
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7 Questions related to “concrete” o-representations

Attempts were made to represent s. f. o-algebras by o-fields of sets
[5, 6, 13, 19]. This approach has led to promising applications (8, 7, 9, 11].
On the other hand, it has also presented itself with certain flaws. The thing
is that the correspondence between the elements of an s. f. o -algebra and the
elements of the representing o -fleld is not unique. This imperfection is necessary
in the representation by o -fields as the following result says.

PROPOSITION 7.1 [15, Prop. 2.3]. There is an s. f. o -algebra F admitting
no ¢ -homomorphism into a o -field.

Moreover, the o-representations by o -fields have also the following rather
negative features: The correspondence between states is injective, but it is not
onto. The observables are represented by measurable functions, but - different
observables on F' may be represented by the same function and different mea-
surable functions may correspond to a single observable. All these inconveniences
(safe for the injectivity of the observable correspondence) are avoided in the use
of Boolean o -representations. (Obviously, in the finitely additive case Boolean
representation by a fleld of sets is always possible.)
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