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ABSTRACT. In this paper, we prove the equivalence between a K-functional
and a modulus of smoothness generated by Laguerre-Bessel operator on

K = [0, +00[% [0, +o0].

1. Introduction and preliminaries

In [2] Theorem 1], using a generalized translation operator, they prove the
equivalence theorem for a K-functional and modulus of smoothness for Laguerre
type operator L = c’?_;? 4228l 0 xzt%. Theorem 1 (see [2]) has been studied
and generalized by many authors ([I], [3], [4], [5]).

In this paper, we introduce the modulus of smoothness associated with the
translation operator, based on the Laguerre-Bessel operator we define Sobolev-
-type space and K-functionals, and we prove the equivalence theorem for a K-
-functional and a modulus of smoothness for the Laguerre-Bessel transform Wy 5.

We resume some facts about harmonic analysis related to the Laguerre-Bessel
transform, for (A, m) € [0, +oo[xN, the initial value problem

Dou = —\2u,
Lou = 74)\(m + O‘Tﬂ)u,
u(0,0) =1,2%(0,0) = 24(0,0) = 0,
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where L, is the Laguerre-Bessel operator given by

9% 2a+10 5 9?  2a 0
o= = — Da d Dy=—+——.
Lo=pg@t % g 7% Do am o " T ot
For all (z,t) € K and o > 0, it has a unique solution ¢, ,, given by
Uam(T,1) = joo 1 (AL, (A2?),  V(z,1) €K, (1)
where £ is the Laguerre function defined on R4 by
. L% ()
’Sa — -3 m
and L& is the Laguerre polynomial of degree m and order « given by
i L(m+a+1) 1
Ly (z) =) (—1)F : 2
m(®) kZ:O( S ThtatD B R )

and j, is the normalized Bessel function given by

(—1)* x\2k
jal) a+lzk'Fa+k+1) (5) ' ®)

LEMMA 1.1 ([6]). For all (A\,m) € [0,4+00[xN, the functions x ., are infinitely
differentiable on R?, even with respect to each variable, and we have

SUp(m,t)eKW/\,m(x’t” =1
Let o > 0 be a fixed number. The weighted Lebesgue measure dm, on K is

given by 20+1420

T
We denote by (see [8]):

o S.(K) the space of C* functions on R? even with respect to each variable and
rapidly decreasing together with all their derivatives, i.e., for all k,p,q € N,

}<+oo.

e L?(K),p € [1,+00], the spaces of measurable functions on K such that

p+q

Sorar! @ 1)

k
Nip.q(f) = sup {(1 + 224+ t2)
(z,t)EK

P

/ F(@ OPdma(et)| < oo, if pe [1,+ool,

[flloo,0 = €58 sup (g yexc [ f (2, 8)] < +oc.
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e L ([0,400[xN),p € [1,+00], the spaces of measurable functions on [0,+00[xN
such that 1

gl = / 9O m) Pdya(Am)| < oo, if pe [L,+oof
[0,400[xN
1911700 = €8S SUDP(x m)efo,400[xN [9(A, M)] < +00,

where 7, is the positive measure defined on [0, +00[xN by

o0 +OO
/g(A,m)d%(A,m) W > oL, / (A, m)A3 LA,
[0,400[xN m:O 0

e The homogeneous norm on K defined by
|2t |=| (2.) [g= (2 +42)3, forall (z,t) € K.
e The quasinorm on [0, +oo[xN defined by
[ Xom |=] (o m) fjo soctxr= 4X (m+ &52) . for all (A, m) € [0, +oo[xN.
e B, the ball with center 0 and radius r defined by
B, = {(\,m) € [0,400[xN;| \,m |<r} and B = ([0, +00[xN)\B,.

Let f € Sy(K). For all (z,t) and (y, s) € K, a generalized translation operator
is defined by

pr i ff(Ae(w,y), YV +(=1)t+(-1)s)d0 if a=0,

T((s?,)t)f(y, s)=¢ =00 .
ba f f(AG(xyy)7A9(x7y)£) dua(gﬂlj’e) if a>0.
[0,7]3
Where

(a+1)I (a + %)
EINC)

dpie (&1, 0) = (sin €)* (sin 1))~ (sin 0)** d€ dpde.

The Fourier-Laguerre-Bessel transform of a function in L. (K) is given by

Ag(z,y) = Va2 +y? + 2zycosd, by = Y = zysind

)

and

Weref(A,m) :/f(x,t)lb,\m(x,t)dma(x,t), (A,m) € [0, +oo[xN.

From [0], it is well-known that Fourier-Laguerre-Bessel transform can be
inverted to

Wik (1) = /f(%m)%,m(ivat)dva(/\,m), (1) € K.
[0,400[xN
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It is well-known (see [6], [7], [8]) that the Fourier-Laguerre-Bessel transform
Wi B satisfies the following properties:

e We have the following Plancherel formula

I£ll2.0 = IWLBfllye2,  for f € Lg(K) N LE(K). (5)
e We also have the inverse formula of the generalized Fourier transform
f(z,t) :/WLBf()\,m)wk,m(x,t)dfya(/\,m), (z,t) e K (6)
[0,400[xN

provided Wrpf € L} ([0, +00[xN).
e For f € L} (K), we have
W (TE)F) () = (o, OB (H N, ),

and

Wrs (T(O‘)t)f f) (Am) = (Vam(z,t) — DOWrp(£)(A,m), (7)

where
(z,t) € K, (A\,m) € [0, +00[xN.
e For f € LY (K),p € [1,400], we have

TC)f e BE) and ||TEL 7| <[l (8)

Let Wfa(K) be the Sobolev space constructed by the £, operator that is,
Wi o(K) = {f € LK) : LLf € L3(K), 5 =1,2,....k},

where

Let f € L2(K) and 6 > 0. Then, the generalized modulus of smoothness is

defined by i
wk(f7 6)2,04 = sup HA(Lt)fH )
0<|z,t|<s 2,
where

Al(cz,t)f( ) (T((;Uli) - I>k f<y> S)) ke Na <9>

and I denotes the unit operator.
The generalized K-functional is defined by

Ki(f,0)0.0 = it {|If = gllo.a+ 6 || €|, 9 € WL (K)}.

LEMMA 1.2. Let f € L2(K) and (z,t) € K. We have

k
Wen (Ao f) Com) = (@am(@:t) = 1) Wen(H)(A\m). (10)
Proof. The result easily follows by using (@), [@) and induction on k. O
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PROPOSITION 1.3. For f € W§ (K), we have
Wig(L6f) (A m) = (=1)* | \m |* Wrp(f)(\,m), k € N. (11)
Proof. From [6], we have
Wrs(Laf)(A,m) == | A m [ Wrs(f)(A,m).

The result easily follows induction on k. (]

Throughout this paper, C' denotes a positive constant which can differ from
line to line.

2. Main results

In order to give the main results, we begin with auxiliary results interesting
in themselves. The behavior of the characters ¢y ,(z,t) in 0 could be deduced
from relations (), @) and (@) as follows:

(A [ Am]a?

m(x,t) =1— + Ko.mA2zt + o(\2 x,t4, 12
m?> m 1
where Kam = 5@y T 2ry T 5

LEMMA 2.1. Let v > 0.
(i): There exists C > 0 such that for all (\,m) € B, and (x,t) € K,

| am(@,t) =1[>C | A m ||zt (13)
(ii): There exists C' > 0 such that for all (z,t) € K,

| A, m |>v=|Yam(z,t)—1]>C. (14)
(iii): There exists C > 0 such that for all (A\,m) € [0, +00[xN and (z,t) € K,

[ Yam(@,t) = 1| C[Am| x| (15)

Proof.
(i): Denote v = #, for (A\,m) € B,. Using relation (I2)) yields to
m(x,t) —1 1
ol T e~ T 7O

Consequently, there exists a constant C' and 1 > 0 such that if

| m ||z, t [P<n,
then
| Yam(z,t) —1|>C | \m ||zt
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(ii): From [10, Lemma 4.3], we have

lim z,t) =0,
|IA\,m|—+o0 QO/\’m( )
where oy (z,t) = ALY (A2?) is the Laguerre Kernel, and from [17], we
have the asymptotic formula for the normalized Bessel function j, when
Tr — 400

jale) = Dot D (%>a+ios (v= o+ 1) +o (i> .

L'(3) v2
Hence as 1
¢A,m($, t) - ja—% ()\t)mw/\,m(% t))
then
lim Y (2, t) = 0. (16)
[IA,m|—=+o0
We get

lim | ¢Yam(x,t)—1|=1.

|IA\,m|—+o0

Hence, there exist C’ > 0 and A > 0 such that

| >‘7m |> A :>| w)\,m(xvt) -1 |2 C/~
If v < A. Take

p— 1 m ’t - 1 .

ms Uglg};{l‘g\%, (z,t) =1

Therefore
| Yam(z,t) —1|>C, for |A\m][>wv.

Where C' = min(mg, C").

1m1): Denote r = —, tor (A,m) € B,. Using relation , there exist
iii): D ‘I”ﬂ f A B,. Usi lati h i
C” > 0 and 7 > 0 such that for all (z,t) € K,
| Yam(z,t) =1 [ C" | A,m ||z, t]?.

Using (I6)), we get
| wh,m(xat) —1 | _

=0.
[A,m|—+o00 | >‘7m || .’L’,t |2
Hence, there exist C’ > 0 and A > 0 such that
| )‘7m |> A:>| lbk,m(xvt) -1 |§ Cl | >‘7m || .’L’,t |2 :

If # < A. Take my = Max. 1, <|xm|<A % Therefore.
| Yam(z,t) —1|<C" | A\,m || z,t]?, for (\,m) € BE.
Where C” = min(m4,C"). Hence, the result where C' = max(C’,C"). O
LEMMA 2.2. Let f € L2(K). Then

1A%, o fll5 o < 251 F 20
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Proof. We use the proof of recurrence for k and formula (8]). g

LEMMA 2.3. If f € W} ,(K), then

wi(f:6)2,a < OO L4 fll2,a- (17)

Proof. If f € WQOL(K) , then by ([I0), (), (IH) and Plancherel formula we

have
I8 0T B = [ oam(at) = 1P Wea(P)m) P dva(hm),

[0,400[xN

< /c’f A 4] 2t [ Wes(£) 2 dya(h,m),

[0,400[xN

<O |t |4’“/| A 2 Wes(f) 2 dya(Am),
[0,400[xN

< C* |t |4k/ | Wi (LES) P dya(hm).
[0,400[xN

Therefore
1AL o fllp < C Lat P ]| 25, .

The lemma is proved. ([l

For any function f € L2(K) and any number v > 0 we define the function

Py(f)(z,t) := /WLBf(/\,m)d},\,m(x,t)d’ya()\,m)
B,
= Wgé (WLBf()‘v m)Xv()‘v m))7

where
1, if (\,m)eB,
Xv</\a m) = . —c
0, if (\,m)eB,.
WL_é is the inverse Fourier-Laguerre transform. One can easily prove that the
function P,(f) is infinitely differentiable and belongs to all classes
W o(K), keN.
LEMMA 2.4. If f € L2(K), then
1f = Po(f)ll2.0 < Cwr(f;0)2,a- (18)
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Proof. Using the Plancherel identity, we have

If = Po(f)3.0 = /\ 1 —xo(A\m) P Wesf(A,m) > dya (A, m)
[0,400[xN
=/| Wersf(Ah,m) |? dya (A, m).
ae

By (I4)), we have r,t)—1|>C for |\, m|[>w.
w/\,m ) )
Therefore, from () and the Plancherel identity we deduce that
15 = PulDIB 0 < O [ (e t) = 15 Wen fOm) P o ()

IBU
k 2
- C_%/‘WLB <(T<(§,1> -1) f) ] el m)
Ec
k 2
<o [ boua (1 ~)'1) om0
[0,400[xN

2
2,

(w,t)
Hence

1 = Pof)llze < €| (@) = 1)*|

The lemma is proved. (]

S C_kwk(f7 5)2,0&7

2«

LEMMA 2.5. For any f € L2(K) and v > 0 we have
€6 (PolD |y < C 1t P [|AG o flly 00 K EN. (19)

Proof. By (I0), (II), (I3]) and the Plancherel identity we have

|12 (P (H) 5 = / | Xm [P Wepf(Am) |2 dya(N,m),

IBU
< CF | a t |7 [ [ham (2, ) = 1P Wrp f(A,m) |? dya (X, m),
B,
< Oyt | [ W (8 ) a3,
[0,400[xN

= C% gt [ AL, £l
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Hence
HEZ (Pv(f))HZ,a S C_k| .’L’,t |_2k HA?x:t)fHZ,a'
This proves (I9). O

COROLLARY 2.6. The inequality
125 (Po() 5.0 < CO™ 2 wr(f,)2,0, (20)
holds for any f € L2(K),k € N and § > 0.

THEOREM 2.7. There are two positive constants ¢y =c(k) and co =c(k) such that
crwk(f,0)2.0 < Ki(f,6%), , < c2wn(f,0)2, (21)

for all f € L2(K) and 6 > 0.
Proof. To prove the left-hand inequality in (ZI]), it is sufficient to show that
w(f,8)2,0 < CKi(f, 5%)27&. (22)
Let g € W ,(K). From Lemma 22 and Lemma 2.3 we obtain
wi(f,0)2,0 < wk(f = g,0)2,0 + wi(g,0)2,a
<2 f = glla,a + C'6%F | LEgll2,a

< C(If = gllz.a + 5% LE9]],..),

where C' = maz(2*,C”). Taking the infimum over all g € Wj ,(K), we arrive
at inequality (22)).

Now, we prove the right-hand inequality in 2I)). If g = P,(f) for v > 0, then
it follows from the definition of K} (f,d)2, that

Ki(f,6%), o S If = Po(f)llz.a + 8| 6P ()] 5,0 (23)
It follows from Lemma 2.4 and Corollary 2.6l that
Ki(f,6")2,0 < 2Cwi(f,6)2,a;
which proves the right-hand inequality in (2I)). O
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