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TOPOLOGIES GENERATED BY THE
FAMILY OF ALL Z-SPARSE SETS

E. LAZAROW

Dedicated to the memory of Tibor Neubrunn

ABSTRACT. In[1]Filipczak introduced the definition of the Z -proximally
continuous function. In this note we define the coarsest topology making the
family of T -proximally continuous functions continuous.

Let R denote the real line and let N denote the family of all positive integers.
All topological notations are given with respect to the natural topology except
for the case where a topology T is specifically mentioned.

We introduce the following notations:

T - the o-ideal of subsets of R of the first category,
S — the o-field of subsets of R having the Baire property.

We start with the definition of the Z-density point which was introduced by
W.Wilczynski in [4]. :

DEFINITION 1 [4]. We shall say that 0 is a point of Z-density of a set A€ S
if and only if for each unbounded sequence of positive integers {nm,}menr, there
exists a subsequence {nm,,}pear such that

{x: XnmpAn[—l,l](w) i 1} E I'

A point zg is a point of Z-density of a set A € § if and only if 0 is a point
of Z-density of the set A — zp. A point zq is a point of I-dispersion of a set
A € S if and only if z¢ is a point of Z-density of the set R\ A.
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LEMMA 2 [4]. A point 0 is a point of I-density of a set A € 8 if and only

if, for each sequence of positive real numbers {t,}nen such that lim t, = oo,
n—co

there exists a subsequence {t, }men such that
{z: Xt,,, -An[-1,1)(z) » 1} € T.

Let {E,}nen be an arbitrary sequence of sets and let z € R. We observe
that xg,(z) - 1 if and only if liminf xg, (z) = 0, which is equivalent to
n—co
z € limsup(R\ E,).
n—oo

DEFINITION 3 [1]. A point z € R is an upper I-density point of a set E € S if

and only if there exists a sequence {t, }nen of real numbers, such that lim %, =
n—oo

oo and R\ liminft, - (E —x)N[-1,1] € Z. Then we denote d%(E,z)=1.
n—oo

A point z is a lower Z-dispersion point of a set E € S if and only if z is
the upper Z-density point of R\ E. Then we write dz«(FE,z) =0.

We observe that, for each E € §, dz«(E,z) =0 if and only if there exists a

sequence {tn}nen such that lim ¢, = co and
n—00

limsupt, - (E—z)N[-1,1] € T.

n—oo

DEFINITION 4 [1]. A set E € S is said to be ZI-sparse at a point € R if
and only if, for each F' € S, if dz.(F,z) =0, then dz-(EU F,z) = 0.
Let, for A€ S,

®7(A) = {z € R: R\A is Z-sparse at = }.

THEOREM 5 [1]. The family T = {®7(A)\P: A€ S, P € I} is a topology
on R and (R,T) is Hausdorff but is not a regular space.

DEFINITION 6 [1], [2]. We shall say that a function f is Z-proximally contin-
uous if and only if f is a continuous function with respect to the T topology.
The family of all Z-proximally continuous functions will be denoted by Cr .

Since the T' topology is not regular, we see that it is not the coarsest topology
for the family Cz . To find the coarsest topology for the family Cz, we need the
following lemmas and theorems.
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LEMMA 7. Let {t,}nen be an arbitrary increasing sequence of real num-
bers such that lim t, = oo and let A,B € 8 be such that AAB € T. If

n—o0
limsupt, - A €Z, then limsupt,-B€ZT.

n—00 n—oo

Proof. We assume that limsupt, - A € 7. Then

n—rCco

limsupt, - B = limsupt, - (B\A) Ulimsupt, - (AN B)

n—00 n—roo

C limsupt, - (B\A) Ulimsupt, - A.

n—oo n—oo

Thus, by AAB € I, we have limsupt, - BeZ. O
n—00
LEMMA 8. Let A = GAP, where G is an open set and P € T. Then the

set A is I-sparse at a point ¢ € R if and only if, for each open set H, if
d5(H,z) =0, then d7-(Y UG,z) =0.

Proof. Let A be an I-sparse set at a point £ € R and H an open set
such that dz«(H,z) = 0. Then, by Definition 4, dz«(H U A,z) = 0. Since
(HUA)A(HUG) € T, by Lemma 7, we have that dz«(H UG, z) = 0. Now, we
assume that, for each open set H , if dz«(H,z) =0, then dz«(HUG,z) = 0. Let
F € S be an arbitrary set such that dz«(F,z) = 0. Then there exists an open
H such that FAH € Z. Therefore, by Lemma 7, we have that dz«(H,z) =0
and, by our assumption, dz«(H UG,z) = 0. Since (FUA)A(HUG) € I, we
have dz«(A U F,z) = 0. Therefore the set A is I-sparse at . O

T. Filipczak [1] showed that the operator @7 is a lower density [3] in &, thus
we have the following lemma.

LEMMA 9. T={Ae€S: AC 3:(A)}.

Let 7 = {A € T': for each z € A, there exists an open set U such that
R\A CcU and z € ®z(R\U)}.

THEOREM 10. (Luzin-Menchoff). Let A be an arbitrary set and F a closed
set such that F' C A. If, for each = € F, there exists an open set H such that
R\A C cl(H) and z € ®7(R\ H), then there exists a perfect set P such that
FCPCA and F C 27(P).

Proof. For each z € R\ A4, let

. { P, F) it oo, F) <

i if o(z, F) 2

N N
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and let G = |J (z —6;, ¢+ 6;). Then R\A C G. For each z € R\ 4,
z€RA
o(z,F) > 6, and, therefore, FNG=10.

We shall show that F' C ®7(R\G). Let zq € F. We assume that zp = 0.
Then there exists an open set H such that R\A C cl(H) and H is Z-sparse at 0.
Let B be an open set such that dz-(B,0) = 0. Then dz-(BU H,0) = 0, which
means that there exists a sequence of positive real numbers {tn}nen such that

lim ¢, = oo and limsupt,-(HUB)N[—1,1] € Z. Since H and B are open sets,

Ta—00 n—o0

we have that limsupt,-(HUB)N[0,1] is a nowhere dense set. We suppose that
n—eco
there exists an open interval (a,b) C [-1,1] such that limsupt,-(BUG)N(a,b)

n—oo
s a dense subset of the interval (a,b) . We may assume that (a,b) C (0,1). Since
limsupt,-(BUH)N(a,b) is a nowhere dense subset of (a, b) , there exist a number

n—00

oo
ko € N and an interval (c,d) C (a,b) such that |J t,-(BUH)N(c,d) =0.

n:ko
We know that there exists y € (| |J t»-(BUG)N(c,d). Thus, for each k € N,
k=1n=k

there exists ny > k such that y € t,, - (BUG) N (c,d). Since, for each k > ko ,
tny, - BN (c,d) =0, we have that, for each k > ko, y € tn, -GN (cd).
Let k> ko. Since y €tn,-G = |J tn,-(z—8s, +86,) we have that there
z€R\A
exists z € R\A such that y € ¢, -(zx—64,, T+, ). By 6z, < 0%(zx, F) < EE
we have

0<tn, -2k -(1—2k) <tn, - (zh — b)) < y.

We observe that, for each k € N, if z;, > %, then, by 6, < %, we have
Ty — by, > %, and if zp < %, then zy — 6, > zp(1 — zg) > % - g . Therefore,
by

1

0< lim (w5 = &a,) < lim 2=y,

we have that lim z; =0 and {t,, - zx }renis a bounded sequence.
Fhuiel k q
Thus, by
lim by Oay o <

lim z, =0
k—oo 1n, - Tk k—oo0 k ’

we have that lim t,, -8, =0.
k—o0
Therefore, limsupty, - (2 —6,) < y < liminf ¢y, - (5 +6;,) and lLim t,, -
k—ro0 - k—oo0 k—oo

T =Y.
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Since y € (¢, d), there exists k > ko such that
tn, - Tk € (¢,d) Ny, - (R\A) C (¢,d) Nty, - cl(H).
This is impossible since (¢,d) Nt,, - H = 0 and, therefore,

limsupt, - (BUG)N[0,1] €Z.

n—oo

So, by Lemma 8, the set G is an Z-sparse set at 0.

Let P be the set of all limit points of the set R\ G . Since each point of the
set F' is a Z-sparse point of the set G, therefore F' C P. By PA(R\G) € T, we
have that F' C ®7(P). Thus the set P is perfect and the proof of the theorem
is completed. i O

LEMMA 11. Let A € 7. Then, for each ¢ € A, there exists an F, set B such
that t€ BC A and BeT.

Proof. Let A€ 7 and z € A. Then there exists an open set G such that
R\A C G and z € 7(R\G). We put B = (R\ cI(G)) U{z}. Then B is an F,
set and B C A. We have that R\B = cl(G) N (R\{z}) C cl(G), = € ®7(R\G)
and {z} is a closed set. Therefore, by Theorem 10, there exists a perfect set P
such that {z} C P C B and z € ®7(P). Let H = R\P. Then H is an open
set, R\B C H and z € ®7(R\H). Therefore B € 7 and proof of the lemma is
complete. O

THEOREM 12 [2]. Ifa function f is Z-proximally continuous then f is of the
first class of Baire.

LEMMA 13. Let f be an I-proximally continuous function. Then, for each
acR, {zeR: f(z) >a}eT.

Proof. Let a € R. We assume that a =0. We put A = {z: f(z) > 0}. Let
zo € A. Then there exists b > 0 such that f(zo) >b. Let B = {z: f(z) < b}.
Then A,B € T. If the set B is empty, then it is obvious that there exists and
open set G such that R\A C G and zy € ®7(R\G). We assume that B # (.
Then, by Theorem 12, int(B) # § and

{z: f(z) <b} Ccl(int({z: f(z) < b})).
We put G = int(B). Then R\A C cl(G) and, by {z: f(z) > b} € T, we have

that zo € ®7(R\G). Now, in a similar way as in Lemma 11 we can show that
Aer. O
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THEOREM 14. Let E be an F, set such that E € 7. There exists an

Z-proximally continuous function f such that 0 < f(z) < 1 for all z € E
and f(z) =0 for all z € R\E.

By using Theorem 10 the proof of this theorem can be carried out exactly as
the proof of the theorem of Z. Zahorski [5].

THEOREM 15. The family 7 is a completely regular topology on the real line
and

Cr = {f: R — R: f is a continuous function with respect to the T topology} .

Proof. It is obvious that §,R € 7. We assume that A,B € 7. Let
z € ANB. Then there exist open sets H and G such that R\A C H, R\B C G
and z € ®z(R\H) N ®7(R\G). Then R\(ANB)C HUG, HUG is an open
set and z € ®7(R\(H UQG)) = ®7(R\H) N®z(R\G). Thus ANB €.

Let {Ar}rer € 7 and let £ € |J A;. Then there exist an I € L and an
IeL

open set G such that R\A; C G and z € ®(R\G). Thus R\ |J A; C G and
IeL

U A € 7. Therefore 7 is a topology on the real line.
IEL

Let
Bo={A€er: Aisan F, set}

and let
By = {ACR: there exists a function f € Cr such that {z: f(z) >0} = A}.

Then, by Lemma 13 and Theorem 12, B; C By and, by Theorem 13, By C B; .
Since, by Lemma 11, the family By is a base of the T topology, the proof of the
theorem is complete. O
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