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ABSTRACT. In this work we deal with a uniqueness result of solutions for a
class of fractional differential equations involving the Caputo-Fabrizio derivative.
We provide a result on the global convergence of successive approximations.

1. Introduction

Fractional differential equations have been of great interest to physics, math-
ematics, engineering, biology, image processing, electricity, control theory, eco-
nomics, biophysics, mechanics, etc., see [7,[T9H21][24,[251[30,[3T]. For a few fun-
damental results in the theory of fractional differential equations see [2][4][5]
22/ 27,29,132], for new kinds of the Caputo-Fabrizio derivative see [11L123], and
for several results demonstrated on Caputo-Fabrizio fractional differential equa-
tions problem see [SHIO,I6LI7].

In [26], the author proved an abstract monotone iterative scheme by using
a maximum principle. Many articles have been made on the convergence
of successive approximations for nonlinear functional equations, and on global
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convergence of successive approximations of the problem for functional differ-
ential equations. In 1968, Browder [12] gave a brief and transparent proof of a
generalization of the classical Picard-Banach contraction principle by using the
convergence of successive approximations. In 1981, Chen [I4] used the succes-
sive approximations method to study the existence of solutions for the functional
integral equations

x(t) = f(t), telo—rol,
xz(t) = f(t) + fg(t,s,xs)ds, t € [o,b].

In [I5], Czlapiinski studied the global convergence of successive approximations
of the Darboux problem for partial functional differential equations with infi-
nite delay, and in [18], Faina studied the generic property of global convergence
of successive approximations for functional differential equations with infinite
delay.

Recently, the global convergence of successive approximations has been initi-
ated by Abbas et al. [1,3]. Some results about the global convergence of succes-
sive approximations for abstract semilinear differential equations are obtained
in [I], and other results concern the successive approximations for the Darboux
problem for implicit partial differential equations are mentioned in [3].

In this paper, we begin the study of the global convergence of successive
approximations for Caputo-Fabrizio fractional differential equation(CFFDE)

(CFDgp) (t) = o (t, p(t)). teT:=[0,\,
_ (1)
p(0) = po.

Here C¥D3 is for the CFFDE, 0 < s < 1, ¢ : [0, \] x R — R is continuous and
po € R.
2. Preliminaries

Let T :=[0,\], A > 0. We will denote by C' := C(T,R) the Banach space
of continuous functions from T into R with the norm

oo := sup |p(t)].
teY

The Banach space of the measurable function p : T — R integrable Lebesgue is
denoted by L'(7Y), equipped with the norm

A
loll: = / Ip(t)]dt.
0
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Now we will give results of fractional calculus.

DEFINITION 2.1 ([I3]). We define the Caputo-Fabrizio fractional integral of or-
der 0 < s < 1 for a function ¢ € L*(Y) as follows

Frop(r) = %@(7) + m/ﬂn)dn, T >0,

where M (s) is normalization constant depending on s. For M(s) = 52, we ob-

2—s’
tain

CFLs o(r) = (1 — 8)p(r) + s / o(m)dn, r>0.
[0}

DEFINITION 2.2 ([I3]). We define the Caputo-Fabrizio fractional derivative
of order 0 < s < 1 for a function ¢ € AC(T) as follows

R piry — 2 IM(s) /Texp (_ -
0

_— R

We note that (“FD*)(p) = 0 if and only if ¢ is a constant function. If

we have

1 T

D) = o e (< om) S e,
0

LEMMA 2.3 ([6,28]). Let p € L*(Y). Then the problem

{ (“FDgp) (t) = p(t), teT:=][0,]
p(0) = po,

admits a unique solution which is given by

_ 2(1—s)
p(t) = po + 2= 5)M(s)

119



F. SI BACHIR — S. ABBAS — M. BENBACHIR — M. BENCHOHRA

3. Successive Approximations and Uniqueness Results

The family which contains all real valued and continuous functions on the
interval T which is a Banach space supplied with the norm

lpll = sup [p(t)].
teY
This section is devoted to giving the main result of the global convergence of suc-
cessive approximations.

DEFINITION 3.1. The solution of the problem () is a continuous function p € C
which satisfies the equation (“¥Dgp)(t) = ¢(t, p(t)) on T and initial condition
p(0) = po.

Set T, := [0, pA], for any ¢ € [0, 1]. We are going to cite some hypotheses.

(Hy) The functions ¢ : T x R — R are continuous.

(Hz) There exist a constant ¢ > 0 and a continuous function b : T x [0,¢] — R4
such that h(t,-) is nondecreasing for all ¢ € Y, and the inequality

[io(t, p) — @(t,p)| < h(t, |p = pl) (4)

holds for all t € Y and p,p € R such that |[p —p| <.
(H3) R =0 is the function in C (Y, [0,¢]) satisfying the inequality

4(1—s)

R(t) < 2= () (LP)ES;I(})X o lp(t, p) (5)
ot
2s
+7(2 — )M () /h(T, R(7))dr (6)

with o <6 < 1. 0

We define the successive approximations of the problem () as

po(t) =po, teT,

prt1(t) = po + (22—(137)3\;)(3) (w(t, pn(t)) — (0, po))

2s /
+ mg/np(ﬂ pn(7))dr, teTX.
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THEOREM 3.2. Suppose the hypotheses (Hy)—(Hs) hold. Then the successive
approzimations p,,n € N are defined and we obtain a convergence towards the
unique solution of problem () uniformly on Y.

Proof. Since p, is in C, there exist n > 0 such that

[onllso < -

From (H;) the successive approximations are well-defined. Let

w= sup ot p)l
(t,p)€Y x[0,1]

For each tq,t; € T with t; < to, and for all t € T,

2(1 — 5)
P B MG) ((t2, pu1(t2)) = 2(0, po)

lpn(t2) — pu(t1)| <

2s 7
+ m/@(T,pn1(T))dT

- [po + % (‘P(tlapnfl(tl)) - 90(0,/)0))

2s 7
taone ) P oot

< ‘ %(gp(tg,pn,l(tz)) — p(t1, P (1))

=S fotemsonie- [

0 0

2(1 —s)
< G2 (5 pat) ol o)

2s 7
- o)

< 2 o s @) (1)

ta

2s
MCEDIYIO) w/ ar.

t1

121



F. SI BACHIR — S. ABBAS — M. BENBACHIR — M. BENCHOHRA

From the continuity of the function ¢ we have

(1) = put)] £ G ot pacs(82)) = (b1, s (1)
2s
+mw(t2—t1) —)0, as t1 — to.

Hence
lon(t2) = pu(t)| — 0, as t1 — ta,
and we get the equi-continuous on T of the sequence {p,(t),n € N}.

Let v:=sup{p € [0,1] : {pn(t)} converges uniformly on Y,}.

If v = 1, we obtain the global convergence of successive approximations. We will
suppose that v < 1, and the sequence {p,(t)} is equi-continuous on Y,, so it
converges uniformly towards a function p(t). If we show it, there exists ¢ € (v, 1]
such that {p,(t)} converges uniformly on T, and we lead a contradiction.

Put p(t) = p(t) for all teT,.

From (Hs), there exist a constant ¢ > 0 and a continuous function h : T x [0,

¢] — R4 checking inequality (@l). So therefore, there exist
0 € v, 1] and ng € N,
such that, for all t € T§ and n, m > ng, we get
|Pn(t) = pm ()] < C.

For all t € Yy, put
RO™(#) = |pn(t) = pm(t)],

Ri(t) = sup R™™(¢).

n,m>k

Ry (t) is the non-increasing sequence, thus it converges to a function R(t) and

that for all £€Ys. From the equi-continuity of { R (t)} we have
klim Ry (t)=R(t) wuniformly on Ys.
—00

Further, for each t € T5 and n,m > k, we get

R(nm) (t) = |pn(t) — pm(t)]

<o+ % (o (tpn1(6)) — (0, 0)

t
273 /goTpnl dT
0

—Po — ﬁ (@(t, pm—l(t)) — @(0’ pO))
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2s
S _i(7))dr
SR /<P(77Pm (7))
CEEREY,
2(1 —
e E M) |<p(t, pn—1(t)) = @(t, pm-1(t))]|
/’SOTPn 1 o(7, pm—1(7)) |dr
4(1—s)
o sup el p)l
(2 - S)M(S> (t,p)€Y5x[0,m]
2—8 /|<P7—pnl Tpml )|dT
4(1—s)
< ————~ sup  |p(t,p)]
(2—=s)M(s) p)emx[o .
ISR /’cprnl TpmlT))|d7'
therefore, by () we get
4(1—s)
R™™(4) < —— 2 _ sup o(t,p
(¥ (2—s)M(s) (t,p)eTgx[O,n]| (t,p)]
st
2s
+ 2= s)M(s) h(7,|pn-1(7) = pm—1(7)|)dr
0
4(1—s)
< —————= sup ot p)
(2= 8)M(S) (t,p)ers x[0,1]
) st
S n—1,m-—
- (2 — S)M(S)/h(T’ R 1m=U (7)) dr,
0
then,
4(1 — s
Ry < L9y )

T (2= 8)M(S) (t,p)ers x[0,1]

5t
2s

+ m/h(ﬂ Rk_l(T))dT

0
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By the Lebesgue dominated convergence theorem we have
4(1 —s)
s sup [p(tp)
(2= 8)M(8) (t,p)ersx[0.m]
St
2s

+ m/h(ﬂ R(T))dT.

0

R(t) <

By (H;) and (Hs3) we have R =0 on Y;, which gives that

lim Ry(t) =0 uniformly on Ys.

k— o0

Thus {pr(t)}72, is a Cauchy sequence on Ys. So {pr(t)}2, is uniformly con-
vergent on Y5 which gives the contradiction.

Thus {px(t)}32, converges uniformly on YT to a continuous function p,(t).
By the Lebesgue dominated convergence theorem, we have

2(1—s)

im po + - 9M0) (tp(t, p(t)) — (0, po))

= po+ m (‘P(tvp*(t)) o 90(0’[)0))

. / o(7, pu(1))d
0
for all t € Y. This leads to p. that is a solution to the problem (). O

Now we will demonstrate the uniqueness of the solutions of the previous
problem (). Let p; and py be two solutions of (). Then put

v:=sup{o € [0,1]: p1(t) = p2(t) for t € Y,},

and suppose that v < 1. There exist a constant ( > 0 and a function h: T, X
[0, ¢] — R4 verifying inequality ([@]). We will choose ¢ € (g, 1) such as

lp1(t) — p2(t)] < ¢ for t € Ys.

124



GLOBAL CONVERGENCE OF SUCCESSIVE APPROXIMATIONS

Then for all t € T5 we get

B 4(1—s) -
lp1(t) — p2(t)] < EEITTE R lo(t, p)l

ot
2s
G [ ) e

< _4=9) (. )
S T sup @\, p
(2 - S)M<3) (t,p)EY 5 %[0,m]

S5t
2s

+ m/h(ﬂ lpo(T) = par(7)])dr.

0

Again, by (H;) and (H3) we get p1 — p2 = 0 on Y. This gives p1 = p2 on Yy,
which leads to a contradiction. So ¥ =1, the studied problem () admits a unique
solution on Y.

4. An Example

We consider the following Caputo-Fabrizio fractional differential Cauchy
problem:

{ (“Dgp)(t) = ¢(t,p(1)), te€T:=1[0,1], s € (0,1), -

p(0) =1,

where
t

(L4+2)A+ [pt)])

p(t,p(t) = (" +1p(t)])
For each p, p € R and t € T we have
lo(t,p) — @t p)] <t +e)]p—7l.

This leads to the condition () which holds for each ¢t € YT, ¢ > 0 and the
function

h [0, 1] x [0,¢] — [0, 00)
such as

h(t,p) = t(L+¢"7H)lpl.
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Then Theorem leads us to the successive approximations p,, n € N,

defined by

po(t) =1, te T,

2(1—s)
pun(t) =14 537 (96 p0(0) = 2(0,1)

2s ;
+ mg/np(ﬂ pn(T))dT, te T,

which converges uniformly on T to the unique solution of the problem ([7)).

(1]

(10]
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