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ON ALMOST QUASICONTINUITY OF FUNCTIONS

JANINA EWERT

Dedicated to the memory of Tibor Neubrunn

ABSTRACT. The almost quasicontinuity is a property of functions which is
weaker than quasicontinuity and almost continuity in the sense of Husain. We
characterize the almost quasicontinuity by functions of the oscillation type, de-
scribe the set By of all points at which any function f is almost quasicontinuous
and we show the invariance of this property under almost uniform convergence.

Let X,Y be topological spaces and let f: X — Y be a function. If in the
definition of continuity at a point z € X the condition

z € Int f~1(V) for each neighbourhood V of f(z)

we replace by one of the following: z € Cl (Int f~*(V)), z € Int (CLf~1(V)) or
z € Cl (Int (Cl f ‘I(V))) » then this gives the definition of quasicontinuity [8, 9],

almost continuity [7] or almost quasicontinuity [1, 10] of f at z, respectively. A
function is called quasicontinuous. (almost continuous, almost quasicontinuous)
if it has this property at each point. Then we have:

quasicontinuity
continuity almost quasicontinuity
\ . .
almost continuity

and none of these implications is invertable [10]. _
The properties mentioned above are natural since for functions with values in
metric spaces almost continuity (almost quasicontinuity) together with cliquish-
ness is equivalent to continuity [6], (resp. quasicontinuity [1]); for the definition
of cliquishness see [11].
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In this note we consider functions with values in uniform spaces. We give a
characterization of almost quasicontinuity by functions of the oscillation type.
Then it is used to description of the set By of all almost quasicontinuity points
and for the investigation of the invariance of almost quasicontinuity under almost
uniform convergence.

A subset A of a topological space X is called:

— regular closed if A= Cl(Int A); [2]

— semi-open if A C Cl(Int A); [9].

As it was shown in [9], the union of any family of semi-open sets is semi-open;
the intersection of an open set and a semi-open one is semi-open. Using also
these notions we can give the following simple characterization of almost quasi-
continuity.

THEOREM 1. Let X,Y be topological spaces. For a function f: X — Y the
following conditions are equivalent:

(a) f is almost quasicontinuous;

(b) fY(V)cCl (Int (le‘l(V))) for each open set V C Y ;

(c) Int (01 (Int f—l(A))) C f~1(A) for each closed set AC Y ;
(d) Clf~Y(V) is semi-open for each openset V C Y ;
(e) Clf~1(V) is regular closed for each open set V C Y .

We omit the standard proof of this theorem. O

In the sequel we will consider functions with values in uniform spaces. For a
uniform space (Y,?) by Py we denote a saturated family of pseudometrics on
Y inducing the uniformity ¥ .If y € Y, o € Py and r > 0, then we denote
B(y,o,r) ={z€Y: o(y,2) <7} '
Now let f be a function from a topological space X into a uniform space (Y,7),
z € X and let p € Py . We define

wos(z) =infinf sup o(f(=), f(a")),

where infima are taken under all semi-open sets A containing z and all sets M
satisfying £ € M C A C C1 M respectively, and

wy(z) = sup wy,5(z).

0€Py

A real function f: X — RU {oo} is said to be upper almost quasicontinuous at
a point z € X if for each € > 0 it holds: z € Cl (Int (Clf~(—o0, f(z) + z—:])) ‘
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Thus f is upper almost quasicontinuous at each point z € X for which
f(z) = co. It is easy to verify that f is upper almost quasicontinuous at z € X

with f(z) < oo if and only if for each € > 0 we have z € Cl (Int (le_l(—oo,
f(z) + s))) . A function is called upper almost quasicontinuous if it has this
property at each point.
THEOREM 2. Let f be a function from a topological space X into a uniform
space (Y,?). Then:

(a) f is almost quasicontinuous at a point = € X if and only if w #(z)=0.

b) For each ¢ € Py the function w,s: X — RU {oo} is upper almost
of
quasicontinuous.

(c) The set By of all points at which f is almost quasicontinuous is of

the form
By= () () Don,

0€EPy n=1

where D, pi1 C D, C Cl (Int (Cng,n)) for each o € Py and
n>1.

Proof. (a) Assume that f is almost quasicontinuous at a point zy € X
and let us take p€ Py, e >0 and V = B(f(:co), 0, %s) ; then

zo € Cl <Int (al f‘l(V))) . Let us put

A=l (Int (c1 f-l(V))),
M = {mo} U [f (V) NInt (CLF71(V))]

The set A is semi-open, zo € M C A= CIM and for any z/,z” € M we have
o(f(z'), f(=")) < 2e. Thus sup o(f(z"), f(z")) < e, which gives w, f(z0) <
z' 2" €M

e for any ¢ € Py, € > 0. So we have shown wy(zg) =0. v
Conversely, we suppose wy(zo) = 0. If W is a neighbourhood of f(zo),
then V:B(f(:vo),g,e) CW for some o € Py, € > 0. Since w, ¢(z9) <€
there exist a semi-open set A and a set M with zo € M ¢ A ¢ CI'M and
o(f(a"), f(z"")) < e for z’,2" € M . This leads to the condition o(f (=), f(z0)) <
e for z € M,ie. M C f~'(V). Hence we obtain A C CIM c Clf~1(V) c
Clf~Y(W). But A is semi-open, so we have 79 € A C Cl (Int4) C

Cl (Int (C1f _I(W))> , which finishes the proof of (a).
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(b) Let zop € X, o € Py and € > 0 be given and let w, f(zo) < co. We can
choose a semi-open set Ay and a set My with =9 € My C A9 C Cl My and
g(f(a:’),f(m”)) < wy,#(x0) + 3¢ for z’,2" € M. Hence for each = € My we
have

inf sup g(f(z'), f(:v")) < wp,f(zo0) + ¢,
M z’/,z''eM

where the infimum is taken under all sets M with t € M C 4, C C1 M. Thus
Wo,f(z) < wy,f(z0) +¢€ for each = € M. Let us put V = (—o0,w,,¢(z0) +¢) ;
then we have My C w;}(V) This gives Ag C Cl1My C Cl (w;}(V)) Since
Ap is a semi-open set the last inclusions imply zo € Ay C Cl(Int Ap) C
Cl (Int (a w;}(V))> , which means the upper almost quasicontinuity of w,, ¢
at zg.

(c) According to the part (a) we have

By ={z e X:uwi(a)=0}= () {o € X: wp(z) =0} =

0E€EPy

= ﬂ ﬂ{zeX:wQ’f(m)<%}.

0€Py n=1

Now, applying the part (b) it suffices to take Dy, = {z € X: w,s(z) < 1}. O

Let us observe that analogous results can be formulated for quasicontinuity.
A function f: X — RU{oo} is called upper quasicontinuous at a point = € X
if for each € > 0 it holds: z € CI(Int f~*(—o0, f(z) +€]). Then f is upper
quasicontinuous at each point z € X for which f(z) = co. Furthermore, f is
upper quasicontinuous at z € X with f(z) < oo if and only if for each £ > 0 we
have z € Cl (Int Fi(~oo, f (m)—i—e)) . A function is called upper quasicontinuous
if it has this property at each point [5].

For any function f: X — Y we denote
Gos(z) =inf sup o(f(z), f(z")),
!,z €A
where the infimum is taken under all semi-open sets A containiﬁg z, and

g5 (z) = sup gg5(z).
geEPy
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PROPOSITION 1. Let f be a function from a topological space X into a
uniform space (Y,?). Then:

(a) f is quasicontinuous at a point = € X if and only if g(z) = 0.
(b) For each ¢ € Py the function g, 5: X — RU{oo} is upper quasicontinuous.

The proof is similar to that in Theorem 2, so it is omitted.

A function f from a topological space X into a uniform space (Y, %) is said
to be cliquish if for each z € X, p € Py, € > 0 and each neighbourhood U of
= there exists an open nonempty set V C U such that o(f(z'), f(z" )) < ¢ for
', z" eV, [3].

THEOREM 3. If f is a cliquish function from a topological space X into a
uniform space (Y,7), then w5 < g, 7 < 2w, 5 for each o € Py .

Proof. The inequality w, s < g,,¢ is an immediate consequence of defin-
itions. Now let zo € X, o € Py and w,, s(zo) < co. For € > 0 we choose a
semi-open set Ay and a set M such that zo € M C Ao Cc Cl M and

sup g(f(z’),f(:c”)) < wg,#(zo) + Le.
!, z'"eM

Since f is cliquish for each nonempty open set U C Ay there exists a nonempty
open set Viy C U with

sup o(f(z"), f(z")) < ge.

z!,z" eVy
Thus for any = € V7 and z; € Vy N M we have

o(f(z), f(z0)) < o(f(@), f(z1)) + o(f(=1), f(z0)) < % + wp,5(x0) .-

Let us put
V= U{VU: U C Ay, U is open}

and
Al =V U {.’L'O} .

Then the set V' is dense in Ay and A; is semi-open. Furthermore
o(f(z), (o)) < we,f(w0) + 2¢ for each z € V', which implies

S o(f("), F(=")) < 2w, f(z0) +¢.

T

Hence we have g,,¢(z) < 2w, ¢(zo) and this completes the proof. O

The above theorem together with Theorem 2 and Proposition 1 gives the fol-
lowing corollaries:
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COROLLARY 1. If f is a cliquish function from a topological space X into
a uniform space (Y, ) then the set By coincides with the set of all points at
which f is quasicontinuous.

COROLLARY 2. A function f with values in a uniform space is quasicontinu-
ous if and only if it is cliquish and almost quasicontinuous.

Let us remark that in the case of a metric space Y the last corollary makes the
result presented in [1].

For a function f: X — Y, a point z € X, any neighbourhood U of z and for
o € Py let us put:

| wo1(2,U) = infinf sup o(f(2), £(2)),

where infimums are taken under all nonempty open sets G C U and all sets M
satisfying M C G C Cl M respectively, and

wo,f(z) = sup{wy,s(z,U): U is a neighbourhood of =},

wi(z) = sup w,f () -
o v

The function wy is introduced in [10] for functions f with values in a metric
space Y . It is also shown that By = {z € X: ws(z) = 0}, [10, Th. 3.1].

THEOREM 4. Let X be a topological space and let (Y,?) be a uniform
space. Then for any function f: X —Y we have wy § < w, 5 < 2w, 5 for each
g€ Py.

Proof. Let zo € X, o € Py and w, ¢(xo) < co. Then for each € > 0 we
can choose a semi-open set A and a set M; such that zo € M; C ACCl M;
and

sup g(f(:z:’), f(ac")) < we,f(xo) + .
z!, ' eM;

For any neighbourhood U of zo we put G = UNIntA and My = GN M.
Then G is a nonempty open set, My C G C Cl M, and

sup o(f (o), f()) < wp,f(m0) + €.
TEM>

From this we obtain w,, f(xo,U) < wy,s(zo) + € for any neighbourhood U of
zo and in the consequence

if  wp s(xo) < oo, then wy r(zo) < wy r(zo)-. (1)
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Now, let w, ¢(xo) < oo and let U be an established neighbourhood of zg. It
follows from the definition of w, ; that for each neighbourhood V' of zy there
exists a nonempty open set Gy C V' and a set My with My Cc Gy C Cl My
and

sup o(f(@0), £(2)) < ws(a0) + e
zZEMy

We put
A={zo}U U{G’V: V is a neighbourhood of g and V C U};
M = {zo} U U{MV: V is a neighbourhood of zp and V C U}.
Then the set A is a semi-open, zo e M CACCl M and
o(f(z), f(z")) < 2wps(zo) +& for 2’2" € M.
The last inequality leads to
if wy (o) < o0, then w, ¢(xo) < 2w, (o). (2)

Futhermore, it follows from (1) and (2) that w, (zo) = oo if and only if
we,f(Zo) = 00, so the proof is completed. O

In the above theorem none of the inequalities can be replaced by the equality as
the following shows.

EXAMPLE 1. Let R be the space of real numbers with the natural topology
and {ro,:mn > 1} a sequence of irrational numbers which is dense in R and
T0o,n — To,m 1S not rational for n,m > 1, n # m. Then we assume

rj,nzro,n-{—% for n,j7>1;
X={rjn: j>0, n>1}U{0};
Aj={rjn: n>1} for j>0.

We will consider X as a subspace of R, thus each of the sets A; is dense in

X . Now let us take the space [? with the usual norm and the standard base
{en:n>1}; and © = {0,0,...} € I*. We define the function f: X — {2 by

O, ifz=0,
ey, fx=rj,, forj>0,n>1l,n+j=k.

@ ={
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For any point z € X, z # 0 it holds ||f(z) — f(0)|| =1, so ws(0) =1. On the
other hand, if A is a semi-open set in X and M satisfies 0 € M Cc A c Cl
M, then f(M) is an infinite set. Hence we have sup | f(z') — f(z")| = V2
which gives w;(0) = /2. o EM

Let X be a topological space and (Y,?7) a uniform one. A net {f;: s € S}
of functions f;: X — Y is called almost uniformly convergent to a function
f: X =Y ifforeach z € X, € >0, p € Py there exists a neighbourhood U
of £ and sy € S such that g(fs(z),f(z)) <eforany z€U, s€ S, s> sg,

[4]-
In the sequel we will consider R U {oo} with the generalized metric d given by
d(z,y) = |z — y|,, however we assume

—o0o+oo=00—-00=0 and |+ oo|=o00.

THEOREM 5. Let X be a topological space and let (Y,¥) be a uniform space.
If a net {fs: s € S} of functions fs: X — Y almost uniformly converges to a
function f: X — Y, then for each ¢ € Py the net {w,y,:s € S} is almost
uniformly convergent to w, 5 .

Proof. Let zp € X, € > 0 and p € Py be established. The almost
uniform convergence implies the existence of a neighbourhood U of z, and
sg € S such that

o(fs(z), f(z)) <ie for s>s0,z€U. (3)
We establish a point = € U, then if w, f(z) < co we have

infipf sup o(f(a'), f(a")) < wes(z) + fe.

So we can choose a semi-open set A; C U and a set My with z € My C 4; C
Cl M; and
o(f(z") f(")) <wps(z)+1e for z',z" e M. (4)
Thus from (3) and (4), for any z’,z"” € M; and s > sy we obtain
o(fule), £u(e")) < o(£s@), £&) + o(F(&"), £(2") + 0@, £u(a")) <
< wpf(x) + 3¢,
hence

inf sup o(fs(z'), fs(2")) < wy,5(z) + 3¢ for s< s,
M ' aeM

T
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where the infimum is taken under all sets M satisfying z € M Cc A; C Cl M.
The last implies w,, 7, (z) < w,,s(z) + 3 for s> sy, so we have shown

We,5,(x) —wp s(z) <e  forany z €U, s> s. (5)

Similarly, for any € U and s > sp there exist a semi-open set A; C U and a
set M, such that x € M, C A, CCl M, and

,Q(fs(ml), fs(.:z”-)) < w1, (z) + %E for z',2" € M,.
This inequality and (3) give
o(f(«"), F(@")) <wpys(z)+3e  for o',z" € M,; s> so.

From this it follows w,_,,f(:c)l < wyy,(z) +¢€ for x € U and s > so. Thus, in
virtue of (5) we have |w,, (z) — w,,y,(z)| < e for any z € U, s > s. Now, if
Wy, f(z) = 0o, we have

sup  o(f(a), £(z") > nte
z!,z"eM

for each integer n, any semi-open set A containing z and each M satisfying
€M CACCIM. Then for s > sy we have

-

s o(fu@), (&) > n

T

for any n, A, m as above. From this we obtain w, , () = co for every s > s,
which completes the proof. O

THEOREM 6. Let X be a topological space and let (Y, V) be a uniform
space. If a net {fs;: s € S} of functions f;: X — Y uniformly converges to a
function f: X — Y, then for each o € Py the net {wy,s,: s € S} is uniformly
convergent to w, ;.

The proof is exactly as in Theorem 5 because in this case we have (3) satisfied
foreach z € X .

COROLLARY 3. Let X be a locally compact space and let (Y, ¥) be a uniform
space. If a net {f,: s € S} of functions fs: X —» Y converges uniformly on
compact sets to a function f: X — Y, then for each p € Py the net {wp,s, :
s € S} converges uniformly on compact sets to the functions W, F +
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Proof. If X is a locally compact space, then according to [4, Th. 2.5]
the almost uniform convergence coincides with the uniform on compact sets
convergence. Thus the conclusion is an immediate consequence of Theorem 5. O

Theorems 5, 6 and 2(a) imply

COROLLARY 4. Let X be a topological space, (Y,?') a uniform one and let
{fs: s € S} be a net of almost quasicontinuous functions fs: X — Y .

(a) If the net {fs: s € S} almost uniformly (uniformly) converges to a
function f: X — Y, then f is almost quasicontinuous.

(b) If X is a locally compact space and the net {fs: s € S} converges to
f uniformly on compact sets, then f is almost quasicontinuous.

Finally, we will use the symbol F'(X,Y) to denote the space of all functions
from X into Y equipped with the topology of the uniform convergence on
compact sets and AQT(X,R) the space of all upper almost quasicontinuous
real functions with the same topology.

COROLLARY 5. Let X be a locally compact space and (Y,d) a metric one.
Then the function ¥: F(X,Y) — AQ*(X,R) given by ¥(f) = wy is continu-
ous.

In virtue of Theorem 6 the result analogous to Corollary 5 can be formu-
lated for F(X,Y) and A Q*(X,R) equipped with the topology of the uniform
convergence (without the assumption of the local compactness of X).
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