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Dedicated to the memory of Tibor Neubrunn

ABSTRACT. We discuss the question of continuity of both separately and jointly
Christensen measurable multiadditive mappings; a similar result concerning poly-
nomial functions is given.

1. Introduction

Let (G, +) be an abelian Polish topological group and let Mg stand for the
o-algebra of all universally measurable subsets of G. By Ho(G) we denote the
collection of all Haar zero sets in G, i.e. the subfamily of Mg consisting of all
sets admitting a probability measure p: Mg — [0,1] such that u(A+z) =0
for every = € G. Following P. Fischer and Z. Stodkowski [5] denote
by Co(G) the family of all subsets of the members of Ho(G) and write

C(G): ={BUC:B€eMg and Ce Co(G)}.

Any set from Co(G) is termed a Christensen zero set whereas the phrase
“D C G is Christensen measurable” will stand for “D € C(G)”; a probability
measure in question while considering a Haar zero set A will be called a testing
measure for A. The family Co(G) forms a o-ideal invariant under translations
with respect to zero whereas Co(G) yields a o-algebra containing all universally
measurable sets.

Finally, a mapping f from G into a topological space Y is called Christensen
measurable provided that f~1(U) € C(G) for every open set U € Y.

The notion of Christensen measurability of both sets and mappings proved
to be very good analogues of the classical Haar measurability to which they
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reduce in the case where the topological group considered happens to be locally
compact. :

For further details and proofs the reader is referred to J. P. R. C h risten-
sen’s monograph [4].

Extending a well-known result stating that every Haar measurable homomor-
phism of a locally compact group into a separable group is continuous (see e.g.
E.Hewitt & K. A. Ross [10], P. Fischer and Z. Slodkowski have shown
in [6] that the same remains valid for Christensen measurability. In 1988 J.
P. R. Christensen and P. Fischer [5] proved that any Christensen measurable
biadditive mapping on thie product of two abelian Polish groups into another
abelian Polish group has to be continuous. However, their proof methods do not
carry over automatically neither to multiadditive mappings nor to polynomial
functions (see Section 4. below). Therefore, in the present work we will discuss
the question of continuity of both separately and jointly Christensen measur-
able multiadditive mappings; a similar result concerning polynomial functions is
given in Section 4.

It should be emphasized here that, in contrast to the case of Haar mea-
surability on LCA-groups, in general, Fubini type theorems fail to hold for the
o-algebras C(G1xG32) and C(G1), C(G2) of Christensen measurable sets as well
as for the o-ideals Co(G1 x G2) and Co(G1), Co(G2) of Christensen zero sets

_(see J. P. R. Christensen’s paper [3]). Therefore, in particular, the C(G1 x G3)-
measurability of a set (of a mapping) does not imply the C(G;)-measurability of
Co(G2)-almost all horizontal sections of that set (that mapping). Some partial
positive results in connection with that (essential) difficulty are given in [9].

2. Separate measurability

In what follows, we shall permanently be assuming that a positive integer
k and topological groups (G1,+),...,(Gk,+), (I',+) (not necessarily abelian)
are given. A map Ay: G1 x---x G — T is termed k-additive provided that for
each i € {1,...,k} and all choices of points (z1,...,Zi—1,Tsy1,...,Zk) from
G1 XX Gi—l X G'i+1 XX Gk the 7-th section Ak(l‘l, ey L1y L1y ey .’Ek)
of Ay yields a homomorphism of (G;,+) into (T, +).

We begin with the following

LEMMA 1. Assume that (Gi,+),...,(Gk,+) are Polish groups and (T,+)
is a metrizable topological group. Then every k-additive separately continuous
mapping from G1 X --- X Gy, into T is jointly continuous.

Proof. For k =1 the assertion is trivial. Assume the validity of the lemma
for a positive integer k—1 and fix a k-additive mapping Ay: Gy x---xG — I.
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By induction hypothesis, for every i € {1,...,k} and for an arbitrarily fixed
point a’ € G; the section

At = Ag(y.yry a’,-,...,-) is jointly continuous. (1)

Now we are going to show that the map A has a point of joint continuity. This
will be done with the aid of the following result due to J. Calbrix and J. P.
Troallic [1]:

Let X and Y be two topological spaces and let Z be a metric space. Suppose
that a map ¢: X XY — Z Is separately continuous. If Y satisfies the axiom
of second countability, then there exists a residual set A C X such that ¢ is
Jjointly continuous at each point of A XY .

Since the mapping : G1 x (G2 X -+- X G) — I' given by the formula
o(s,t) := Ag(s,t), s€G1, t€Gax---XxGy,

is separately continuous, there exists a residual set A C G; such that ¢ is
jointly continuous at each point of A x (G X --- X G). By the classical Baire
category theorem A # () and therefore ¢ actually possesses a joint continuity

point (z, (3, ... ,z8)) . Plainly, zo := (z§,23,...,2§) yields a joint continuity
point of Ag.

Now, fix arbitrarily a point z = (z!,z%,...2*) and a sequence z, =
(z1,22,...2%), n €N, of elements of Gy X --- X G}, tending to = as n — co.
Then, setting a, := (zX —z',22,...,zF), n € N, one gets

Ap(zn) = Ag(an) + A o2 (22,...,28), neN.

In view of the joint continuity of Ay g1, to prove the continuity of A; at z

one has to show that Ag(a,) — 0 as n — co, where 0 stands for the neutral
element of I'. To this aim, denote by 0' the neutral element of G; and observe

that for any sequence b, = (b},b2,...,b5) — (0',z2,...,zE) one has
Ap(by) =0 as n—oo0. (2)

In fact, this results immediately from the joint continuity of Ay ;1 , the continuity
of A; at xy and from the equalities

Ap(bn) = —Ap 3 (b2,...,bE) + Ap(zg + by, b2,...,b5), neN.
Put bl :=zl —z! and b} :=2f —2'+ 2}, i=2,...,k, n€N. Then
by := (bL,B2,...,bF) = (0%,x2,...,28) as n— oo,
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whence

Ak(an) = (b71u Tny- 7332)

=Ak(b71wb7217 ?’H "’Eﬁ)'i'Ak(b —:I:0+:1) 7wm ) n)
=Ak(b}nbzu Ty - ,zﬁ)-{-O(l) as mnm— o0,
in view of (1). Proceeding similarly with the sequences (-’En)neN, o (@8 )nen

one gets finally
Ai(an) = Ar(bp) +0o(1) as n — oo.

This completes the proof because of (2). O
Now we are in a position to prove

THEOREM 1. Let (G1,+),...,(Gk,+) and (T',+) be abelian Polish topolog-
ical groups and let Ap: G1 x---x Gy, — I' be a k-additive mapping whose i-th
sections Ag(z1,...,%Ti-1,",Tit1,---,Tk) are C(G;)-measurable for all choices of
points (z1,...,%i—1,Tiq1,...,%k) from Gy X - X Gj—1 X Gip1 X --- X Gy and
for each i € {1,...,k}. Then Ay is jointly continuous.

Proof. Each i-th section of A yields a Christensen measurable homo-
morphism from G; into I', 7 = 1,...,k. By means of the result of Fischer-
Stodkowski [6] quoted above all these sections are continuous. Thus Ay is sep-
arately continuous; an appeal to Lemma 1 finishes the proof. O

3. Joint measurability

Now, we are going to generalize a Christensen-Fischer result [5, Theorem 3.]
on the continuity of Christensen (jointly) measurable biadditive mappings to the
multiadditive case.

THEOREM 2. Let (G1,+),...,(Gk,+) and (T',+) be abelian Polish groups.
Then any k-additive C(G1 X - - - X G,)-measurable mapping from G1 X -+ X Gy,
into T' is continuous.

Proof. Let G := Gy x --- X Gy and let Ax: G — T be a k-additive
C(G)-measurable mapping. In view of the Lemma it suffices to prove that Ay
is separately continuous (actually, in view of Theorem 1, Christensen measura-
bility of all the i-th sections would be sufficient but in the present case such an
observation does not simplify the matter).

We shall show that for every (u!,...,u*"1 € Gyx---xGj_1 the k-th section
Ap(ut,. “0 ~1).) is continuous at zero. Suppose the contrary; then there exists
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a up = (up,... ,u’g_l € Gy X -+ X Gx—; and a sequence (hn)nen of elements of
Gy, convergent to the neutral element 0¥ € G}, such that for some €p > 0 one

has
1

271
for all n € N (here p and p stand for complete translation invariant metrics
generating the topologies of G and TI', respectively, whereas 0 denotes the
neutral element of the group (T',+)).

Following the idea of the proof of Theorem 3 from [5] we introduce the com-
pact abelian group H = {0,1} with the Haar measure pg determined by the
equalities

p(hna Ok) < and ﬁ(Ak(um hn)aﬁ) =>¢ep>0

urr({03) = e (1)) = 3

and form the product group K := HY equipped with the completed product
Haar measure pg . Now, let ©;: H*1 — @y x --- x Gr—1 and O3: K — G,
be defined by the formulas

O1(z): (z'uf, ...,z uf"?) forall z= (P s w ™ V) 5 RV

and

O:(y) :== Z y(n)h, forall ye K.
n—N

Obviously, both ©; and ©, are continuous and hence so is the function
©: H*"1x K — @ given by the formula O(z,y) := (@1(9:), ez(y)) , T € HF1,
Yy € K. Proceeding like in [5] we deduce the existence of a pair (a,b) €
(G1 X +++ X G_1) x G such that the mapping D: H*1 x K — T given
by

.D(.’.U,’y) = Ak(@l(w)-*_a‘a 62(y)+b)a "L'EHk—lj yEK,

is jointly Haar measurable.

Since the Fubini theorem holds true for the Haar measurability we infer that
for pgr-1-almost all (z?,...,2%"1) € H*~1 the sections D(z!,...,2%"1).) are
Haar measurable on K . However, the empty set is the only null-set in H*~1;
consequently, all of these sections are Haar measurable on K .

Let {v,: n € N} be a dense subset of I" and let ¢ € (0, re0) be fixed. Since
I’ is obviously covered by the union of all balls B (Yn,€) centered at v,,n € N,
and having the radius ¢ we infer that for every sequence (%, s w5 ™3y &8 HE2
there exists a positive integer Ng1 . ok—1 such that the measurable set

le,...,zk—l = D(zly sen ,-'L'k_la ')_1 (B(’Yn zk—17 E)) CK

.....
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is of positive Haar measure in K . By means of the Pettis theorem (see e. g.
E. Hewit & K. A. Ross [10] each of the sets Fy1  gk-1 — Fpi1  ox-1 contains a
neighbourhood of the neutral element O in K ; this implies the existence of a
neighbourhood Uy of Og such that

Uy C n{Fxl,...,mk‘l — Fp1, gh-1: (.’121, i 5 .’Ek—l) € Hk_l} ;

Obviously, almost all sequences (6,p)nen, Where 6, , stands for the Kronecker

symbol, are in Up; say (8np)nen € Up for all p > po. In other words, for
each sequence (z!,...,z"1) from H*~! and every p > po one may find a
Ygt,.. gh-1p from K such that both g1 gk-1, and ygr, . or-1p — (bn,p)nen
belong to Fyi .1 ; this means that both D(z',.. oz g k1) and
Dlar o By Batppd—tip — (bn.p)nen) are in the ball B(yn, _._1s€)

whence

ﬁ(D($17 i axk_la yml,...,mk'l,p)7 D(mlv o ey mk—la Yz, ,zk-1p — (6n,p)nEN)) <
<2 (3)

for each (z!,...,2""!) € H* ! and every p > po. Since ©3(y) — O2(y —
(6n,p)nen) = hyp forall p € N and y € K, relation (3) jointly with the definition
of D implies that

ﬁ(Ak(:clu(l) +d',... ,zk_lu'g_l +-af L, hp),f)) < 2 (4)

for each (z1,...,2* 1) € H*! and every p > po, where (a',... , a1 = a.
Fix a p > po; with the aid of these 2k—1 inequalities (corresponding to all

possible choices of sequences (z!,...,z" 1) € H k=1 it is not hard to show that

estimation
p(Ar(ct,...,c" 1 hy),0) < 2% (5)

holds true for every member of the family Z of all sequences (cty...,cF1) with
¢ e {uf,at},i=1,...,k—1, except for uo.Indeed, applying (4) for the vectors
(0,...,0) and (0,...,0,1,0,...,0) (1at i-th place, i =1,...,k— 1) we get

p(Ax(al,...,a" 1 hy),0) < 2¢

and .
f)(Ak(al, coat Tl ud 4 et attt L a1 hp),O) < 2g,

respectively, whence
[)(Ak(al, T R Lty T 0) < 4e (6)
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for all € {1,...,k — 1}. Next, we extract similarly the distances of the form
ﬁ(Ak(al, O e T I ) ué, adtl L. ,ak_l,(A)) ;

all of them are less than 8¢. To visualize this, let us take ¢ =1 and j = 2, for
example. We have from (4):

ﬁ(Ak(u(l) ¥ o, o8 4 02, 0f, . ..., a3, hp),f)) < 2
and

ﬁ(Ak(u(l) +a',a?, dd, ... ,ak_l,hp),f)) < 2e,

whence
ﬁ(Ak(u(IJ +a,ud,ad, ... 0", hp), 0) < 4e

and, in view of (6),
ﬁ(Ak(u(l),ug,aB, .. .,ak“l,hp),()) < 8.

Proceeding in this way we shall finally arrive at (5).

Since

Ay, (uo, hp) = Ag(uo + a, hp) ZAk Ry,

we get

p(Ak(uo, hp),0) < p(Ak(uo + a,hp),0) + > p(Ar(c', ..., ", hy),0).
A

Consequently, be means of (4) and (5), we obtain
(A (vo, hp), 0) <24 (281 —1)2%e < 4Fe < g

for all p € N, p > po. This contradicts the definition of the sequence (hy,)nen
and finishes the proof. O
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4. Polynomial functions

Assume that we are given a commutative semigroup (S,+), a commutative
group (G,+) and a positive integer n. Recall that a map f: S — G is called a
polynomial function of at most n-th degree if and only if f is a solution to the
functional equation of Fréchet

AMlf(z)=0, z,y€S, (7)

here A} stands for the p-th iterate of the difference operator A, f(z) := f(z +
y)_f(m)v :c,yES, pEN-

It is well known (see e. g. M. Kuczma [11]) that any Lebesgue measurable
polynomial function from R into R has to be continuous (and hence a standard
polynomial on R). More generally, a result due to Z. Gajda [8] (see also
Z. Gajda [7]) states that any Christensen measurable polynomial function of at
most n-th degree from an abelian Polish group into an abelian topological group
with a countable base and with uniquely performable division by n! is necessarily
continuous. However, this division is (tacitly) assumed to be continuous. Under
the above circumstances this need not be the case; J. Chmielifiski exhibits
in [2] an example of an abelian metrizable separable group with discontinuous
but uniquely performable division by 2.

In what follows, using totally different methods (in comparison with the above
mentioned Gajda’s papers), we will prove the continuity of Christensen measur-
able polynomial functions between abelian Polish groups. This will show up as
an application of the result established in the previous section.

We begin with two lemmas.

LEMMA 2. Let (G,+) be an abelian Polish group and let T be a homeomor-
phic automorphism of G . Then, every Christensen measurable set M C G has
Christensen measurable image T'(M) in G.

Proof. Since T(M) is universally measurable provided so is M itself, it is
enough to show that T'(M) € Co(G) whenever M € Co(G) . To this aim, assume
that M C H € Ho(G) and p is a testing measure for H . Obviously, we have
T(M) C T(H) € Mg and since T~1(A) € Mg provided that A € Mg, the
formula v := o T~ correctly defines a probability measure on Mg, which
turns out to be a testing measure for the set T'(H). Indeed, for any = € G one
has

v(T(H)+z) =v(T(H +T7Hz)) = pu(H+T(z)) =0,

which ends the proof. O
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LEMMA 3. Let (G,+) be an abelian Polish group uniquely divisible by a
positive integer m. Then the multiplication by m yields a homeomorphism
on G.

Proof. We have to show that a function ¢: G — G given by the formula
¢(z) :== Lz,z € G, is continuous. To this end, fix an open set U C G and note
that B := o~ }(U) = mU. It is well known that Borel subsets of a Polish space
are Souslin; hence B is a Souslin set as a continuous image of the open set U.
Analogously, G\ B = m(G \ U) is a Souslin set, too. By a classical theorem
of Souslin, B has to be a Borel set. Consequently, ¢ turns out to be a Borel
function; in particular, ¢ yields a Christensen measurable homomorphism. On
account of the Fischer-Stodkowski theorem [6], ¢ is continuous.

There are numerous results establishing the openness of a homomorphism
between various special topological groups (see e. g. A. Wilansky [13]).
Some of them actually cover Lemma 2 but the proof presented here seems to be
particularly simple and short. O

THEOREM 3. Let (G,+) and (I',+) be two abelian Polish groups and let
f: G — T' be a Christensen measurable polynomial function of at most n-th
degree. If the division by n! is uniquely performable in T', then f is continuous.

Proof. Denote by 0 the neutral elements of the groups considered and put

lAml 0---0Ag, f(0) (8)

An(a:l)"')wn): = n!

for all n-tuples (z1,...,zn,) € G™. It is well known that A, yields an
n-additive and symmetric map from G™ into I' (seee. g. L. Székelyhidi
[12]). On the other hand, an easy induction gives"

1
Boyor 0By, f(O)= Y (-)EHF fleray 4o benza)  (9)

€14..,€n=0

for all (z1,...,zn) € G™. We are going to show that the map A, is
C(G™)-measurable. To this end, fix arbitrarily numbers ¢y,...,&, € {0,1} and
consider a map @: G™ — I' given by the formula

o(z1,...,2n): = fler1z1 4+ +enn), (21,-..,2n) EG".

This is a C(G™)-measurable map. In fact, let 1 < i; < iy < --- < ip < n besuch
that e;; =1 for j € {1,...,k} and e, = 0 for p € {1,...,k}\ {t1,... %}
Then
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for all (zy,...,2,) € G™, and for any open set U C T one has M := f~}(U) €
C(G) whence

(p_l(U)———{(IL‘l,...,iEn)EGnZ$i1+"'+Iik EM}Z
:{T(ml,...,af;n) €G": x;, EM'}

where
Ty s 3Bn) = @1y 0y By Tip, = (@i, b2 By )y Tipbiyvens En)

for (z1,...,Zn) € G™. One can easily check that the map 7: G* — G"
is a homeomorphic automorphism of the group G™. Therefore, by means of
Lemma 2, in view of the C(G™)-measurability of the set M (ix) := G%* 1 x M x
G™~ ' (see [9, Theorem 2|, for instance) we infer that

~NU) =T (M(ix)) € C(G™),

as claimed.

Consequently, on account of [9], [8] and Lemma 3, the map A4, is C(G™)-
measurable. An appeal to Theorem 2 gives now the joint continuity of A, . Thus,
the diagonalization A™: G — I' given by

A™(z) := Ap(z,...,z), z€QG,
is continuous as well. Therefore, the function g: G — I'" defined by the formula
g(z) = f(z) — A™(z), z€@, (10)

is C(G)-measurable. Since A7A"™(z) = (n!)A"(y) for all z,y € G (see L.
Székelyhidi [12] or M. Kuczma [11], for example), it follows from (10) and (8)
that

Ayg(z) = Ay f(z) — (n)A™(y) = Anf(e) — Ayf(0) =0

for all z,y € G; the latter equality results from the fact that the map G > T
A% f(z) €T is constant (see [12] or [11], again).

Consequently, g is a Christensen measurable solution to [7] with n + 1 re-
placed by n and so, induction completes the proof. O
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