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A REPREENTATION OF FUZZY
QUANTUM POSETS OF TYPE I, II

LE Ba LONG

ABSTRACT. Let (2, M) be a fuzzy quantum poset of type I, II, or FQP of type

LII for short. For Boolean representations of fuzzy quantum spaces, see [5]. By

a representation of (2, M) we mean a quantum logic M ( i.e. an 6rthocomple-

mented o — orthocomplete ortHomodular poset, see [7]) with a homomorphism
onto

h: M —— M such that for any state s on M and any observable X on M
there is a state 3 on M and observable X on M such that the following diagram
commutes (where B(R) is the Borel o-algebra of the real line R).

B(R)
7/
/
z // T
¥ j
M M (1)
/7
/
s // s
¥
R

We prove that a representation of FQP of type I always exists and representation
of FQP of type II exists in some cases.

1. Preliminaries.

We recall that two fuzzy sets a,b are said to be fuzzy orthogonal, we write
alpb, iff aNb:=inf(a,b) < 1/2 and orthogonal, we write a L b, iff a < bt.

Let © be a non-empty set, M be a system of fuzzy sets, M C [0,1]%, such
that ' ‘

- (i) 1(w)=1 for any w € Q then 1€ M;

. Key words: Type I, II fuzzy quantum poset, fuzzy quantum space, quantum logic, g-o-
algebra, observable, state.
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(i) e€ M then al:=1—a€ M;

(iii) 1/2(w)=1/2 forany w € R then 1/2 ¢ M;
aset M C [0,1]® satisfying conditions (i)-(iii) is said to be an FQP of type I
(of type II) if it is closed with respect to a union of any sequence of mutually
fuzzy orthogonal (mutually orthogonal) fuzzy sets, respectively, where by union
we mean the union of Zadeh’s connective. If M is closed with respect to a union
of any sequence of fuzzy sets from M then M is said to be a fuzzy quantum space,
or FQS for short.

It is clear that a L b then a Ly b for any a,b € M. So, an FQP of type I
is an FQP of type II and an FQS is an FQP of type I. See [1,3,4,6].

An observable X on (Q, M) is a mapping X : B(R) — M such that
(i) X(E°)=X(E)* for any Borel set E € B(R);

(i) X (U E;) = U X(E;) for any sequence {E;}ic, € B(R).
i=1 i=1
Denote (M) be the set of all observables on (2, M).
A mapping m: M — [0,1] is said to be a state of type LIl on (2, M) if
(i) m(a)+m(at)=1 for any a € M;

[o0) 00
(i) m (U a,-) = 3 m(a;) for any sequence of mutually fuzzy orthogonal,

i=1

orthogonal fuzzy sets {ai}2;, C M, resﬁ_ectively.

Denote &1(M), &rr(M) be the set of all states of type LIl ou (Q, M), respec-
tively.

PROPOSITION 1. Let (2, M) be an FQP of type I then,
(i) &r(M) C &r(M);
(i) if (2, M) is an FQS then &1(M) = &11(M).
Now let (2, M) be an FQP of type I or FQP of type II such that
aNceM forany a,c€ M, c>1/2. (2)
Consider a relation ~ C M x M defined by

a~b iff andt, atnbgi1/2.

It is clear that (i) @ ~ a for any a from M; (i) if @ ~ b, then at ~ bt;
(iii) if @ ~ b, then b ~ a, but ~ is not transitive, in general. Let = be the
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transitive closure of ~ , 1.e., the smallest quivalence relation on M containing
~. It is obvious that a = b iff there are a1,az,...,a, € M such that ¢ ~ a,,
a ~ az,.. ,an~b
It can be proved that a = b iff there'is an ¢ € M, ¢ > 1/2 such that

aﬂb"‘ﬂc atbne<1/2;
or equivalently {an bt >1/2}U{atnb> 1/2} Cle=1/2},
where {anbt >1/2} := {w € Q;(anbt)(w) > 1/2}, ete..
Note that if we consider £ = [0,1];
0,7 if 0<w<0,6 0,4 if 0<w<0,6
a(w) = : . )= : :
0,3 if 0,6<w<1; 0,6 if 0,8<w<1;

c=aUat; d=bUbt; e =dNa; f =dnat; g=aUf; h=bUe; i = eUd™t;
k=eUel then

M = {0, 1,a, bv c, da e?fvg, h!ii kva-L1 b-La clvdl7 e-L7 fl1gla hJ_: i-Lv k-L}

is.an FQP of type II with (2) but not a type I
The following results can be proved by the same ways as proofs in [2].

PROPOSITION 2. The transitive closire = is a proper congruence relation in

Now, for any e € M, we put @ := {bE"M; bx~a},and M := {G;a € M}.
In M we define a relation < via

G<b iffthereisan ¢>1/2 and anb‘ne<1/2

and the mapping L : M — M défined via @ — at,a € M then < and L
are well-defined. It is easy to check that < is an order relation and 1 is an
orthocomplementation on M.

LEMMA 3. Let (2, M) be an FQP of type I or FQP of type II with (2)

(i) for any a,c€ M,c>1/2;ax~aNcUct e
(ii) for any a,b € M,a@ < b then there are a1,by € M such that a; =~
a,b1 ~.b and 01561.

Proof. (i) is clear. (i) Since @ < b, there is ¢ € M;c > 1/2 such that
andtneg £1/2,then g :=aNcUct and b :=bNcUct satisfy conditions
of theorem. O
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THEOf{EM 4. Let (Q,M) be an FQP of type I or FQP of type II with (2)
then M equipped with an order relation < and an orthocomplementation L
is a quantum logic with the least element O and the greatest element 1 and
h: M — M defined via a — @ is an 0 — homomorphism from M onto M
(i.e. h(at) = h(a)t and h (G a,') = [.j k(a;) for any sequence of mutually
i= i=1
' fuzzy orthogonal, orthogonal fuzzy sets, respectively).
Let (2, M) be an FQP of type II, we put .
KM)={ACQTdae M;{a>1/2} C AC {a>1/2}} 3)
IM)={ACQ; Jae M; AC{a=1/2}}.
There are two constructions of representations of FQP [1,2]. The following
Proposition shows that they are equivalent.

PROPOSITION 5. Let (fl, M) be an FQP of type I or FQP of type II with (2)
then

(1) K(M) is a g-o-algebra and I(M) is an o-ideal of K(M) (i.e. K(M)
is a system of subsets of Q which is closed with respect to comple-
mentation and countable union of mutually disjoint subsets, T(M) is-
a nonempty subset of K(M) closed with respect to countable union of
mutually disjoint subsets and if A € K(M), BeI(M), AC B then
AeI(M)).

(i1) Consider a mapping g : K(M) — M, defined via A — @, where A,a
satisfy (3) then g defines well a o — homomorphism from K(M) onto’
M and ¢~!(0) = I(M). Moreover, we consider on K(M) a relation

~ 6: for any A,B e K(M), AOB iff A\B, B\ Ae€I(M) then 0 is
~ a congruence relation on K(M). Put, for any A € K(M),
A:={BeK(M); BIA} and K(M)/6:={4; Ac K(M)} -
Define '
A =A% and A<B iff A\BeI(M),
then L,< is well defined an orthocomplementation and an order re-

lation on K(M)/6 such that K(M)/6 with 1,< is a quantum logic

and the following diagram commutes

K(M) —— M

PrT % ’
K(M)/6

where Pr is a projection.
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2. A representation of type I, II FQP

THEOREM 6. Let (0, M) be an FQP of type I or FQP of type II with (2) then
for any observable X on M there is an observable X on M such that X = hoX 3
where h M from Theorem 4.

Proof. Let X be an observable on M and Q be the set of rational num-
bers. Consider @; := X((—oo,r)), r € Q, then @ < @, if r < s. Owing to
Lemma 3, we can set up a sequence b,,r € Q such that h(b,) = @ and b. < b,
if 7 <s. Due to Theorem 1.4 [7], Theorem 4.5 [4], there is an observable X on

M such that .X((—oo,r)) = b,. Therefore, X =ho X . : O

THEOREM 7. Let (Q, M) be an FQP of type I then for any m € G(M),m :
M — [0,1] defined by (@) = m(a),a € M is a state on M. Conversely, for
any s € G1(M) there is a state m € Gy(M) such that m = s.

Proof. The theorem can be proved by the same ways as proofs in (1. O

COROLLARY 8. Let (@, M) be an FQP of type II with (2) such that for any
m € 611(M); for any a,b € M;anb*t <1/2,a* Nb< 1/2 imply m(a) = m(b)
then for any m € &1r(M), 7 : M — [0,1] defined by m(@) = m(a),a € M is
a state on'M. ; ’

Conversely, for any s € &(M) there is a state m € G2(M) such that m = s.

THEOREM 9. Let (2, M) be an FQP of type I or FQP of type II satisfying
conditions of Corollary 8 then M with o-homomorphism h from Theorem 4 is
a representation of M.

3. Conclusion

We have solved the problem of representation of FQP of type I and some
kinds of FQP of type II. We can also point out that there is an FQP of type
IT which has no representation. Finally, natural questions arise: Is any quantum
logic a representation of some FQP? We note that in [7], Th. 2.2.5 it is proved
that every logic is a surjective homomorphic image of a concrete logic. But the
conditions of a representation in our sense are not satisfied in general.
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