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ABSTRACT. In this paper, we prove the equivalence between a K-functional
and a modulus of smoothness generated by Laguerre-Bessel operator on

K = [0,+∞[×[0,+∞[.

1. Introduction and preliminaries

In [2, Theorem 1], using a generalized translation operator, they prove the
equivalence theorem for a K-functional and modulus of smoothness for Laguerre

type operator L = ∂2

∂x2 +
2α+1
x

∂
∂x +x2t ∂

2

∂t2 . Theorem 1 (see [2]) has been studied

and generalized by many authors ([1], [3], [4], [5]).

In this paper, we introduce the modulus of smoothness associated with the
translation operator, based on the Laguerre-Bessel operator we define Sobolev-
-type space and K-functionals, and we prove the equivalence theorem for a K-
-functional and a modulus of smoothness for the Laguerre-Bessel transformWLB .

We resume some facts about harmonic analysis related to the Laguerre-Bessel
transform, for (λ,m) ∈ [0,+∞[×N, the initial value problem⎧⎪⎨

⎪⎩
Dαu = −λ2u,
Lαu = −4λ

(
m+ α+1

2

)
u,

u(0, 0) = 1, ∂u∂x (0, 0) =
∂u
∂t (0, 0) = 0,
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where Lα is the Laguerre-Bessel operator given by

Lα =
∂2

∂x2
+

2α+ 1

x

∂

∂x
+ x2Dα and Dα =

∂2

∂t2
+

2α

t

∂

∂t
.

For all (x, t) ∈ K and α ≥ 0, it has a unique solution ϕλ,m given by

ψλ,m(x, t) = jα− 1
2
(λt)Lαm

(
λx2

)
, ∀(x, t) ∈ K, (1)

where Lαm is the Laguerre function defined on R+ by

Lαm(x) = e−
x
2
Lαm(x)

Lαm(0)
,

and Lαm is the Laguerre polynomial of degree m and order α given by

Lαm(x) =
m∑
k=0

(−1)k
Γ(m+ α+ 1)

Γ(k + α+ 1)

1

k!(m− k)!
xk, (2)

and jα is the normalized Bessel function given by

jα(x) = Γ(α+ 1)

∞∑
k=0

(−1)k

k!Γ(α+ k + 1)

(x
2

)2k
. (3)

����� 1.1 ([6])� For all (λ,m) ∈ [0,+∞[×N, the functions ψλ,m are infinitely
differentiable on R

2, even with respect to each variable, and we have

sup(x,t)∈K|ψλ,m(x, t)| = 1.

Let α ≥ 0 be a fixed number. The weighted Lebesgue measure dmα on K is
given by

dmα(x, t) =
x2α+1t2α

πΓ(α+ 1)
dxdt. (4)

We denote by (see [8]):

• S∗(K) the space of C∞ functions on R
2, even with respect to each variable and

rapidly decreasing together with all their derivatives, i.e., for all k, p, q ∈ N,

Nk,p,q(f) = sup
(x,t)∈K

{(
1 + x2 + t2

)k ∣∣∣∣ ∂p+q∂xp∂tq
f(x, t)

∣∣∣∣
}
< +∞.

• Lpα(K), p ∈ [1,+∞], the spaces of measurable functions on K such that

‖f‖p,α =

⎡
⎣∫
K

|f(x, t)|pdmα(x, t)

⎤
⎦

1
p

< +∞, if p ∈ [1,+∞[,

‖f‖∞,α = ess sup(x,t)∈K |f(x, t)| < +∞.
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• Lpγα([0,+∞[×N), p ∈ [1,+∞], the spaces of measurable functions on [0,+∞[×N

such that

‖g‖γα,p
=

⎡
⎢⎣ ∫
[0,+∞[×N

|g(λ,m)|pdγα(λ,m)

⎤
⎥⎦

1
p

< +∞, if p ∈ [1,+∞[

‖g‖γα,∞ = ess sup(λ,m)∈[0,+∞[×N |g(λ,m)| < +∞,

where γα is the positive measure defined on [0,+∞[×N by∫
[0,+∞[×N

g(λ,m)dγα(λ,m) =
1

22α−1Γ
(
α+ 1

2

) ∞∑
m=0

Lαm(0)

+∞∫
0

g(λ,m)λ3α+1dλ.

• The homogeneous norm on K defined by

| x, t |=| (x, t) |K=
(
x4 + 4t2

) 1
4 , for all (x, t) ∈ K.

• The quasinorm on [0,+∞[×N defined by

| λ,m |=| (λ,m) |[0,+∞[×N= 4λ
(
m+ α+1

2

)
, for all (λ,m) ∈ [0,+∞[×N.

• Br the ball with center 0 and radius r defined by

Br = {(λ,m) ∈ [0,+∞[×N; | λ,m |< r} and B
c
r = ([0,+∞[×N)\Br.

Let f ∈ S∗(K). For all (x, t) and (y, s) ∈ K, a generalized translation operator
is defined by

T
(α)
(x,t)f(y, s)=

⎧⎪⎪⎨
⎪⎪⎩

1
4π

1∑
i,j=0

π∫
0

f
(
Δθ(x, y), Y +(−1)it+(−1)js

)
dθ if α=0,

bα
∫

[0,π]3
f
(
Δθ(x, y),Δθ(x, y)ξ

)
dμα(ξ, ψ, θ) if α>0.

where

Δθ(x, y) =
√
x2 + y2 + 2xy cos θ, bα =

(α+ 1)Γ
(
α+ 1

2

)
π

3
4Γ(α)

, Y = xy sin θ

and
dμα(ξ, ψ, θ) = (sin ξ)2α−1(sinψ)2α−1(sin θ)2αdξdψdθ.

The Fourier-Laguerre-Bessel transform of a function in L1
α(K) is given by

WLBf(λ,m) =

∫
K

f(x, t)ψλ,m(x, t)dmα(x, t), (λ,m) ∈ [0,+∞[×N.

From [6], it is well-known that Fourier-Laguerre-Bessel transform can be
inverted to

W−1
LBf(x, t) =

∫
[0,+∞[×N

f(λ,m)ψλ,m(x, t)dγα(λ,m), (x, t) ∈ K.
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It is well-known (see [6], [7], [8]) that the Fourier-Laguerre-Bessel transform
WLB satisfies the following properties:

• We have the following Plancherel formula

‖f‖2,α = ‖WLBf‖γα,2, for f ∈ L1
α(K) ∩ L2

α(K). (5)

• We also have the inverse formula of the generalized Fourier transform

f(x, t) =

∫
[0,+∞[×N

WLBf(λ,m)ψλ,m(x, t)dγα(λ,m), (x, t) ∈ K (6)

provided WLBf ∈ L1
γα([0,+∞[×N).

• For f ∈ L1
α(K), we have

WLB

(
T

(α)
(x,t)f

)
(λ,m) = ψλ,m(x, t)WLB(f)(λ,m),

and

WLB

(
T

(α)
(x,t)f − f

)
(λ,m) =

(
ψλ,m(x, t)− 1

)WLB(f)(λ,m), (7)

where

(x, t) ∈ K, (λ,m) ∈ [0,+∞[×N.

• For f ∈ Lpα(K), p ∈ [1,+∞], we have

T
(α)
(x,t)f ∈ Lpα(K) and

∥∥∥T (α)
(x,t)f

∥∥∥
p,α

≤ ‖f‖p,α. (8)

Let Wk
2,α(K) be the Sobolev space constructed by the Lα operator that is,

Wk
2,α(K) :=

{
f ∈ L2

α(K) : Ljαf ∈ L2
α(K), j = 1, 2, . . . , k

}
,

where

L0
αf = f, Ljαf = Lα(Lj−1

α f), j = 1, 2, . . . , k.

Let f ∈ L2
α(K) and δ > 0. Then, the generalized modulus of smoothness is

defined by
wk(f, δ)2,α = sup

0<|x,t|≤δ

∥∥∥Δk
(x,t)f

∥∥∥
2,α

,

where

Δk
(x,t)f(y, s) =

(
T

(α)
(x,t) − I

)k
f(y, s), k ∈ N, (9)

and I denotes the unit operator.

The generalized K-functional is defined by

Kk(f, δ)2,α = inf
{
‖f − g‖2,α + δ

∥∥Lkαg∥∥2,α : g ∈ Wk
2,α(K)

}
.

����� 1.2� Let f ∈ L2
α(K) and (x, t) ∈ K. We have

WLB

(
Δk

(x,t)f
)
(λ,m) =

(
ψλ,m(x, t)− 1

)kWLB(f)(λ,m). (10)

P r o o f. The result easily follows by using (7), (9) and induction on k. �
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���	�
����
 1.3� For f ∈ Wk
2,α(K), we have

WLB

(Lkαf)(λ,m) = (−1)k | λ,m |k WLB(f)(λ,m), k ∈ N. (11)

P r o o f. From [6], we have

WLB(Lαf)(λ,m) = − | λ,m | WLB(f)(λ,m).

The result easily follows induction on k. �

Throughout this paper, C denotes a positive constant which can differ from
line to line.

2. Main results

In order to give the main results, we begin with auxiliary results interesting
in themselves. The behavior of the characters ψλ,m(x, t) in 0 could be deduced
from relations (1), (2) and (3) as follows:

ψλ,m(x, t) = 1− (λt)2

4(α+ 1
2 )

− | λ,m | x2
4(α+ 1)

+ κα,mλ
2x4 + o

(
λ2 | x, t |4), (12)

where κα,m = m2

2(α+1)(α+2) +
m

2(α+2) +
1
8 .

����� 2.1� Let v > 0.

(i): There exists C > 0 such that for all (λ,m) ∈ Bv and (x, t) ∈ K,

| ψλ,m(x, t)− 1 |≥ C | λ,m || x, t |2 . (13)

(ii): There exists C > 0 such that for all (x, t) ∈ K,

| λ,m |> v ⇒| ψλ,m(x, t)− 1 |≥ C. (14)

(iii): There exists C > 0 such that for all (λ,m) ∈ [0,+∞[×N and (x, t) ∈ K,

| ψλ,m(x, t)− 1 |≤ C | λ,m || x, t |2 . (15)

P r o o f.

(i): Denote v = η
|x,t|2 , for (λ,m) ∈ Bv. Using relation (12) yields to

lim
|λ,m||x,t|2→0

| ψλ,m(x, t)− 1 |
| λ,m || x, t |2 =

1

4(α+ 1)
> 0.

Consequently, there exists a constant C and η > 0 such that if

| λ,m || x, t |2< η,
then

| ψλ,m(x, t)− 1 |≥ C | λ,m || x, t |2 .
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(ii): From [10, Lemma 4.3], we have

lim
|λ,m|→+∞

ϕλ,m(x, t) = 0,

where ϕλ,m(x, t) = eiλtLαm(λx
2) is the Laguerre Kernel, and from [17], we

have the asymptotic formula for the normalized Bessel function jα when
x −→ +∞:

jα(x) =
Γ(α+ 1)

Γ
(
1
2

) (
2

x

)α+ 1
2

cos
(
x− (2α+ 1)

π

4

)
+ o

(
1

x
3
2

)
.

Hence as
ψλ,m(x, t) = jα− 1

2
(λt)

1

eiλt
ϕλ,m(x, t),

then
lim

|λ,m|→+∞
ψλ,m(x, t) = 0. (16)

We get
lim

|λ,m|→+∞
| ψλ,m(x, t)− 1 |= 1.

Hence, there exist C′ > 0 and A > 0 such that

| λ,m |> A⇒| ψλ,m(x, t)− 1 |≥ C′.
If v < A. Take

m2 = min
v≤|λ,m|≤A

| ψλ,m(x, t)− 1 | .
Therefore

| ψλ,m(x, t)− 1 |≥ C, for | λ,m |> v.

Where C = min(m2, C
′).

(iii): Denote r = η
|x,t|2 , for (λ,m) ∈ Br. Using relation (12), there exist

C′ > 0 and η > 0 such that for all (x, t) ∈ K,

| ψλ,m(x, t)− 1 |≤ C′ | λ,m || x, t |2 .
Using (16), we get

lim
|λ,m|→+∞

| ψλ,m(x, t)− 1 |
| λ,m || x, t |2 = 0.

Hence, there exist C′ > 0 and A > 0 such that

| λ,m |> A⇒| ψλ,m(x, t)− 1 |≤ C′ | λ,m || x, t |2 .
If η

|x,t|2 < A. Take m1 = max η

|x,t|2 ≤|λ,m|≤A
|ψλ,m(x,t)−1|
|λ,m||x,t|2 Therefore.

| ψλ,m(x, t)− 1 |≤ C′ | λ,m || x, t |2, for (λ,m) ∈ B
c
r.

Where C′′ = min(m1, C
′). Hence, the result where C = max(C′, C′′). �

����� 2.2� Let f ∈ L2
α(K). Then∥∥Δk

(x,t)f
∥∥2
2,α

≤ 2k‖f‖2,α.
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P r o o f. We use the proof of recurrence for k and formula (8). �

����� 2.3� If f ∈ Wk
2,α(K), then

wk(f, δ)2,α ≤ Cδ2k‖Lkαf‖2,α. (17)

P r o o f. If f ∈ Wk
2,α(K) , then by (10), (11), (15) and Plancherel formula we

have

‖Δk
(x,t)f‖22,α =

∫
[0,+∞[×N

| ψλ,m(x, t)− 1 |2k| WLB(f)(λ,m) |2 dγα(λ,m),

≤
∫

[0,+∞[×N

Ck | λ,m |2k| x, t |4k| WLB(f) |2 dγα(λ,m),

≤ Ck | x, t |4k
∫

[0,+∞[×N

| λ,m |2k| WLB(f) |2 dγα(λ,m),

≤ Ck | x, t |4k
∫

[0,+∞[×N

| WLB(Lkαf) |2 dγα(λ,m).

Therefore∥∥Δk
(x,t)f

∥∥
2,α

≤ C | x, t |2k ∥∥Lkαf∥∥2,α.
The lemma is proved. �

For any function f ∈ L2
α(K) and any number v > 0 we define the function

Pv(f)(x, t) :=

∫
Bv

WLBf(λ,m)ψλ,m(x, t)dγα(λ,m)

= W−1
LB

(WLBf(λ,m)χv(λ,m)
)
,

where

χv(λ,m) =

{
1, if (λ,m) ∈ Bv

0, if (λ,m) ∈ Bv
c
.

W−1
LB is the inverse Fourier-Laguerre transform. One can easily prove that the

function Pv(f) is infinitely differentiable and belongs to all classes

Wk
2,α(K), k∈N.

����� 2.4� If f ∈ L2
α(K), then

‖f − Pv(f)‖2,α ≤ Cwk(f, δ)2,α. (18)
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P r o o f. Using the Plancherel identity, we have

‖f − Pv(f)‖22,α =

∫
[0,+∞[×N

| 1− χv(λ,m) |2| WLBf(λ,m) |2 dγα(λ,m)

=

∫
Bv

c

| WLBf(λ,m) |2 dγα(λ,m).

By (14), we have | ψλ,m(x, t)− 1 |≥ C for | λ,m |> v.

Therefore, from (10) and the Plancherel identity we deduce that

‖f − Pv(f)‖22,α ≤ C−2k

∫
Bv

c

| ψλ,m(x, t)− 1 |2k| WLBf(λ,m) |2 dγα(λ,m)

= C−2k

∫
Bv

c

∣∣∣∣WLB

((
T

(α)
(x,t) − I

)k
f

)
(λ,m)

∣∣∣∣
2

dγα(λ,m)

≤ C−2k

∫
[0,+∞[×N

∣∣∣∣WLB

((
T

(α)
(x,t) − I

)k
f

)
(λ,m)

∣∣∣∣
2

dγα(λ,m),

= C−2k
∥∥∥(T (α)

(x,t) − I)kf
∥∥∥2
2,α

.

Hence

‖f − Pv(f)‖2,α ≤ C−k
∥∥∥(T (α)

(x,t) − I)kf
∥∥∥
2,α

≤ C−kwk(f, δ)2,α,

The lemma is proved. �

����� 2.5� For any f ∈ L2
α(K) and v > 0 we have∥∥Lkα(Pv(f))∥∥2,α ≤ C | x, t |−2k

∥∥Δk
(x,t)f

∥∥
2,α
, k ∈ N. (19)

P r o o f. By (10), (11), (13) and the Plancherel identity we have∥∥Lkα(Pv(f))∥∥22,α =

∫
Bv

| λ,m |2k| WLBf(λ,m) |2 dγα(λ,m),

≤ C−2k | x, t |−4k

∫
Bv

|ψλ,m(x, t)−1 |2k|WLBf(λ,m) |2 dγα(λ,m),

≤ C−2k | x, t |−4k

∫
[0,+∞[×N

∥∥WLB

(
Δk

(x,t)f
)
(λ,m)

∥∥2dγα(λ,m),

= C−2k | x, t |−4k
∥∥Δk

(x,t)f
∥∥2
2,α
.
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Hence ∥∥Lkα(Pv(f))∥∥2,α ≤ C−k | x, t |−2k
∥∥Δk

(x,t)f
∥∥
2,α
.

This proves (19). �

��������� 2.6� The inequality∥∥Lkα(Pv(f))∥∥2,α ≤ Cδ−2kwk(f, δ)2,α, (20)

holds for any f ∈ L2
α(K), k ∈ N and δ > 0.

������� 2.7� There are two positive constants c1=c(k) and c2=c(k) such that

c1wk(f, δ)2,α ≤ Kk

(
f, δ2k

)
2,α

≤ c2wk(f, δ)2,α (21)

for all f ∈ L2
α(K) and δ > 0.

P r o o f. To prove the left-hand inequality in (21), it is sufficient to show that

wk(f, δ)2,α ≤ CKk

(
f, δ2k

)
2,α
. (22)

Let g ∈ Wk
2,α(K). From Lemma 2.2 and Lemma 2.3 we obtain

wk(f, δ)2,α ≤ wk(f − g, δ)2,α + wk(g, δ)2,α

≤ 2k‖f − g‖2,α + C′δ2k‖Lkαg‖2,α
≤ C

(‖f − g‖2,α + δ2k
∥∥Lkαg∥∥2,α),

where C = max(2k, C′). Taking the infimum over all g ∈ Wk
2,α(K), we arrive

at inequality (22).

Now, we prove the right-hand inequality in (21). If g = Pv(f) for v > 0, then
it follows from the definition of Kk(f, δ)2,α that

Kk

(
f, δ2k

)
2,α

≤ ‖f − Pv(f)‖2,α + δ2k
∥∥Lkα(Pv(f))∥∥2,α. (23)

It follows from Lemma 2.4 and Corollary 2.6 that

Kk(f, δ
2k)2,α ≤ 2Cwk(f, δ)2,α,

which proves the right-hand inequality in (21). �
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