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ON THE GENERALIZED INEQUALITIES
FOR CO-ORDINATED CONVEX FUNCTIONS

MEHMET ZEKI SARIKAYA
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ABSTRACT. The aim of this paper is to establish some generalized integral
inequalities for convex functions of 2-variables on the co-ordinat. Then, we will
give a generalized identity and with the help of this integral identity, we will
investigate some integral inequalities connected with the right hand side of the
Hermite-Hadamard type inequalities involving Riemann integrals and Riemann-
-Liouville fractional integrals.

1. Introduction

Let f: I C R— R be a convex mapping defined on the interval I of real
numbers and a, b € I, with a < b. The following double inequality is well-known
in the literature as the Hermite-Hadamard inequality

f<a+b>§ 1 a/bf(x)dng(aHf(b)

2 b—a 2

Let us now consider a bidemensional interval A =: [a,b] x [¢,d] in R? with
a < band c < d. Amapping f: A — R is said to be convex on A if the following
inequality

fltx+ (1 —t)z,ty+ (1 —t)w) <tf(z,y)+ (1 —t) f (2, w)

holds for all (z,y), (z,w) € A and ¢ € [0,1]. A function f: A — R is said to be
on the co-ordinates on A if the partial mappings f, : [a,b] = R, f, (u) = f (u,y)
and f; : [c,d] = R, f,(v) = f(x,v) are convex where defined for all z € [a, D]
and y € [c,d] (see [g]).

© 2022 Mathematical Institute, Slovak Academy of Sciences.

2020 Mathematics Subject Classification: 26A33, 26A51, 26D15.

Keywords: Riemann-Liouville fractional integrals, convex function, co-ordinated convex
mapping, Hermite-Hadamard inequality and Holder’s inequality.

Licensed under the Creative Commons BY-NC-ND 4.0 International Public License.

69



MEHMET ZEKI SARIKAYA

A formal definition for co-ordinated convex function may be stated as follows

DEFINITION 1.1. A function f : A — R will be called co-ordinated convex on A,
for all ¢,s € [0,1] and (z,y), (u,w) € A, if the following inequality holds:

fltz+ (1 —t)y,su+ (1 —s)w)
<tsf(x,u) +s(1=1)f(y,u) + (1 = s)f(z,w) + (1 =) (1 = 5) f(y, w).

Clearly, every convex function is co-ordinated convex. Furthermore, there ex-
ists a co-ordinated convex function which is not convex (see, [§]). Dragomir first
proved Hermite-Hadamard inequalities for co-ordinated convex mappings in [§].
The midpoint and trapezoid type inequalities for co-ordinated convex functions
were established in the papers [12] and [I6], respectively. Moreover, Sarikaya
obtained Hermite-Hadamard inequalities for functions with two variables by uti-
lizing Riemann-Liouville fractional integrals in [I7]. Whereas Sarikaya gave the
corresponding fractional trapezoid inequalities for co-ordinated convex func-
tions in [I7], Tung et al. presented fractional midpoint type inequalities for co-
ordinated convex functions in [23]. In the literature, there are numerous papers
related to Hermite-Hadamard inequalities for several type co-ordinated convex
functions. For several recent results concerning Hermite-Hadamard’s inequality
for some convex function on the co-ordinates on a rectangle from the plane R2
we refer the reader to ([1], [2], [8], [9] —[12], [14] - [16], [22]).

Recently, in [8], Dragomir has established the following similar inequality
of Hadamard’s type for co-ordinated convex mapping on a rectangle from the
plane R?.

THEOREM 1.2. Suppose that f : A — R is co-ordinated convexr on A. Then,
one has the inequalities:

b d
a+b c+d 1 1 c+d 1 a+b
< = - - -
f<2’ 2)2 ba/f(x’ 2>dx+dc/f<2’y>dy

b d
1
<ma/c/f(xvy)dydx
b b
gi ﬁ/f(x,c)derﬁ/f(x,d)dx (2)

d d
+ﬁ/f(a,y)dy+ﬁ/f(b,y)dy

fla,e)+ fla,d)+ f(bc)+ f(b,d)
0 .

<

The above inequalities are sharp.
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Generalized double fractional integrals are given by Sarikaya et al. in [10]
as follows

DEFINITION 1.3. Let f € Ly ([a,b] x [¢,d]). The Riemann-Liouville integrals

Tellers Tl 18

o .y and Jlf‘_’ﬁd_ of order a, 5 >0 with a,c>0

are defined by:

J:;jr’b:CJr (2,9) //xta Yy — )7t s)dsdt, x> a, y>ec,
a+d flz,y) = //xtalsy)ﬁ_lf(t,s)dsdt, x>a, y<d,
J?_’7C+f(x,y) )F 3 // S)B f(t,s)dsdt, = <b, y>c,
and
b d
o 1 a— —
Jb_’yd_f(x,y)zw//(tx) 1(3731)5 1f(t,s)dsdt, x<b, y<d,
zy

respectively. Here, I' is the Gamma function,

Tl e Fwy) = o o flwy) = 0 fy) = 00 fla,y) = fla,y),

and

J;JrlCJrf(xy )1"5) /ftsdsdt

For some recent results connected with fractional integral inequalities see
(31 [, o8]~ [210).

The aim of this paper is to establish some generalized integral inequalities for
convex functions of 2-variables on the co-ordinat. Then, we will give a generalized
identity and, with the help of this integral identity, we will investigate some in-
tegral inequalities connected with the right hand side of the Hermite-Hadamard
type inequalities involving Riemann integrals and Riemann-Liouville fractional
integrals.
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2. Fractional Inequalities
for co-ordinated convex functions

Throughout this section, we will use the following symbols

F1<t):h1 (t)—hl (].—t), F2<8)2h2<8)—h2(1—8),
and
S (F1, Fy) = F1 (0) F2 (0) f (b, d) = F1 (0) Fy (1) f (b, ¢)

— Fi (1) F2(0) f (a,d) + F1 (1) F2 (1) f (a, c)

d
FO) [(d=y

(
‘(51—(1c)>c/dF2'<§ !) 5 ey

s

(

@

+ (122_((2) a/ / Z > x,d) dx
b
B (122—(1(3)&// i > ¢) da.

In this part, we will give the following inequalities by using convex functions
of 2-variables on the co-ordinat. In order to prove our main results, we need the

following lemma.

LEMMA 2.1. Let f : A C R? — R be a partial differentiable mapping on A in R?
with 0 < a < b, 0 <c¢<d and hy,hy :[0,1] = R be two positive differentiable

functions. If % € L(A), then the following equality holds:

S(FLF) + =) d_ // (bx> <Z z>f(x,y)dydx

(b—a)( //F1 8t8f (ta+ (1 —t)b,sc+ (1 — s)d)dsdt.

0

Proof. By integration by parts, we get

//F1 (t) Fy (s) gtaj; (ta+ (1 —t)b, sc+ (1 — s)d)dsdt
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1

:/Fg(s){Fl(t) Lﬁ(t + (1= )b, se+ (1 — s)d)

0

1

0
1

- ﬁ /F{ (t) %(tw (1 —t)b,sc+ (1 — s)d)dt} ds

:/Fg(s){Fl(O) (b,sc+ (1 —s)d) — Fl—(l)ﬂ(a,sc—ﬁ—(l—s)d)

b—a 0s b—a 0s
0

+ ﬁ Fy (t)g(m—&—(l—t)b,sc+(1—s)d)dt}d8
il_(? FQ()af(bsc+(1—3)d) 1;1(1)/},2() f(a se+ (1= s)d)ds

+ bL Fi (1) {/F2 (s) %(m + (1 —t)b,sc+ (1 — s)d)ds] dt

+ d% F5 (s) f(b, sc+ (1— s)d)ds}

0

R { 2 (s )f(a,sc+(1—8)d) 1_|_L/F2' (s)g(a,sc—l—(l—s)d)ds}

_F(0) ) Fa(s) '
—_— mf(b,sc—&— (1 —s)d)

b—a

c—d d—c
0

1

+- L /F{ (1) { FQ_(‘ZZ)f(er (1— )b, sc+ (1 - s)d)

+ dL F (s) af (ta+ (I —=1t)b,sc+ (1 —s)d)ds} dt
— 200 - Bl p 0] + 0 [ 1se+ (1 90)
O

R (1) [1;'2 (0) Fla, d)— (1C)f(a’c)} _m/&/(s)%(a,sc+(l—s)d)ds

G“
@

/ / a _ _ F2(1) [ / a _ c
*7@—@)@_0)0/5(01‘@ HI00 )~ g | F O T e+ (1= 00
1 [ / ;L\ Of

+WOF1“)FQ()@ (ta+ (1 — t)b, sc + (1 — s)d) dsdt.
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Thus, using the change of the variable z = ta + (1 — ¢)b and y = sc+ (1 — s)d
for (t,s) € [O 1] x [0,1], we can write

//F1 (t)F> (s (%8 S (tat (1= )b, sc + (1 — s)d)dsdt

RO [B0 B ()
-5 [T ea - 7 0.0)

R {Fz (O)f(a 0 — (1)

b—a [d—c dcf(a’c)]

b—a —62 F<Z Z) bv)dy
. (bj;fj - C/Zg (22 ®
b
“ametasg 7 (ma) reoe
b
- (b$2<(1;c) aF{ (Z_x>f(x’c)dx

1 b—ux d—y
+ F'< >F’ <—> x,y) dydz.
(ba)2(dc)2//1 b—a 2 d—c f( y) Y
Multiplying the both sides of @) by (b — a) (d — ¢), we obtain [B]), which com-

pletes the proof. O

Remark 1. If in Lemma 211
i) we choose hy (t) =t, ha (s) = s on [0, 1], then the equality (B)) becomes the

equality d

f(a,e)+ f (a, d)—l—f(b c)+ f(b,d) _Q(dl_c)/[f(b y)+ f(a,y)] dy
/ (z,d) + f (z,¢)] da:+ )(d //f(xydydw

. // (25— 1) 8t8J; (ta+ (1= )b, sc+ (1 — s)d)dsdt,

which is proved by Sarikaya et al. in [16].

74



ON THE GENERALIZED INEQUALITIES FOR CO-ORDINATED CONVEX FUNCTIONS

ii) we choose hj (t) =t (a > 0), hy (s) = s (8 > 0) on [0, 1], then the equal-
ity ([B) becomes the fractional integral equality

fla,0) + f(a,d)+ f(be)+ f(bd)
4

FOZ+1F +1 o @ oY oY
O S s 0. T 0 e £ 0, £ f ]

_IB+D
4(d—¢)?

Ia+1)
4(b—a)”

_(b=a)d=c) “)4(d —<) // (1= 0% [ — (1 - 9)°]

2 f
~ Dtos
which is proved by Sarikaya in [17].

72, f(a,d) + T2, f(b,d) + T3 flasc) + TE f(b,0)]

[Jax f(b,¢) + Jay £ (b,d) + Sy f(a, ) + Jy_ f(a, d)]

(ta+ (1 —t)b, sc+ (1 — s)d)dsdt,

Next, we start to state the first theorem containing the Hermite-Hadamard
type ineqaulity for fractional integrals.

THEOREM 2.2. Let f : A C R? — R be a partial differentiable mapping on A
in R? with 0 < a < b, 0 < c < d and let hy,hy : [0,1] — R be two positive

differentiable functions. If ‘%‘ 18 a convex function on the co-ordinates on A,
then one has the inequality:

DSy TS P

<(b—a)(d—c) 1/1ts{F1(t)F2(s)

2

o°f
Otds (a,¢)

2

9 f *f
% (b, C)

+ I (1—t)F2 (S) BT (a,d)‘

+ Fi (t)Fg (].—S)

82 f

+F(1—t)Fy(1—9) 595 (b, d)‘} dsdt.

. 9% f
Proof. Since 5t9s

ma 211 we have

is convex function on the co-ordinates on A, from Lem-
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SR+ =g )(d_c //Fl(b_ )F2 <Z_Z>f(z,y)dyd$

<(b—a)(d—rc) /F1 ) F2 (s)

f (ta+ (1 —t)b, sc+ (1 — s)d)| dsdt

atds

ataf (a,¢)

(a,d)’ +(1—s)(1—t) ’g; (b, d)‘}d dt.

<(b-a)(d—2c) /F1 Fz(s){

6t6

2

o2 f
= 9) | 5

By adapting the integral in above inequality, we have inequality (&]). (]

Remark 2. If in Theorem [2.2]
i) we choose hy (t) =t, ho (s) = s on [0, 1], then inequality (B]) becomes the
inequality

d
|f(a,c)+f(a,d)1—f(b,c)—|—f(b,d) B Q(dl_c)/[f(b,y)+f(a,y)]dy

b b d
1 1
m/[f(%d)+f(%0)]d$+ (EDICED /f(x,y)dydx
(b—a)(d—c) (| O*f o f o’ f o f
= 5 950t | T | asan 9 + 950t 9| T | gsar D)
which is proved by Sarikaya et al. in [16].
ii) we choose hy (t) = t%(a > 0), hy (s) = s” (8> 0) on [0, 1], then inequal-
ity (Bl) becomes the fractional integral inequality
fla,c)+ f(a,d) + f(b,c) + f(b,d)
4
L Dla+ D@ +1)
4(b—a)*(d—c)’

el P d) + TS0 f (b ) +
Jpl e flayd) + T30, (a0
_ M'a+1)
4(b—a)”
B rp+1)
4(d— c)

< 4((Z_+a1))((cé_+c1)) (‘g,:aft (a, C)’ *os (‘% d)‘

which is proved by Sarikaya in [I7].

[Jg+f(bv C) + J:zl+f(b7 d) + Jl;l—f(avc) + Jl;l—f(avd)}

[5 fla,d)+J” (b,d)+J§_f(a,c)+J5_f(b,c)]’

6615 6615

)
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THEOREM 2.3. Let f : A C R? = R be a partial differentiable mapping on A
in R? with 0 < a < b, 0 < c¢ < d and let hy,hy : [0,1] — R be two positive

q
differentiable functions. If ‘ é%%‘ ,q > 1,18 a convex function on the co-ordinates
on A, then one has the inequalities:

S(FLF) + = Z - j_y f (z,y) dyda
(b—a)(d—c) )

11
<(b—a)(d—rc) // t) FY (s) dsdt (6)
00
2 2 q 2 2 q\ q
20| +|Zh@a)| + | Zhw.o| + | 24w,

4 b
1 1 _
wherep—l—q—l.

Proof. From Lemma 2T using the well-known Holder s inequality for double

5mas | on A, we have

s+ gty | [ (122) (422 e

integrals and by co-ordinates convexity function of ‘

<(b-a)(d- c)//F1 (1) F (s) %(m + (1= )b, se+ (1 — s)d)| dsdt
0 0
<(b—a)(d—rc) (/ /Flp (t) FP (s) dsdt)
0 0
11 62f q q
X s( (1 —t)b, sc+ (1 — s)d) dsdt)
i 1
<(b—a)(d—c) ( FT () FY (s) dsdt)
/]
2o +|Zh | +| 250 +|ZEwa] )
x 1 ,
which completes the proof. O
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Remark 3. If in Theorem 23]
i) we choose hq(t) =, ha(s) = s on [0, 1], then inequality (@) becomes the

inequality
d
b
2(b1—a)/[f(‘”’d)+f(””’c)]d$+m /f(w,y)dydw
(b—a)(d—rc)

T 4n [(p+1) (p+ 1))
82f q
8 (‘83815 (@)

which is proved by Sarikaya et al. in [16].

q 82f
9501 + g5t > 9

1
q q
)

82 q 82
+|gh@al+ | S0

ii) we choose hy (t) = t*(a > 0), ha(s) = s# (3 > 0) on [0,1], then inequal-
ity (B)) becomes the fractional integral inequality

‘f(a’C)+f(a’d)+f(b76)+f(b7d)
4

I'(a+1)I'(B+1)
4 (b+a)® (d+c)”
X [Te L s )+ T 0, )+ T oy d)+ T35 fas)

Mla+1)

T ib—a)” [Jag f(b,¢) + Jag f(b,d) + Ty f(a, c) + Jp_ f(a, d)]

_I(B+1)
4(d—c)”?

< — (b—a)(d—rc) :
~ 44 [(ap+1) (Bp+ D)7

62 q
* (‘ 65515 (a,0)) +

which is proved by Sarikaya in [17].

[Jf+ Fla,d)+ J% F(b,d) + J5_f(a,c) + J5_f(b, C)} ‘

o*f
66t

)| +

q 62 %
‘ S d)‘ )

dsot
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