Contributions to Geophysics and Geodesy

Vol. 39/3, 2009 (187–206)

Estimation of IDF curves of extreme
rainfall by simple scaling in Slovakia
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Abstract: Scaling properties of the short term extreme rainfall has not been investigated
so far in Slovakia. In this study the simple scaling theory is applied to the intensityduration-frequency (IDF) characteristics of short duration rainfall. The rainfall data
for the analysis consists of rainfall intensities of durations ranging from 5 minutes to
180 minutes and daily rainfall amounts for 55 stations from the whole territory of Slovakia,
respectively, taken from the historical dataset of Šamaj and Valovič (1973) and from the
database of the Slovak Hydrometeorological Institute (SHMI). The scaling behaviour of
rainfall intensities was examined and it was shown that for time scaling, the statistical
properties of rainfall follow the hypothesis of simple scaling. The scaling exponents were
derived in all the analysed stations. In the selected test stations, the inﬂuence of excluding
the 5 min duration on the derived IDF curves was also examined. The possibility of using
wide sense simple scaling in Slovakia was demonstrated.
Key words: rainfall intensity, simple scaling, IDF curves

1. Introduction
Information on quantiles of extreme rainfall of various durations is needed
in the hydraulic design of structures that control storm runoﬀ, such as ﬂood
detention reservoirs, sewer systems etc. Such information is in engineering
hydrology usually expressed as a relationship between intensity-durationfrequency (IDF) of extreme rainfall. The establishment of such relationships goes back to the 1930s (Bernard, 1932). Since then, diﬀerent forms
of relationships have been constructed for several regions of the world.
Since the 1960s, the regional properties of IDF relationships have been
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studied in several countries, and in general, maps have been constructed
to provide the rainfall intensities or precipitation totals for various return
periods and durations. IDF relationships were mostly estimated by at-site
statistical analysis of rainfall data for diﬀerent durations of intensive rainfall.
The IDF curves are constructed by performing statistical analysis either on
annual maxima series (AMS) or partial duration series (POT) by ﬁtting
curves to empirical quantiles or ﬁtting probability distributions for several
pre-selected rainfall durations (Bougadis and Adamowski, 2006).
IDF curves received considerable attention in engineering hydrology over
the past decades. Approaches based on statistical analysis of data were developed, e.g. Bell (1969) and Chen (1983) derived the IDF formulae for
the United States, Baghirathan and Shaw (1978), Gert et al. (1987) and
Niemczynowicz (1982) developed IDF formulas for ungauged sites, Sivapalan and Bloeschl (1998) proposed a method of constructing IDF curves
based on the spatial correlation structure of rainfall, Koutsoyiannis et al.
(1998) proposed a new generalizing approach to the formulation of IDF
curves using eﬃcient parameterization.
The ﬁrst attempts to construct regional IDF curves for Slovakia were
made by Dub (1950). Šamaj and Valovič (1973) presented a comprehensive
IDF study based on 68 stations covering the area of Slovakia using data
mostly from the period 1931–1960. Their results were re-evaluated by Urcikán and Horváth (in Urcikán and Imriška, 1986); however, the analysis
mostly concentrated on the diﬀerent formal presentations of IDF curves.
They also proposed a method for the spatial interpolation of IDF curves for
sites with no direct observations. These procedures were data and time demanding, therefore, it seemed advantageous to develop models which would
describe rainfall characteristics through a number of timescales including
interpolation or extrapolation at time resolutions that may not have been
observed.
In the last years, the properties of extreme rainfall in Slovakia were
studied e.g. by Faško et al. (2000), Cebulak et al. (2000), Gaál and Lapin
(2000) and Kohnová et al. (2005). Statistical characteristic of 1-day precipitation totals were analysed e.g. in Pekárová et al. (2008) and Pekár et
al. (2008). In these studies only smaller regions were examined, but since
the 1980’s the short-term rainfall and its IDF characteristics has not been
globally processed for the whole teritorry of Slovakia.
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In recent decades, hydrological research has devoted considerable attention to improving the representation of precipitation ﬁelds both in time and
space. One of the most important issues recently is the development of
various simple and multiscaling models. They recognize rainfall organization at diﬀerent scales through the concept of mesoscale precipitation areas
and the clustering of cells in space and time; see e.g. Waymire and Gupta
(1981), Waymire et al. (1984), Rodriguez-Iturbe et al. (1984), Marien and
Vandewiele (1986), Sivapalan and Wood (1987), Veneziano et al. (1996).
Consequently, alternative approaches to construct IDF relationships,
based on the fractal properties of rainfall, which implies scaling invariance,
were developed. In these studies scaling formulas were proposed to extend
the IDF relationships from (usually) daily time scale to shorter time intervals based on scaling properties of rainfall in recent studies. E.g., Gupta
and Waymire (1990) studied the concepts of simple and multiple scaling to
characterize the probabilistic structure of the precipitation process, Koutsoyiannis and Foulfoula-Georgiu (1993) used a scaling model to predict
storm hyetographs. Menabde et al. (1999) showed that based on the empirically observed scaling properties of rainfall and some general assumptions
about the cumulative distribution function for the annual maxima of mean
rainfall intensity, it is possible to derive simple IDF relationships. Bendjoudi
et al. (1997) used a multifractal point of view on rainfall IDF curves, Rosso
and Burlando (1990), and later Burlando and Rosso (1996) used this concept to study traditional forms of depth-duration-frequency relationships.
De Michele et al. (2002) developed IDF curves for design storms, Yu et al.
(2004) developed regional IDF formulas for non-recording sites in Taiwan,
Molnar and Burlando (2005) examined the variability of scaling exponents
in a mountainous region, Nhat et al. (2007) developed regional relationship for ungauged locations based on the scaling theory in Japan, Acar et
al. (2008) used a multilayer perception artiﬁcial neural network model to
assess IDF relationships for short duration rainfalls. In Slovakia the scaling
properties of extreme rainfall were tested in studies of Bara (2008, 2009)
and Bara et al. (2008).
In this study, scaling properties of extreme rainfall are examined in Slovakia in order to establish scaling behavior of statistical moments over different durations. Such scaling or scale-invariant models enable us to scale
data from one temporal resolution to another, and thus, help to overcome
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the lack of the extreme rainfall data of sub-daily durations. The simple
scaling concept is explored using the historical dataset of Šamaj and Valovič (1973) and the scaling relationships are used for downscaling the daily
rainfall intensity for the derivation of scaled IDF curves.

2. Methodology
The basic theoretical development of scaling has been investigated by many
authors and considerable amount of studies were devoted to extreme rainfall
and its scaling properties, including Waymire and Gupta (1981), Waymire,
et al. (1984), Rodriguez-Iturbe et al. (1984), Marien and Vandewiele
(1986), Sivapalan and Wood (1987), Gupta and Waymire (1990), Rosso
and Burlando (1990), Smith (1992), Koutsoyiannis and Foulfoula-Georgiu
(1993), Burlando and Rosso (1996), Veneziano et al. (1996), Bendjoudi et
al. (1997), Willems (2000), Hubert et al. (2002), De Michele et al. (2002),
Molnar and Burlando (2005). In this work the simple scaling hypothesis is
adopted to test the scaling behaviour of rainfall in Slovakia, following the
methodology described e.g. in Menabde et al. (1999), Yu et al. (1994) and
Nhat et al. (2007).
2.1. The simple scaling hypothesis
Let Id and Iλd denote the annual maximum rainfall intensity series for the
time durations d and λd, respectively. The two random variables I d and Iλd
are said to have the following scaling property (Menabde et al., 1999; Yu et
al., 2004) if
dist

Iλd = λβ Id .

(1)

In equation (1) the equality is meant in the sense of the equality of the
probability distributions of both variables and β represents the scaling exponent. Such behaviour is denoted as simple scaling in the strict sense (see
Gupta and Waymire, 1990).
This type of scaling implies that both variables have the same probability distribution function, if ﬁnite moments of an order q exist for both.
The relationship between the moments of the order q can be obtained after
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raising both sides of equation (1) to power q and taking the expected values
of both sides (Menabde et al., 1999; Yu et al., 2004):








q
E Iλd
= λβ E Idq ,

(2)

where β represents the scaling exponent of order q. In order to obtain the
value of β, we can simply take the logarithm of both sides of Eq. (2), which
transforms it into:








q
log E Iλd
= log E Idq + β log λ.

(3)

In this form of Eq. (2) the scaling exponents, β, regarded as the slope of
the linear
relationships between the log-transformed values of the moments
 q
(log E Iλd ) and scale parameters (log λ) for various orders of the moments
(q), can be estimated e.g. by linear regression. When the scaling exponent and the corresponding order of moment have a linear relationship, one
usually speaks of ‘simple scaling in the wide sense’ (Gupta and Waymire,
1990). Both properties can be checked from sample data by using the sample averages instead of the ensemble averages (Menabde et al., 1999).
Furthermore, Menabde et al. (1999) showed that the scaling behavior
can also be found for the parameters of a ﬁtted cumulative distribution
function (CDF) (if CDF has an appropriate standardized form - such as in
the case of the Gumbel distribution) and for the quantiles estimated from
the ﬁtted CDF, corresponding to diﬀerent return periods T .

3. Data analysis
For the analysis in this study, 55 raingauge stations were selected from the
historical dataset of Šamaj and Valovič (1973), covering the whole territory
of Slovakia. The location of the analysed stations is shown in Fig. 1. The
primary data set of quantiles of rainfall intensities derived by Šamaj and
Valovič (1973) including durations 5, 10, 15, 20, 30, 40, 50, 60, 90, 120 and
180 min were completed by daily data from the archive materials of SHMI.
Generally, the periods of observation in this dataset range from the 1930s
till the 1960s of the 20th century, with the average record length of 17 years
(see Table 1).
For the validation of the simple scaling hypothesis, three raingauge sta191

Bara M. et al.: Estimation of IDF curves of extreme rainfall. . .

(187–206)

Table 1. List of the analysed raingauge stations with the number of complete years of
observations (Record length); these are then speciﬁed in the last column (Years of observation)
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Fig. 1. Location map of the raingauge stations analysed.

tions were chosen. These stations have long observation periods and their
locations represent the western, central and eastern parts of Slovakia: the
Humenné station at the altitude of 163 m a.s.l. in eastern Slovakia (No. 12
in Fig. 1), the Kuchyňa – Nový Dvor station situated in the western part
of Slovakia at the altitude of 206 m a.s.l. (No. 19 in Fig. 1), and the Liptovský Hrádok station with an altitude of 640 m a.s.l. (No. 21 in Fig. 1).
For the Humenné station 24 years of observations were available ranging
from 1937 to 1965 (with 5 years missing: 1944–1946 and 1949–1950), for
the Kuchyňa – Nový Dvor station 21 years of observations were available
ranging from 1934 to 1965 (with 11 years missing: 1938–1945, 1950 and
1956–1957), for the Liptovský Hrádok station 32 years of observations were
available ranging from 1931 to 1944 and from 1948 to 1965. The historical
quantile data were checked for consistency and partially reconstructed for
this scaling study by a method described in Bara et al. (2008).
Figures 2 to 4 show the empirical IDF curves of Šamaj and Valovič (1973)
extended by the daily rainfall amounts estimated using the generalised extreme value (GEV) distribution. The return periods in the historical dataset
has been adjusted from empirical POT periodicities to annual maximum return periods by the well-known Langbein formula (Langbein, 1949).
PAM S = 1 − ePP OT ,

(4)

where PAM S is the return period of annual maximum data series and P P OT
the periodicity of peaks-over threshold data series.
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Fig. 2. The empirical IDF curves of Šamaj and Valovič (1973) adjusted to the annual
exceedances and extended by the daily rainfall amounts in the Humenné station.

Fig. 3. The empirical IDF curves of Šamaj and Valovič (1973) adjusted to the annual
exceedances and extended by the daily rainfall amounts in the Kuchyňa – Nový Dvor
station.
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Fig. 4. The empirical IDF curves of Šamaj and Valovič (1973) adjusted to the annual
exceedances and extended by the daily rainfall amounts in the Liptovský Hrádok station.

Despite of the slight inconsistency in both methods of dataset derivation,
it can be seen, that the newly added daily data are consistent with the trend
of the historical dataset. This also implies the existence of some scaling
behavior in the data, which will be investigated below.

4. Empirical veriﬁcation of the scaling hypothesis
The property of simple scaling of rainfall intensities in the wide sense is
demonstrated in the three selected sample stations. First, the scaling exponents were derived by including all the analyzed durations of rainfall (5, 10,
15, 20, 30, 40, 50, 60, 90, 120, 180 and 1440 min) to the analysis and consequently by excluding rainfall units of 5 minute duration. Fig. 5 displays
the relationships between the log-transformed values of moments of various
orders against various rainfall durations at the Humenné station and Fig. 6
and 7 the same relationship at the Kuchyňa – Nový Dvor and Liptovský
Hrádok station, respectively. The scaling exponents of the moments of various orders were estimated as the slopes of the linear regression between
195
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Fig. 5a-b. The relationships between the log-transformed values of moments of various
orders and various rainfall durations at the station Humenné: a) for all durations of
rainfall units, b) without 5 min duration.
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Fig. 6a-b. The relationships between the log-transformed values of moments of various
orders and various rainfall durations at the station Kuchyňa – Nový Dvor. a) for all
durations of rainfall units, b) without 5 min duration.
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Fig. 7a-b. The relationships between the log-transformed values of moments of various
orders and various rainfall durations at the station Liptovský Hrádok: a) for all durations
of rainfall units, b) without 5 min duration.
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these and the rainfall duration.
Figures 8–10 show the relationships between the scaling exponents of
the moments and the orders of the moments at the stations. It is obvious
that the scaling exponents decrease with the order of moments and a linear relationship exists between scaling exponents and the moment orders.
These two properties imply that the property of simple scaling in the wide
sense exists in the analyzed stations if rainfall of all durations is included
and also if rainfall of 5 minute duration is excluded from the analysis. For
the Humenné station the value of the scaling exponent derived including all
durations is 0.7455 and excluding 5 min rainfall is 0.7768. For the Kuchyňa
– Nový Dvor station these values are 0.7189 resp. 0.7337 and for the Liptovský Hrádok station 0.7151 resp. 0.7271. As can be seen, after excluding

Fig. 8a-b. The relationship between the scaling exponents of the moments and the orders
of the moments at the station Humenné. a) for all durations of rainfall units, b) without
5 min duration.

Fig. 9a-b. The relationship between the scaling exponents of the moments and the orders
of the moments at the station Kuchyňa – Nový Dvor. a) for all durations of rainfall units,
b) without 5 min duration.
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Fig. 10a-b. The relationship between the scaling exponents of the moments and the
orders of the moments at the station Liptovský Hrádok. a) for all durations of rainfall
units, b) without 5 min duration.

the rainfall units of 5 minute duration, the values of the scaling exponents
increased. The scaling exponents of moments of the rainfall intensities were
derived for the whole set of 55 stations using the same methodology and
both of the aforementioned approaches: including all durations of rainfall
and excluding 5 min rainfall units, respectively.

5. Comparison of IDF curves assessed by Šamaj and Valovič (1973) with IDF curves derived by the simple scaling
method
In the three sample stations, the design values of precipitation were assessed
using the methodology of simple scaling, by downscaling the daily precipitation data. The scaling exponents of moments of rainfall intensities derived
both for all analyzed durations and also excluding 5 min rainfall were used.
The downscaled data were 1-day precipitation maxima in the warm season
from the same period as presented in Table 1. The quantiles of the 1-day
rainfall intensities for the desired return periods were derived by the GEV
distribution. Using the simple scaling methodology, the design values of the
rainfall of selected recurrence intervals and for durations 5, 10, 15, 20, 30,
40, 50, 60, 90, 120 and 180 minutes were evaluated.
The downscaled design values of rainfall intensities were compared to
those assessed by Šamaj and Valovič (1973). The relative diﬀerences (RD)
between these values in percentage were calculated using the formula
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Contributions to Geophysics and Geodesy

Vol. 39/3, 2009 (187–206)

Fig. 11. Comparison of the IDF curves assessed by Šamaj and Valovič (1973) and
obtained by downscaling for periodicities P = 0.5 and 0.05 at the Humenné station.

X −Y
. 100 [%],
(5)
Y
where X are the design values determined by downscaling and Y are the
design values assessed by Šamaj and Valovič (1973). Figs. 11–13 show
the comparison of the IDF curves derived by downscaling (using scaling
exponents derived for all analyzed durations and by excluding 5 min rainfall
units, respectively) in the three stations selected with the IDF by Šamaj and
Valovič (1973) for the periodicities P = 0.5 and 0.05. For all the analysed
stations the derived downscaled values of IDF curves were lower than those
published by Šamaj and Valovič (1973). The absolute average RD value in
RD =
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Fig. 12. Comparison of the IDF curves assessed by Šamaj and Valovič (1973) and
obtained by downscaling for periodicities P = 0.5 and 0.05 at the Kuchyňa – Nový Dvor
station.

the Humenné station using the scaling exponents derived for all durations of
rainfall units was 30.74%, in the Kuchyňa – Nový Dvor station it was 14.98%
and in the Liptovský Hrádok station it was 12.25%. Using the scaling
exponents derived by excluding rainfall units of 5 min duration the average
RD between the downscaled and the empirically derived design values was
lower in all the selected stations: in the station Humenné 23.85%, in the
station Kuchyňa – Nový Dvor 15.09% and in the station Liptovský Hrádok
10.57%. For all the tested stations, excluding the 5 min duration rainfall
units from the scaling procedure resulted in the fact that the downscaled
values of IDF curves lie closer to the IDF curves derived by Šamaj and
Valovič (1973).
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Fig. 13. Comparison of the IDF curves assessed by Šamaj and Valovič (1973) and
obtained by downscaling for periodicities P = 0.5 and 0.05 at the Liptovský Hrádok
station.

6. Conclusions
The main results of the presented study can be summarized as follows. The
properties of the time scale invariance of selected rainfall quantiles were
studied in Slovakia. It was shown that the properties of rainfall follow the
hypothesis of simple scaling. Therefore, following the results of Menabde et
al. (1999), it was possible to derive the rainfall IDF curves for durations
shorter than a day. The simple scaling properties were veriﬁed by the historical dataset of Šamaj and Valovič (1973). The IDF relationships, which
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were deduced from daily rainfall, showed acceptable results in comparison
with the IDF curves obtained from at-site short-duration rainfall data. The
exclusion of the 5 min duration from the scaling procedure resulted in better estimates of IDF curves values with comparison to those derived from
Šamaj and Valovič (1973). Therefore, the exclusion of 5 min duration by
simple scaling of extreme rainfall could be recommended also for other stations in Slovakia.
Results of this study are of signiﬁcant practical importance in Slovakia
because statistical rainfall inferences can be made with the use of simple
scaling hypothesis from daily data, which are more widely available from
standard rain gauge measurements.
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