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ABSTRACT. In this paper, we introduce the generalized spaces of the form
H(f, g, AT), where H represents one of the spaces ¢, ¢ or co. The kiothe duals
corresponding to these spaces will be computed and construction of the Schauder
bases for H € {c, co} will be given. Also, some matrix characterizations concerning
these spaces will be computed. Moreover, the characterization of some classes
of compact operators on the spaces loo (f, g, AT") and co(f, g, A’") by employing
the Hausdorff measure of non-compactness will be determined.

1. Introduction

Let © be the space of real sequences. Any vector subspace of €2 is called
a sequence space. By fo, ¢, co and £,(1 < p < o0), we denote the sequence
spaces of all bounded, convergent, null sequences and p-absolutely convergent
series, respectively. Also, we shall write ¢ for the set of all finite sequences that
terminate in zeros, e = (1,1,1,...) and eV for the sequence whose only non-zero
entry 1 is at the jth place for each j € N, where N ={0,1,2,...}.

Let & = (g;;) be an infinite matrix of real numbers g;; (¢,7 € N) and &,
denote the sequence in the i-th row of &, ie., &; = (gij);?‘;o for every ¢ € N.
In addition, if { = (n;) € Q then we define the &-transform of 7 as the sequence

&n = {(&n),}, where
(&n); = Zgz‘ﬂ?j (i€ N), (1.1)

J
provided the series on the right-hand side exists for each ¢ € N as can be seen

in [3, 4, 5 18, 9, (39, 41].
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Let T' and T be two sequence spaces. By (I, T), we represent the class of

all matrices & such that
&: ' —17T.

Thus, & € (I, T) if and only if &y = {(&n);},.n € Y for all n € T'. Also, the
matrix domain I'g of an infinite matrix & in sequence space I' is defined by

e ={n=m)e:&nel}. (1.2)

The construction of new sequence spaces were analysed by several authors,

see, for instance, [2, 1] [T4)-[21] [25, B2]-[35]. Also in the written work, many

papers concerning these spaces which are derived by the domain of average mean
or the difference operator of order m as in [2, [I5] 26] 28] 29, [38].

2. The sequence spaces ’H(f,g,A,(mm)) for H € {{r,c,c0}

In this section, we introduce the spaces f (f,g,A%m)), c(f,g,A%m)) and

co ( 1,9, qum)). We will also show that these spaces are the BK-spaces and are
linearly isomorphic to the spaces £, ¢, co. Also, we give the bases for the spaces

C(f7 9, A%m)) and €o (f7 9, A%m)) .
If a normed space ¥ contains a sequence (v;) with the property that for every
1 € W, there is one and only one sequence of scalars (5;) such that

Z131010 In — (Bovo + Brv1 + -+ + Bivi)|| = 0,

then (v;) is called a Schauder basis for W. The series ) 3;v; which has the sum 7
is then called the expansion ofn with respect to (v;) and written as n = 3" 5;v;.

We call a space I' to be an FK space if it is a complete linear metric space
with continuous coordinates p; : I' — R (i € N), where R denotes the real
field and p;(n) = n; for all n = (n;) € I' and every i € N. Also, a BK space

is a Banach space with continuous coordinates. The space £, (1 < p < o0) is

p\1/p
BK space with ||n||, = (Z;‘io ‘773" ) and ¢g, ¢ and {, are BK spaces with

17l o = sup [n;].
j
In [18], the author has defined new techniques and the space W(A) as follows
W(A) =A{n=(n;) € Q: (An;) e W},
where W € {l, ¢, co} and Anj =n; —njy1.

It was further generalized in [16] as follows.
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For an integer m > 0, we define
W(Ap) = {n=(n) : Amn € W},

where W =l ,c and cg with A1 = 05 — Nitm.-

Also, it was studied in [6] and [7]. Moreover, an interesting generalization of it
is due to Tripathy and Esi [42] who used the above notions and unified them
as follows:

Anne ={n € Q: (Ay'ne) € Wi,

n . n
Amnk = Z(_l)ﬂ ( r > Nk+mu

pn=0

Agnk =V ke N.

where

and

We shall write A = A() for short and follow the sign convention that any term
with a negative subscript is equal to naught.

By choosing m = 1, we have the spaces introduced by Et and Colak [16] and
by taking m = 1 = n we get what was studied Kizmaz in [I§].

By F we denote the set of all sequences f=(f,) such that f; # 0 for all s € N.

For feF, let %: (fin) Let f,g€F and define the matrix H(f, g) = (hnk) by

{ fagr, (0<k <n)
hnk -
0, (k>n)

for all k,n € N, where f, depends only on n and g only on k. The matrix
H(f,h), defined above, is called the generalized weighted mean or factorable
matrix as has been defined in [33] and many more.

Malkowsky and Savag [26] have defined the sequence spaces H(f,g,T)
which consist of all sequences such that H(f, g)-transforms of them are in T €
{lo, ¢, co,p}. Recently, Polat, Karakaya and Simsek [35] have studied the se-
quence spaces A(f, g, A) which consist of all sequences such that H(f, g, A)-forms
of them are in A € {{, ¢, co}, where H(f,g,A) =H(f,g)A.

Following [3, @, 26, 28, B5], we define the sequence spaces H ( 79, A%m))
for H € {{~,c,co} by

H(f,9.80") = {n=(m) € Q:¢= (W) € H .

where the sequence & = (&) is the HS™ = H(f, g).A™-transform of a sequence
n= (7714)7 that iS,

k k
&= (MM =fr)_ | D <Z Z) (=1 7gi| nj;  (keN). (2.1)
i=0 | =3
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With the notation of (L2]), we can redefine the spaces H(f, g, A%m)) for H € {{w,

¢, co} as the matrix domains of the triangle #™ in the spaces H € {{~, ¢, o},

that is (m)
H(f.g, A7) = Hyyom. (2.2)

The definition in (22) includes the following special cases:
(ﬂHmzlznﬁMnH“%AmU:Mﬁ%AMdBﬂ%ﬂ
(i) If g = A\ — Me=1), f = (1/An), m = 1 = n and H = ¢, cp, then
H(f,9,A8") = @(A), MA) (cf. [52)).
(iii) f g = (L+7%), f = (1/(n+1)), m =1 =n and H = ¢,cp, Lo, then
H(f.9. A") = aj(A), aZ(A), aZ (&) ([2 LF).

Throughout we shall assume that the sequences n = (1) and £ = (&) are
connected by the relation ([21J), that is, £ is the H;m)—transform of n. Then the
sequence 7 is in any of the spaces cg (f, g, Aﬁ{”)), c(f, g, Aﬁ{”)) or £ (f, g, Aﬁ{”))
if and only if £ is in the respective one of the spaces cg, ¢ or s

Now, we may begin with the following result which is essential in the text.

THEOREM 2.1. The sequence spaces H(f,g, A%m)) for H € {{,c,co} are Ba-
nach spaces with the norm given by

1., = Wl = s | R (2:3)

Proof. Let H be any of the spaces cg, ¢ or {o. It is trivial that it is a linear
space and is a normed space under the norm defined by (23]). Thus, to establish

the result, we show that every Cauchy sequence in H ( 59, Aﬁ{”)) is convergent.

Suppose (z(™)22, is a Cauchy sequence in X (f, g, (m)) Thus,
(Ve > 0) (3N € N) (Vr,s > N);

Ohy%mﬂym@

:Hﬁﬂ,ﬂﬂ
X

< €.
X(f,9.A5™) )

So the sequence (H;m)x(”))zo:o in X is Cauchy and since X is Banach, there
exsits x € X such that

HHﬁlm)x(”)—xH — 0 as n— oo.
X
Butx:( %m))( %m))_lx, SO
(m),.(n) _ m)<m—1H:Hmn_<m—1H
|ma — (i) a| = [ - ) Ul

as n — 00.

Now since ( %m))_lx € X(f,g, A%m)), this completes the proof. O
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THEOREM 2.2. Let H be any of the spaces cg, ¢ or £o,. Then the sequence space
H(f, g, Asqm)) is linearly isomorphic to the space H, that is H(f, g, A;m)) ~ H.
Proof. Let us define

O H(f,9.00") = H by V() =H".

Then it is trivial that O is linear, bijective and norm preserving, and the result
follows. ([l

THEOREM 2.3. Define the sequences

V(k):{uflk)} and u(_l):{uffl)}
neN

by
0, (n < k),
(k) — { k1 - (n € N) (2.4)
Vn matn—i— _1\i—k n .
( +n_]J 1) (flk)gj (n>k),
j=k
and

n Jj+1 . —
-1) _ m+mn—i—1\(=1)"7
EE(EE e,

a) Then the sequence (V(k))oo

k=0
every ¢ € co (f,g, A;m)) has a unique representation of the form

¢ = Z(H;m)x)k,/(k)_
k

s a basis for the space cq (f,g, qum)) and

oo

b) Then (V(k))k:_l s a Schauder basis for c(f,g, Aﬁ{”)) and every ¢ € c(f,
g, Aﬁ{”)) has a unique representation of the form
=W+ 3 [ 1] o,
k
(m).’IJ)k.

where | = limy,_, oo (Hy,

Proof. This is an immediate consequence of [15, Lemma 2.3]. O

3. Kéthe duals for H(f,g,Al™) for H € {(s, ¢, co}

In this section, we give the method for obtaining the a—, 83— and y—duals
of the spaces f, (f,g, A%m)), c(f,g, A%m)) and co(f,g, A%m)).
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For the sequence spaces k and v, the set S(k, ) defined by

S(k,v) ={v= () € Q:ny=(n;7;) €v forall necrx} (3.1)

is called the multiplier space of x and v. With the help of ([BIl), we denote
a—, B— and y— duals for the space &, respectively, as A, \? and A? and are

given by
kY = S(k,0y), K’ =S(k,cs) and kY = S(k,bs),

where /1, c¢s and bs are the spaces of all absolutely, convergent and bounded
series, respectively.

Throughout, let F denote the collection of all nonempty and finite subsets
of N.

Now we give the following lemmas (see [37]) which are necessary to prove
Theorems [3.3H3.5

LEMMA 3.1. B € (¢o,41) = (¢,41) = (boo, 1) if and only if

up 3" bt

Ker—) keK

< 0.

LEMMA 3.2. B € (¢p,lx) = (¢, ) = (boo, loo) if and only if

sup bni| < oo. 3.2
p 3 o (:2)

Now we shall state the following results without proof:

THEOREM 3.3. The a-dual of the spaces H(f,g, Aﬁ{”)) for H € {{,c,co} is

the set
dlz{a:(an)EQ: supz chk <oo},

KeF ke K
where the matriz C = (cpk) s defined via the sequence a = (ay) by

n

k+1

mtn—j—1y (=1)7 7" <k<
Cnk = ]E:k ( =i ) Ti95 “ (0 B g B n)’ (’ﬂ, ke N)

0 (k>n),
THEOREM 3.4. Define the sets do, dsz, ds and ds as follows:

n

dy =< a=(a;) €Q: supz ZV;"L)(j, k)a;| < oo o,
ne€NL=0 |j=k

ds =1 a=(ay) € Q: ngm) (4,k)a; exists for each k € N 3,
=k
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. B Y (m) (. _ .
dy =4 a=(ay) € Q: nl:n;oZZvn (4, k)a; exists

k=0 j=k
and
ds =< a=(ay) € Q: hm Z Zv“") J.k)a;| = Z Zv““)(j, k)a;
Jj=k k |i=k
Then 5
{CO(f>g> (m))} = dg Nds,
B
{C(f7g7A7(1m))} = d2 md?; ﬁd4
and

{tatrg. 2} = dsnas

THEOREM 3.5. The y-dual of the spaces H(f,g, A;m)) for X € {{y,c,co} is
the set ds.

4. Certain matrix transformation on H(f,g,Aglm))
for H € {{w,c,c0}

This section deals Wlth the characterization of various matrix classes on the

given spaces co(f, g, A Alm ) c(f, 9.2 m)) and (o (f, 9, A%m)).
For an infinite matrix B = (b,y), for simplification, we denote

l

b =D V(G k)b (k< m)
j=k
and

bk, = qu(lm) (4, k)b (4.1)
=k

for all n, k, £ € N provided the series on the right-hand side to be convergent.
Now, let us consider the following conditions:

sup (Z ’bnk’> < 00, (4.2)
™ \k=0

813202 165 | I;) bu|  (n€N), (4.3)
by exists for all k,n € N, (4.4)
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¢
sup Z |5flk’ < 00 (n € N), (4.5)
teN /7
lim b, = ar (k€ N), (4.6)
n—o0
Lim Y [bu, — ] =0, (4.7)
k=0
nh_)rrgo ank =a, (4.8)
- k=0
ZB”’C converges for all n € N, (4.9)
k=0 -
dim Y [bar| =0, (4.10)
k=0
lim b,, =0 forall ke N, (4.11)
n—oo
oo p
sup (Z Z b ) < 00 (1 <p<o0), (4.12)
KeF \,, =0 |kek
lim ;Obnk =0. (4.13)

Then by combining Theorem B4 with the results of Stieglitz and Tietz [37],

we immediately derive the following results.

THEOREM 4.1. We have:

(a) B € (too(f,9,A%™), s0) if and only if @2), @3) and @A) hold.

(b) B e (¢(f,9,A"),£50) if and only if @2), @EH) and @EI) hold.

(c) Be (co(f,g,A%m)),foo) if and only if @2), (@4) and X)) hold.
THEOREM 4.2. We have:

(a) BE(Eoo(f,g,A%m)),c) if and only of ([E3), @), L) and (ET) hold.

(b) Be (c(f,g,A%m)),c) if and only if ([E2), (E4), 1), Q) and [@EI) hold.

(c) Be(co(f,9, A;m)),c) if and only if (A2), @), @H) and [@6) hold.

THEOREM 4.3.

We have:

(a) Be (Eoo (f,g,A%m)),co) if and only if [@3), @A) and @EIQ) hold.
(b) Be (c¢(f,9,A5), o) if and only if @), @F), @), EID) and @EII)

hold.

() BE(colf,9,A8™),co) if and only if @), @), @) end EIL) hold.
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THEOREM 4.4. Let 1 < p < co. Then, we have:
(a) B€ (loo (f,g,A%m)),Kp) if and only if (@E3), @A) and @EI2) hold.
(b) Be (c(f,9,A5™),6,) if and only if @), @), @) and @EIZ) hold.

(¢) Be (co(f,g, Aﬁ{”)),zp) if and only if [E4), D) and (EI2) hold.

Now, we may present the lemma given by Bagar and Altay [I, Lemma 5.3]
which is useful for obtaining the characterization of some new matrix classes
from Theorems d.IH4.3

LEMMA 4.5. Let A\, i be any two sequence spaces, A be an infinite matriz and
B a triangle matriz. Then, B € (A, up) if and only if T = BB € (\, ).

We should finally note that if b, is replaced by

tok = fu i li <Z mj) (_1)2‘—%11 b;

=0 Li=j
for all k,n € N in Theorems LTHA3] then one can derive the characterization

of the classes
A((£.9.807). 019, 40))

from Lemma 5] with B = ’H%m), where A, € {co, ¢, 0o}

5. Measure of noncompactness of matrix operators
on the sequence spaces ¢ (f, g, Afﬂbm)) and (. (f, 9, A,(Im))

In this section, we characterize some classes of compact operators on the
spaces ¢q (f, g, qum)) and £ (f, g, qum)) by using the Hausdorff measure of non-
compactness.

It is quite natural to find conditions for a matrix map between BK-spaces
to define a compact operator since a matrix transformation between B K-spaces
is continuous. This can be achieved by applying the Hausdorff measure of non-
compactness. In the past, several authors characterized classes of compact opera-
tors given by infinite matrices on the some sequence spaces by using this method.
For example see [10]-[13], [15],[17],[25], [27]-[29],[31],[36]. Recently, Malkowsky
and Rakocevi¢ [23], Djolovi¢ and Malkowsky [14] and Mursaleen and Noman [30]
have established some identities or estimates for the operator norms and Haus-
dorff measures of noncompactness of linear operators given by infinite matrices
that map an arbitrary BK-space or the matrix domains of triangles in arbitrary
BK-spaces.
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For a normed space H;, we define Sy, as follows:
Su, ={n € Hy :|n| =1},

i.e., a unit sphere in H;. If H; and Hs are Banach spaces then B(H;, Hs) is the
set of all continuous linear operators £ : H; — Hy; B(Hy, Hs) is the Banach
space with the operator norm defined by ||£|| = sup{[[£Ln] : ||n|| < 1} for all
Le B(Hl, Hg)

If (H,|.||) is a normed sequence space, then we write

> ik

k=0

1l = sup
neSu

(5.1)

for b € Q) provided the expression on the right-hand side exists and is finite that
is the case whenever H is a BK space and b € H? [43] p.107].

We recall that if H; and Hy are Banach spaces and L is a linear operator
from H; to Hs, then L is said to be compact if its domain is all of H; and
for every bounded sequence (z,,) in Hy, the sequence ((£({),) has a convergent
subsequence in Hy. We denote the class of such operators by K(Hi, Hs).

If (H,d) is a metric space, we write My for the class of all bounded subsets
of H. By B(n,r) = {{ € H : d(n,§) < r} we denote the open ball of radius
r > 0 with centre in 7. Then the Hausdorff measure of noncompactness of the
set Q € Mx denoted by U(Q), is given by

U(Q) = inf {5>0:QC UB(m,ri),m € Hr <5(i:0,1,...,n),n€N}.
i=0

The function U : My — [0,00) is called the Hausdorff measure of noncom-
pactness.

The basic properties of the Hausdorff measure of noncompactness can be
found in [22], for example if @, Q1 and Q2 are bounded subsets of a metric
space (H,d), then

U(Q) =0 ifand only if @ is totally bounded,

Ql C Q2 implies 6(@1) S U(Qg)

Further if H is a normed space, the function U has some additional properties
connected with the linear structure, e.g.,

0(Q1 + Q2) <U(Q1) + U(Q2),

U(aQ) = |a|0(Q) forall « € C,
where C is the complex field.
We shall need the following known results for our investigation.
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LEMMA 5.1. [28] Lemma 3.1]. Let H denote any of the spaces co and oo
If B € (H,c), then we have

ar = lim by, exists for every k € N,
n—oo

a= (o) € 4,
sup (Z |brk — ak|> < 00,
" \k=0

lim (Bn), Z agnk forall n=(ng) € H.

n—oo

LEMMA 5.2. [28, Lemma 1.1]. Let H denote any of the spaces ¢y, ¢ or Ly
Then we have HP = (1 and ||b||}; ||bl,, for all b € (1.

LEMMA 5.3. [43, Theorem 4.2.8]. Let Hy and Hy be BK -spaces. Then we have
(Hy,Hs) C B(Hi, Hs), that is, every B € (Hy, Hy) defines a linear operator
Lp € B(Hy, Hy), where Li(n) = An for alln € H.

LEMMA 5.4. [I5, Lemma 5.2]. Let Hy D ¢ be BK-space and Hs be any of the
spaces cg, ¢ or bo. If B € (Hy, Hs), then

1£8] = 11Bll(m, ¢y = 5P [1Ballfy < oo
n

LEMMA 5.5. 28] Lemma 1.5]. Let Q € M., and P, : ¢o — co (r € N) be
the operator defined by P.(n) = (no,M1y.--sMr,0,0,...) for all np = (nk) € co.
Then we have
6(@) = i (s 7~ P, ).
T (o] neQ
where I is the identity operator on cg.
Further, we know by [22, Theorem 1.10] that every ¢ = ({,) € ¢ has a unique

representation ¢ = Ce+Y oo (¢ — $)e™, where ¢ = lim,, o0 ¢,,. Thus, we define
the projectors P, : ¢ — ¢ (r € N) by

=(e+ Z )e™  (reN) (5.2)

for all ¢ = ({,) € ¢ with ¢ = lim, o ¢,. In this situation, the following
result gives an estimate for the Hausdorff measure of noncompactness in the
BK space c.

LEMMA 5.6. [28) Lemma 1.6]. Let Q € M, and P, : ¢ — ¢ (r € N) be the

projector onto the linear span of {e, e e . ,e(’")}. Then, we have
1.,
gl (sup (7= PO ) < 5(@) < i (sup (7= )G ).
"o \neQ neQ

where I is the identity operator on c.
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The next lemma is related to the Hausdorff measure of noncompactness of a
bounded linear operator.

LEMMA 5.7. [22] Thereom 2.25, Corollary 2.26]. Let Hy and Hy be Banach
spaces and L € B(Hy, Hs). Then we have

; I1£]l;s = B(£(Sn,)) (5.3)
an
L e K(Hy,Hy) if and only if ||L]|; =0. (5.4)

The following results will be needed in establishing our results.

LEMMA 5.8. Let H denote any of the spaces cg (f,g,A%m)) or U (f,g,A%m)).
If a = (ay) € HP then a = (ay) € {1 and the equality

> akne =) aré (5.5)
k=0 k=0
holds for everyn = (n,) € H, where £ = G is the associated sequence defined

by ZI) and

i =3 9", k)a;  (kEN).
j=k

Proof. This follows immediately by [32, Theorem 5.6]. O

LEMMA 5.9. Let H denote any of the spaces cg (f,g, A%m)) or U (f,g, A%m)).
Then, we have

o0
lallr = llall,, =D lax| < o
k=0
for all a = (ay) € HP, where @ = (ax) is as in Lemma[5.8.

Proof. Let Hy be the respective one of the spaces ¢y or , and take any
a = (ax) € H’. Then we have by Lemma that @ = (a;) € ¢; and the
equality (B.5]) holds for all sequences n = (1) € Hy and § = (&) € Hy which
are connected by the relation (2]). Further, it follows by ([23) that n € Sg,
if and only if £ € Sp,. Therefore, we derive from (B.I)) and (55) that

o0 o0
> apnk >

k=0 k=0

lally, = sup = llally,

u p
neSH,

Ssu
£€SH,

and since a € £1, we obtain from Lemma [5.2] that
lallz, = llallz, = llall, < oo

which concludes the proof. (]
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LeEMMA 5.10. Let Hi be any of the spaces ¢ (f,g, Aﬁ{”)) or fog (f,g, Aﬁ{”)), H,
the respective one of the spaces ¢y or Lo, Z a sequence space and A = (byi) an
infinite matriz. If B € (Hy,Z), then A € (Ha, Z) such that An = A¢ for all
sequences n € Hy and & € Hy which are connected by the relation (Z11), where
A = (@) is the associated matriz defined as in ([EJ)).

Proof. This is immediate by [28, Lelmma 2.3]. O

Now let A = (b,x) be an infinite matrix and A = (@) the associated matrix
defined by ([@IJ). Then we have the following result.

THEOREM 5.11. Let X denote any of the spaces cg (f, g, A;m)) or oo (f, g, Aﬁ{”)).
Then, we have

(a) If B € (Hy,cp), then

I£8]ls = limsup " [@n| - (5.6)
n—oo
(b) If B € (Hy,c), then F=0
1 oo o0
—lim su Uk — ai| < ||£ < lim su Tk — Akl , 5.7
5 nﬁooka:(J K —ak| < LBl n_mpkzzo| ) — Ok (5.7)

where ay, is defined as in Q) for all k € N.
(¢) If Be (Hi, ), then

0< (£l < limsup»  [a@nk|. (5.8)

Proof. Let us remark that the expressions in (£.0) and (B.8) exist by Theo-
rems and [£1] Also, by combining Lemmas [5.1] and 510l we deduce that the
expression in (5.7) exists.

We write S = Spg,, for short. Then, we obtain by (B.3]) and Lemma [5.3] that

[£allis = B(AS). (5.9)
For (a), we have AS € M,,. Thus, it follows by applying Lemma [5.5] that
6(45) = tim (sup (7 = ) (AN, ) (5.10)
T—00 resS

where P; : ¢ — ¢o (j € N) is the operator defined by

Pi(n) = (mo,m,...,nr,0,0,...) forall n= () € co.

This yields that [|(1—P;)(An)||,_=sup,; [(An)n| for all n€ H; and every j € N.
Therefore, by using (1)), (51) and Lemma [59, we have for every j € N that

sup [[(I — Py)(An)ll,_ = sup [|Anl5, = sup || Ayl -
nes n>j n>j
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Together with (BI0), it implies that
B(AS) = lim <sup 14, ) — limsup |4, -
J—=0 \n>j ! n—>00 !

Hence we obtain that (5.06]) from (B.9]).

To prove (b), we have AS € M,.. Thus, we are going to apply Lemma
to get an estimate for the value of U(AS) in (59). For this, let P; : ¢ — ¢
(j € N) be the projectors defined by (5.2)). Then, we have for every j € N that

oo

(I=P)E) =Y (&a—Ee™

n=j+1

and hence, B
I =P, = ilil;|€n — ¢ (5.11)

for all £ = (£,) € ¢ and every ¢ € N, where £ = lim,, .. &, and I is identity
operator on c.
Now, by using (£.9) we obtain by applying Lemma [5.0] that

1 ..
3 1 (supll(7= AR, ) < [£aly <

Jj—o0 nes
lim (sup||(I - P;)(A > . 5.12
Jim (sl =P, ). (512
On the other hand, it is given that H; = c¢g (f,g, qum)) or £ (f,g, A%m)),
and let Ho be the respective one of the spaces ¢y or £,. Also for every given
n € Hy, let £ € Hy be the associated sequence defined by ([Z1]). Since B € (Hy, ¢),
we have by Lemma [E.10 that

A€ (Hy,c) and An= AL

Further, it follows from Lemma [5.1] that the limits @, = lim,_ oo Api exist
for all k, B o
(@) € £, = HY and lim (A), = > A
k=0

Consequently, we derive from (G.I1)) that
I(7 = Py)(An)l, = [[(T = Py)(A9)],_,

(-"If)n - Z akfk

= sup
n>j k=0
oo
= sup Z (@ne — k) Ek for all r € N.
"3 | k=0
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Moreover, since n € S = Sy, if and only if £ € Sy,, we obtain by (B.I]) and
Lemma that

11 = P)(An)ll,_ = sup ( sup | (@ mk)
n>j \§€SH, |1,

=T —|*

= sup||A, —al[,
n>j 2

= sup || A, —al,
n>j !

for all j € N. Thus we get (51) from (5.12]).

To prove (c), we consider the projectors P; : {oc — ls (j € N) as in the
proof of part (a) for all n = (1) € fs. Then, we have

AS C P;(AS) + (I — P;)(AS) (j €N).
Thus, it follows by the elementary properties of the function U that
0 < B(AS) < (P, (AS)) + (I~ P))(AS))

=U((I - F;)(AS9)) < sup [(1 = F5)(An)ll.,
U
= sup | Aa |,
n>j
for all j € N and hence
0 < B(AS) < lim <supHAnHZ > ~ timsup A, -
J=0 \n>j ! j—o0 !

Together with (B.9I), it implies (5.8) and completes the proof. O

COROLLARY 5.12.
Let H denote any of the spaces cg (f, g, A;m)) or Lo (f, g, Aﬁ{”)). Then we have

(a) If B€ (H,cp), then

Lp is compact if and only if lim Z |ank| = 0.
n—o0
k=0
(b) If B € (H,c), then
Lp is compact if and only if lim Z [@nr — @] = 0.
n—>ook:O
(¢) If Be (H,lx), then
Lp is compact if nh_{l;(); |@nx] = 0.

Proof. This result follows from Theorem B.11] by using (5.4]). O
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Finally, we have the following observation.

COROLLARY 5.13. For every matriz

the

Be (4oo(f,g, Agfﬁ),co) or Be (zoo(f,g,A;m),c),

operator Lp is compact.

Proof. Let B € ({x(f.9, A%m)),co). Then we have by Theorem [E3](a)
that lim, e (3 peg [@nk|) = 0. This leads us with Corollary EI2(a) to the

consequence that Lp is compact. Similarly, if B € (Eoo (f,g,A%m)),c) then,

from Theorem E2(a), we have that lim, . (3> 7 |@nk — a@k|) = 0, where
Q= lim, o @y for all k. Hence, we deduce from Corollary BI2(b) that Lg
is compact. O
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