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ABSTRACT. In this paper, we deal with the properties (a) R-star-semi-Lindel6f
and (a)M-star-semi-Lindel6f in (a)topological spaces. These properties are in-
teresting as every (a)R°-separable space is (a)R-star-semi-Lindeléf and every
(a)®-semi-Lindel6f space is (a) R-star-semi-Lindel6f but not every (a)R-star-semi-
-Lindelof space is (a) R*-separable or (a)®-semi-Lindel6f. It is shown that if an
(a)topological space X is the union of countably many (a)-open and (a)Rstar-
-semi-Lindelof subspaces, then X is (a)R-star-semi-Lindel6f. Similar results are
obtained in the context of (a)M-star-semi-Lindel6f spaces. Further, suitable and
required counterexamples are given.

1. Introduction

Several covering properties are studied extensively in the literature of topo-
logical spaces [12), 13, 27]. All these covering properties can be described
in terms of selection principles [18,[20]29]31],B4]. Selection principles, intro-
duced by Scheepers [14,[30], have received much attention in last few years.
Also, the notion of selective separability can be expressed in terms of selection
principles. Initially, Scheepers introduced the property of selective separability
(M-separability) and R-separability in topological space (see [3]) and Van Dou-
wen introduced the property of star-Lindel6fness and star-compactness in [10].

© 2022 Mathematical Institute, Slovak Academy of Sciences.

2020 Mathematics Subject Classification: Primary: 54A10, Secondary: 54E55,
54A05, 54D65.

Keywords: selection principles, selective separability, star covering, semi-Lindel6f, (a)topo-
logical spaces.

Licensed under the Creative Commons BY-NC-ND 4.0 International Public License.

39



S. LUTHRA—H. V. S. CHAUHAN—B. K. TYAGI

Recently, Koc¢inac [16,[17,T9-21] studied a lot of selection principles by using
separability properties and star operator. Motivated by the work of Kocinac,
Bal et al. [1L2] introduced and studied the notion of R-star-Lindeléfness and
M-star-Lindel6fness in topological spaces. Our aim is to extend this concept
to (a)topological spaces which is a more general structure than bitopologi-
cal spaces [15], (w)topological spaces [4,B,[7] and (Xg)topological spaces [6].
Recently, Luthra et al. [24] studied the notion of selective version of separa-
bility in (a)topological spaces by using the notion of semi-closure, pre-closure,
a-closure, (-closure and d-closure. Also, covering properties by using the no-
tion of semi-open sets in (a)topological spaces are studied in [25]. Motivated
by Luthra et al. [2425] and Bal et al. [TL2], in this paper, we study the properties
(a) R-star-semi-Lindel6f and (a)M-star-semi-Lindelof in (a)topological spaces
by using the notion of semi-closure and respective density.

Let X be a non-empty set and < 7,: n € N > be a sequence of topolo-
gies on X. Then, the pair (X, {7,}) is called an (a)topological space (in short,
(a)space) [§]. Let A and B be sets consisting of families of subsets of an infinite
set X. Let F' be a subset of X and G be a collection of subsets of X. Then:

e St(F,G) =St'(F,G) =U{G€G:GNF #0}.
e For k € N, StFt1(F,G) = St(StF(F,G),G).

e F € St[A] means that St(F, A) = X.

o F € St"1[A] means that St"T1(F, A) = X.

o R4(B,St[A]) (resp. Ra(B,StF[A])) denotes the selection principle:
For each member of A and for every sequence < B,:n € N > of el-
ements of B, there exist points z,, € B, (for each n € N) such that
Unen{®n} € St[A] (resp. Unen{z,} € St*[A]).

o M4(B,St[A)]) (resp. M 4(B,StF[A])) denotes the selection principle:
For each member of A and for every sequence < B,:n € N > of ele-
ments of B, there exist finite sets b, C B, (for each n € N) such that
Unen bn € St[A] (resp. Unen b, € StE[A]).

Throughout this paper, (X,{7,}) or X, in short, denotes an (a)topological
space on which no separation axioms are assumed unless explicitly stated.
For Y C X, we say (Y,{m,y}) is an (a)subspace of X, where 7,y is the in-
duced subspace topology on Y inherited from 7,. For a subset A of X, the
(T )closure (resp. (7, )interior) of A is denoted by 7,-cl(A) (resp. 7,-int(A)) and
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the (m,n)-semi-closure (resp. (m,n)-semi-interior) of A is denoted by 7(;, ,)-
-cls(A) (resp. T(m,n)-ints(A)). For a subset A of (a)subspace Y of X, the (7,,)clo-
sure (resp. (7,)interior) of A in Y is denoted by 7,-c1¥ (4) (resp. T,-intY (A))
and the (m,n)-semi-closure (resp. (m,n)-semi-interior) of A in Y is denoted
bY T(m,m)-cly (A) (resp. T, n)-int) (A)). P(X) denotes the power set of X and N
denotes the set of natural numbers. For more literature of selection principles and

undefined notions, one can see [9111[17,[22}26]28].

The layout of this paper is as follows: Section 2 contains basic notions and
terminology used in this paper. All the preliminary results required for this
manuscript are also covered in Section 2. Section 3 introduces the (a)R-star-
-semi-Lindelof and (a)M-star-semi-Lindeléf (a)topological spaces. It is shown
that every (a)R*-separable space is (a)R-star-semi-Lindel6f and every (a)°-semi-
-Lindeldf space is (a)R-star-semi-Lindel6f but not every (a)R-star-semi-Lindelof
space is (a) R*-separable or (a)®-semi-Lindel6f. Tt is observed that the properties
(a) R-star-semi-Lindel6f and (a)M-star-semi-Lindel6f are not hereditary. Fur-
ther, it is shown that an (a)subspace of (a) R-star-semi-Lindelof (resp. (a) M-star-
-semi-Lindel6f) space is (a) R-star-semi-Lindel6f (resp. (a)M-star-semi-Lindel6f)
if it is (a)-open and (a)-semi-closed. The properties (a)R-star-semi-Lindel6f
and (a)M-star-semi-Lindel6f are preserved under those maps which are (a)®-
-irresolute and (a)°-semi-open. Further, it is shown that if an (a)space X is
the union of countably many (a)-open and (a)R-star-semi-Lindel6f subspaces,
then X is (a)R-star-semi-Lindel6f. Similar results are obtained in the case
of (a) M-star-semi-Lindel6f. In the last section, relationships among other prop-
erties have been investigated and the properties of (a) R-k-star-semi-Lindel6f and
(a) M-k-star-semi-Lindel6f spaces have been discussed.

2. Preliminaries

In this section, we collect some results which are necessary for this paper.

DEFINITION 2.1. A subset A of (X, {7,}) is said to be:

(1) B5] (m,n)-semi-open ((m,n)-s-open) if A C 7-cl(7,-int(A)), or equiva-
lently, if there exists a 7,-open set U such that U C A C 7,,,-cl(U).

(2) 35] (a)-semi-open if A is (m,n)-semi-open for all m # n.
(3) [24] (a)-open if A is 7,-open for all n € N.
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The collection of all (a)-open (resp. (a)-semi-open, (m,n)-semi-open) sub-
sets of X is denoted by O(X) (resp. SO(X),SO(m,n)X). The complement
of (a)-open (resp. (a)-semi-open, (m,n)-semi-open) set is called (a)-closed
(resp. (a)-semi-closed, (m,n)-semi-closed).

PROPOSITION 2.2. Let (X,{7,}) be an (a)space. If A € SO(m,n)X and G €
Tm N Ty, then ANG € SO(m,n)X.

Proof. Let A € SO(m,n)X and G € 7, N 7,. By Definition I, A C 7,,-
—cl(Tn—int(A)). It follows that ANG C Tm—Cl(Tn—int(A)) NG. Since G is 7,,-open,
Tim=Cl(Tp-Int(A)) NG C Ty-cl(7p-int (A)NG) = 7=l (Tp-int (A) N7 -int (G)) = 7o
-cl(7y-int(A N G)). Therefore, AN G C 7p-cl(7y-int(A N G)). Thus, AN G is
(m,n)-semi-open in X. O

PRrROPOSITION 2.3. Let ACY C X. If A is (m,n)-semi-open in X, then A is
(m,n)-semi-open in Y.

Proof. Let A CY C X and A be (m,n)-semi-open in X. Therefore, A C
Tm=cl(7y,-int(A)). It follows that 7,-cl¥ (T,-int¥ (4)) D Tpp-cl¥ (7-int(A)NY) =
Tm-clY (Tp-Int(A)) = 7pp-cl(7-int (A)) NY 2 ANY = A. Thus, A is (m, n)-semi-
-open in Y. O

DEeFINITION 2.4 ([25]). A function f: (X, {7,}) — (Y, {on}) is said to be:

(1) (a)®-irresolute if the preimage of every (m,n)-semi-open set in Y is (m,n)-
-semi-open in X for all m # n.

(2) (a)®-semi-closed (resp. (a)®-semi-open) if image of each (m,n)-semi-closed
(resp. (m,n)-semi-open) set in X is (m,n)-semi-closed (resp. (m,n)-semi-
-open) in Y for all m # n.

DEFINITION 2.5. A function f: (X,{7,}) — (Y,{on}) is (7, om )-continuous
(resp. (Tn,0m)-open) if f: (X,7,) — (Y, 0,,) is continuous (resp. open).

THEOREM 2.6. If f: (X, {7.}) — (Y. {on}) is a (Tm,om)-continuous and
(Tn, on)-open map, then f preserves (m,n)-semi-open sets.

Proof. Let f: (X,{m}) — (Y,{on}) be a (7, om)-continuous and (7, o,,)-
-open map and G be an (m, n)-semi-open set in X. Then, G C Tm—cl(rn—int(G)).
It follows that f(G) C f(7m-cl(7,-int(G))). Since f is (Tin, oy, )-continuous,
f (Tom-cl(7-int(G))) € om-cl[f (7n-int(G))]. By (7, 0y)-openness of f, f(7n-
-int(G)) C op-int(f(G)) and therefore, f(G) C op-cl(op-int(f(G))). Thus,
f(G) is (m,n)-semi-open in Y. O
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ProroOSITION 2.7. Let (X,{r,}) be an (a)space andY € 7, N 7,. A subset A
of Y is (m,n)-semi-open in'Y if and only if A = GNY, where G is (m,n)-semi-
-open 1n X.

Proof. Let Y € 7, N7, and G be an (m,n)-semi-open set in X. By Proposi-
tion [Z20 GNY is (m,n)-semi-open in X. But GNY CY C X, so, by Propo-
sition Z3] G NY is (m,n)-semi-open in Y. Conversely, let A be an (m,n)-
-semi-open subset of Y. It suffices to show that A is (m,n)-semi-open in X.
Let f: (Y, {mny}) — (X,{7s}) be the inclusion map. It is obvious that f is
(Timy » Tm )-continuous. Also, f is (7,y, 7n)-open as Y is 7,-open. Therefore, from
Theorem 26 f(A) = A is (m, n)-semi-open in X. O

THEOREM 2.8. Let (X, {7,}) be an (a)space andY € 7, N7,. A subset A of Y
is (m,n)-semi-open in'Y if and only if A is (m,n)-semi-open in X.

Proof. The proof follows from Proposition and Proposition 271 d

PROPOSITION 2.9 ([24]). For any subset A of an (a)space (X, {m,}), the (m,n)-
-semi closure of A, denoted by Ty, ny-cls(A), is AU Tm—int(Tn—cl(A)).

DEFINITION 2.10 ([24]). In an (a)space (X, {7,}), a set A C X is said to be:
(1) 7p-dense in X if A is dense in (X, 7,).

(2) s-(m,n)-dense if 7(,, ny-cls(A) = X.

(3) dense in X if A is dense in (X, 7,) for all n € N.

D#*(m,n) denotes the collection of all s-(m,n)-dense subsets of (X, {7,}).
DEFINITION 2.11 ([24]). An (a)space (X, {7,}) is said to be:
(1) separable if there exists a countable subset of X which is dense in X.

(2) (a)R?-separable if, for all m # n, for each sequence < D,:n € N > of s-
-(m,n)-dense subsets of X there exist points z,, € D,, (for each n € N) such
that {x,: n € N} is s-(m,n)-dense in X.

(3) (a)M?3-separable if, for all m # n, for each sequence < D,,: n € N > of s-
-(m, n)-dense subsets of X there exist finite sets F;, C D,, (for each n € N)
such that UpenF,, is s-(m,n)-dense in X.

Recall that a family B of non-empty open subsets of a topological space (X, 7)

is said to be m-base of X if for each non-empty open subset, say G C X, there
exists a U € B such that U C G.
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THEOREM 2.12 ([24]). If (X, 7,) has a countable m-base for all n € N, then
(X, {mn}) is (a)R®-separable.

DEFINITION 2.13 ([24]). Let (X, {7,}) be an (a)space. Then:

(1) X has countable (m,n)-s-fan tightness (m # n) if for each z € X and
each sequence < Ag: k € N > of subsets of X such that x € 7(,,, ,,)-cls(Ayg)
for each k, there are finite sets Fj, C Ay such that & € 7, ny-cls(Uren Fi).

(2) X has countable (m,n)-s-strong fan tightness (m # n) if for each 2 € X and
each sequence < Ag: k € N > of subsets of X such that x € 7(,,, ,,)-cls(Ayg)
for each k, there are points xy € Ay such that x € 7, n)-cls({zx: k € N}).

THEOREM 2.14 ([24]). Let X be a separable (a)space. Then, the following holds:

(1) If X has countable (m,n)-s-strong fan tightness for all m # n, then X is
(a)R*-separable.

(2) If X has countable (m,n)-s-fan tightness for all m # n, then X is
(a)M?-separable.

Recall that a cover G of an (a)space X is said to be (m,n)-semi-cover [25]
if each G € G is (m, n)-semi-open subset of X. The set of all (m, n)-semi-covers
of X is denoted by S(m,n)X. If there is no scope of confusion, we will write
only S(m,n) in place of S(m,n)X.

DEFINITION 2.15 ([25]). An (a)space (X, {7,}) is said to be (a)°-semi-Menger
if, for all m # n, for every sequence < Uy: k € N > of (m,n)-semi-covers of X
there exists a finite set Vj, C Uy, (for each k € N) such that (J(Uey Vi) = X

DEFINITION 2.16. An (a)space (X, {7,}) is said to be (a)%-semi-Rothberger if,
for all m # n, for every sequence < Uy: k € N > of (m,n)-semi-covers of X
there exist Uy € Uy (for each k € N) such that |J (Uyeny Ur) = X

Following facts are trivial and readily follows from the definition of star
operator.

PROPOSITION 2.17. For families U and V of subsets of an infinite set X and
for subsets A and B of X, the following facts hold:

(1) StA,U) C SHA,V) if U C V;
(2) St(A,U) C St(B,U) if AC B;

(
(3) St(A Uyu St(B V) C St(AU B, U UV); equality holds if St(A,V) =0 and
St(B,U) =
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3. Selectively star-semi-Lindel6f (a)spaces

In this section, we discuss the notion of (a)R-star-semi-Lindel6f spaces and
(@) M-star-semi-Lindel6f spaces. We study their relationships with (a)R*-separ-
able spaces, (a)M?*-separable spaces and (a)®-semi-Lindelof spaces. Further,
we investigate these spaces in detail.

DEFINITION 3.1. An (a)space (X, {7,}) is said to be:

(1) (a)R-star-semi-Lindeldf if X satisfies Rg(m,n)(D*(m,n), St[S(m,n)])
for all m # n.

(2) (a)M-star-semi-Lindelof if X satisfies Mgy, n)(D*(m,n), St[S(m,n)])
for all m # n.

From Definition B] it is clear that every (a)R-star-semi-Lindel6f space is
(a) M -star-semi-Lindelof.

THEOREM 3.2. Every (a)®-semi-Lindeldf space is (a) R-star-semi-Lindeldf.

Proof. Let (X,{m.}) be an (a)®-semi-Lindel6f space. For any m # n, let
{D;: i € N} be a sequence of s-(m,n)-dense subsets of X and U be an (m,n)-
-semi-cover of X. Since X is (a)®-semi-Lindelof, there exists a countable subset
V = {Ux: k € N} of U such that |J{Ux: k € N} = X. Let x; € D; NU;
for each i € N. Now, St(Ugen{zr},U) O St(Upen{zr},V) = U{U € V:UnN
(Uren{zr}) # 0} = U{Ux: k € N} = X. Hence, X is (a)R-star-semi-Lindelof.

O

The converse of Theorem [3.2] need not be true.

ExamMpPLE 1. Let X = R and F' be an uncountable subset of X such that
X — F is uncountable. Let 7,, be the cocountable topology if m is odd and
Tm = {0, F, X } if m is even. It is observed that the collection { FU{q}: ¢ € X—F'}
is a (1,2)-semi-cover of X which is not reducible to any countable subcover.
Therefore, X is not (a)®-semi-Lindel6f. Claim that X is (a)R-star-semi-Lindel6f.
Let {D;: i € N} be a sequence of s-(1,2)-dense (resp. s-(2, 2)-dense) subsets of X
and U be a (1,2)-semi-cover (resp. (2,2)-semi-cover) of X. It is observed that
SO(1,2)X = SO(2,2)X = {A C X: A D F}. Also, every s-(1,2)-dense (resp.
s-(2,2)-dense) subset of X contains a member of F. Let z; € D; N F for each
i € N. Tt is clear that St(U;en{z;},U) = X. Indeed, each 2 € X belongs to some
U e U. Since F C U, {z;: i € N} NU # . Therefore, z € St(Ujen{z;},U).
Now, SO(2,1)X = SO(1,1)X = 7y. Let {D;: i € N} be a sequence of s-(2,1)-
-dense (resp. s-(1,1)-dense) subsets of X and U be a (2,1)-semi-cover (resp.
(1,1)-semi-cover) of X. Since (X, ) is Lindelof, there exists a countable subset
V = {Uy: k € N} of U such that |JV = X. Let z; € D; NU; for each i € N.
Then, St(Ujen{z;},U) = X. Indeed, each = € X belongs to Uy, for some k € N.
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But 2, € Uy, therefore {x;: i € N} N Uy # 0. Thus, z € St(Ujen{zi}, V).
Hence, X is (a)R-star-semi-Lindel6f.

THEOREM 3.3. FEvery (a)®-semi-Rothberger space is (a)R-star-semi-Lindeldf.

Proof. The proof follows from Theorem as every (a)®-semi-Rothberger
space is (a)®-semi-Lindelof. O

THEOREM 3.4. Every (a)®-semi-Menger space is (a) M -star-semi-Lindeldf.

Proof. The proof follows from Theorem as every (a)®-semi-Menger space
is (a)®-semi-Lindel6f and every (a)R-star-semi-Lindel6f space is (a) M-star-semi-
-Lindelof. 0

The following example shows that the converse of Theorem and Theo-
rem [34] is not true.

EXAMPLE 2. Let X =R and 7, = {0} U{R} U {(—o00,2z): z € R} if m is odd
and 7, = {G C X: G =0 or2e G} if m is even. Since (X, 7,) has a countable
m-base for all n € N, therefore X is (a)R-star-semi-Lindelof (see Corollary B.7).
But {(—o0,1) U {z}: z ¢ (—o0,1)} is a (1,1)-semi-cover of X which is not
reducible to any countable subcover. Therefore, X is not (a)®-semi-Lindelof.
Thus, X is neither (a)®-semi-Rothberger nor (a)®-semi-Menger.

THEOREM 3.5. Every (a)R®-separable space is (a)R-star-semi-Lindeldf.

Proof. Let (X,{r,}) be an (a)R*-separable space. For any m # n, let {D;:

i € N} be a sequence of s-(m,n)-dense subsets of X and U be an (m,n)-semi-

-cover of X. Since X is (a)R*-separable, there exist points z; € D; such that

{z;: i € N} is s-(m,n)-dense in X. Now, St(Ugen{zr},U) = J{U € U: U N

(Ugen{zr}) # 0} = JU = X. Hence, X is (a)R-star-semi-Lindel6f. O
The following theorem can be proved similarly.

THEOREM 3.6. FEvery (a)M?®-separable space is (a)M -star-semi-Lindeldf.

EXAMPLE 3. The (a)space considered in Example [Ilis (a)R-star-semi-Lindelof.
But SO(1,1)X = 71 and no countable set can be dense in (X, ), therefore X
is not (a)M?-separable and hence, not (a)R*-separable.

COROLLARY 3.7. If (X, 7,) has a countbale w-base for alln € N, then (X,{7,})
is (a) R-star-semi-Lindeldf.

Proof. The proof follows by Theorem and Theorem O
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EXAMPLE 4. The (a)space considered in Example [1lis (a) R-star-semi-Lindelof.
But (X, 71) do not have any countable m-base.

COROLLARY 3.8. Let (X,{7,}) be a separable (a)space. If X has countable
(m,n)-s-strong fan tightness for all m # n, then X is (a) R-star-semi-Lindeldf.

Proof. The proof follows by Theorem 214 and Theorem 0

COROLLARY 3.9. Let (X,{7,}) be a separable (a)space. If X has countable
(m,n)-s-fan tightness for all m # n, then X is (a) M -star-semi-Lindeldf.

Proof. The proof follows by Theorem 214 and Theorem 0

THEOREM 3.10. An (a)space (X,{1n}) is (a)M-star-semi-Lindelof if and
only if, for all m # n, for every decreasing sequence < D;: i € N > of s-
-(m,n)-dense subsets of X and for every (m,n)-semi-cover U of X, there is
a sequence < F;: i1 € N > of finite sets such that F; C D; for all i € N and
St(UieNFi,U) =X.

Proof. The necessity is obvious. Conversely, for any m # n, let {D;:i € N}
be a sequence of s-(m,n)-dense subsets of X and U be an (m,n)-semi-cover
of X. For each ] € N, let Bj = Dj ] Dj+1 U Dj+2 - = UiZjDi- It is
clear that B; 2 Bjy for all j € N and 7(,, ny-cls(Bj) 2 T n)-cls(D;) = X.
Therefore, {B;: j € N} is a decreasing sequence of s-(m, n)-dense subsets of X.
By given hypothesis, there exist finite sets F; C B; such that X =St(UjenF},U).
Let Ej = (Uingi> N Dj for eachj € N. Then, UiENFi = UjENEj- Therefore,
X = St(UjENEj,U). O

The properties (a)R-star-semi-Lindeléfness and (a)M -star-semi-Lindeléfness
are not hereditary.

ExaMPLE 5. Consider the topological space (X,7*) as in [33] Example 78].
Let X =P UL, where P={(z,y): ,y € R,y >0} is an open upper half plane
with the euclidean topology 7 and L is a real axis. Let 7* be the topology on X
by adding to 7 all sets of the form {z}U(PNU) where x € L, and U is a euclidean
neighborhood of x in the plane. Let 7,,, = 7* if m is odd and 7,,, be the indiscrete
topology if m is even. Since (X, 7,,) has a countable 7m-base for all m € N, so
(X, {7m}) is (a)R-star-semi-Lindel6f and hence, (a)M-star-semi-Lindelof. Tt is
observed that the real axis L is an uncountable (a)subspace of (X, {7,,}) with
subspace topology o, as the discrete topology when m is odd and indiscrete
topology when m is even. For (1, 1)-semi-cover Y = {{x}: x € L} of L, there does
not exist any finite set F; C D; for any sequence {D;: i € N} of s-(1,1)-dense
subsets of X satisfying St(U;enF;,U) = L. Therefore, the (a)subspace (L, {0y, })
is not (a)M-star-semi-Lindel6f and hence, not (a)R-star-semi-Lindel6f.
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THEOREM 3.11. LetY be an (a)-open and (a)-semi-closed subset of an (a)space
(X, {m}). If X is (a) R-star-semi-Lindeldf, then Y is (a)R-star-semi-Lindeldf.

Proof. Let (X, {7,}) be an (a)space and Y be an (a)-open and (a)-semi-closed
subset of X. For any m # n, let {B;: i € N} be a sequence of s-(m,n)-dense
subsets of Y and V be an (m,n)-semi-cover of Y. For each i € N, let D; =
B;U(X —Y). Claim that each D; is s-(m,n)-dense in X. Let k& € N be arbitrary
but fixed. Since 7(;n,,)-cl} (By) =Y and 7( ny-cl¥ (4) C 7-cl¥ (A) forall A C Y,
so Y = 7,-cl¥(By,) C 1,-cl(By). Also Y is (a)-open, therefore Y C Tm—int(Tn—
-cl(By)). Thus, Y C T, n)-cls(By) and hence, X = Y U (X = Y) C T
-cly (Bk;) U (X — Y) = T(m,n)'ds (Bk;) UT(myn)—Cls (X — Y) = T(m,n)‘ds<Dk)' Thus,
{D;: i € N} is a sequence of s-(m,n)-dense subsets of X. Also, each V € V
is (m,n)-semi-open in X as Y is (a)-open (see Theorem [28). Therefore, U =
VU{(X —Y)} is an (m, n)-semi-cover of X as Y is (a)-semi-closed in X. By given
hypothesis, there exist z; € D; such that St(Ugen{zi},U) = X. This emphasizes
that {z;: i € N}NB; # 0 for some values of i. The set {z: k € N} may intersect
those B; in finitely or infinitely many points. Let z; € {zx: k € N}NB; whenever
{zr: k € N} N B; is non-empty. Define the sequence < y;: i € N > as follows:
yi = z; whenever {xy: k € N} N B; is non-empty; y; = a otherwise, where a
is one of z/s. Clearly, St(Uren{yx},V) = Y. Indeed, each y € Y belongs to U
for some U € V with U N {zy: k € N} # ). Therefore, y € U for some U € V
with U N {yx: k € N} £ (. O

Similarly, we have the following result.

THEOREM 3.12. LetY be an (a)-open and (a)-semi-closed subset of an (a)space
(X, {m}). If X is (a) M -star-semi-Lindeldf, then Y is (a) M -star-semi-Lindeldf.

THEOREM 3.13. Let f: (X, {1.}) — (Y, {on}) be an (a)*-semi-open and
(a)®-irresolute surjection. If X is (a)R-star-semi-Lindeldf, then Y is so.

Proof. For any m # n, let {B;: i € N} be a sequence of s-(m, n)-dense subsets
of Y and V be an (m,n)-semi-cover of Y. Since f is (a)*-semi-open, {f~1(B;):
i € N} is a sequence of s-(m,n)-dense subsets of X. Put f~!(B;) = D; for each
i€N. Since f is (a)*-irresolute, U ={ f~1(V): V €V} is an (m, n)-semi-cover of X.
By given hypothesis, there exist points z; € D; such that St(Ugen{zr},U) = X.
So, H{U € U: U N (Ugen{xr}) # 0} = X. For each i € N, let y; = f(x;) € B;.
Claim that St(Uken{yx},V) = Y. For y € Y, there exists z € X such that
y = f(x). But x € U for some U € U with U N {xy: k € N} # (). Therefore,
y € V for some V € V such that V N {y: k € N} # 0. O

The following theorem can be proved similarly.

THEOREM 3.14. Let f: (X, {r.}) — (Y,{on}) be an (a)®-semi-open and
(a)®-irresolute surjection. If X is (a)M-star-semi-Lindeldf, then Y is so.
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The condition of (a)®-irresolute cannot be relaxed in Theorem B.I3 and
Theorem 314l Tt can be seen in the following example:

ExamMpPLE 6. Let X = R and 7, be the cocountable topology if m is odd
and 7, = {G € X: G = 0 or 2 € G} if m is even. Let Y = R and o,
be the discrete topology if m is odd and o, = {G C X: G = 0 or 2 € G}
if m is even. Let f: (X,{mn}) — (Y,{om}) be defined by f(z) = x for all
x € X. It is clear that f is a surjection map. It is observed that SO(1,1)Y =
SO(2,1)Y =P(Y),S0(1,2)X = SO(2,2)X =75,50(2,1)X = SO(1,1)X =7
and SO(2,2)X = SO(2,2)Y = SO(1,2)X = SO(1,2)Y. Therefore, f is (a)*-
-semi-open but not (a)*-irresolute. Claim that X is (a)R-star-semi-Lindeldf and
Y is not (a)M-star-semi-Lindelof. Let {D;: i € N} be a sequence of s-(2,1)-
-dense (resp. s-(1,1)-dense) subsets of X and U be a (2,1)-semi-cover (resp.
(1,1)-semi-cover) of X. Since (X, ) is Lindelof, there exists a countable subset
V = {Uk: k € N} of U such that |JV = X. Let x; € D; NU; for all i € N.
Claim that St(Ujen{z;},U) = X. Let z € X. Then, x € Uy, for some k € N.
But xp € Uy, therefore {z;: i € N} N Uy # () and thus, x € St(Ujen{z;i}, V).
Hence, St(Ujen{zi},U) 2O St(Uien{z;},V) = X. Now, let {D;: i € N} be a
sequence of s-(1,2)-dense (resp. s-(2,2)-dense) subsets of X and U be a (1,2)-
-semi-cover (resp. (2,2)-semi-cover) of X. Since SO(1,2)X = SO(2,2)X = 7o,
2 € D; for all ¢ € N such that St({2},U) = X. Thus, X is (a)R-star-semi-
-Lindel6f. Now, G = {{z}: x € Y} is a (1, 1)-semi-cover of Y. For any sequence
{D;: i € N} of s-(1,1)-dense subsets of Y, no finite sets F; C D, can be chosen
so that St(U;enF;,G) = Y. Therefore, Y is not (a)M-star-semi-Lindel6f and
hence, not (a)R-star-semi-Lindel6f.

DEFINITION 3.15. A subset Y of an (a)space (X, {7,,}) is said to be:

(1) (a)R-star-semi-Lindelof with respect to X if for every sequence {D;: i € N}
of subsets of X with Y C 7, ny-cls(D;) for all i € N and for each cover U
of Y by (m,n)-semi-open subsets of X, there exist points x; € D; such that
Y C St(Uien{z;},U) for all m # n.

(2) (a)M-star-semi-Lindelof with respect to X if for every sequence {D;: i € N}
of subsets of X with Y C 7, »y-cls(D;) for all i € N and for each cover U
of Y by (m,n)-semi-open subsets of X, there exist finite sets F; C D, such
that Y C St(UsenF;, U) for all m # n.

THEOREM 3.16. Let Y be an (a)-open subspace of (a)space (X,{7,}). If Y is
(a)R-star-semi-Lindelof subspace of X, then'Y is (a)R-star-semi-Lindeldf with
respect to X.

Proof. To prove this theorem, we will use the following two facts: (1). In topo-
logical space (X, ), for A C X, 7-cl(ANY) = 7-cl[7-cl(A) NY] whenever Y € 7
and (2). For all m # n, 7(;;,,)-cls(A) C 7,-cl(A). For any m # n, let U be a cover
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of Y by (m, n)-semi-open sets in X and {D;: i € N} be a sequence of subsets of X
with Y C 7, ny-cls(D;) for all ¢ € N. For each i € N, let B; = D; NY. Now,
Tmny=ClY (Bi) = B; U Typ-intY (1,-c1¥ (B;)) = B; U Typ-int” [1,-cl(B;) N Y] =
B; U Tpp-intY [1,-cl(D; NY) NY] = B; U Tpp-intY [1,-cl[7,-cl(D;) N Y] N Y] =
B; U Tpp-intY [1,-cl(Y) N Y)] = B; U 7pp-intY (Y) = B;UY = Y. Thus, {B;:
i € N} is a sequence of s-(m, n)-dense subsets of Y. Let G ={UNY: U € U}.
Since Y is (a)-open, each U NY is (m, n)-semi-open in Y whenever U is (m,n)-
-semi-open in X (see Proposition [Z71]). Therefore, we get an (m, n)-semi-cover G
of Y. By given hypothesis, Y is (a) R-star-semi-Lindelof subspace of X, so there
exist points z; € B; such that Y = St(U;en{x;},G). Tt follows that z; € D; such
that Y Q St(UiEN{.’Iji},U). O

Similarly, the following result holds.

THEOREM 3.17. Let Y be an (a)-open subspace of (a)space (X,{m,}). If Y is
(a)M -star-semi-Lindelof subspace of X, then'Y is (a) M -star-semi-Lindeldf with
respect to X.

THEOREM 3.18. Let X = UpenX,,, each X, is (a)-open and (a)R-star-semi-
-Lindeldf subspace of X. Then, X is (a)R-star-semi-Lindeldf.

Proof. For any m # n, let {D;: i € N} be a sequence of s-(m,n)-dense subsets
of X and U be an (m,n)-semi-cover of X. Let < Nj: k € N > be a sequence
of infinite subsets of N such that N; " N; = (0 for all i # j and N = UjenV;.
For each | € N, consider a sequence < D; N X;: 4 € N; > of subsets of X. Now,
T(m,n)'Cls<Di N Xl) = (Dz N Xl) U Tm—int(Tn—Cl(Di N Xl)) = (Dz N Xl) U To-
-int(7,-cl[r-cl(D;) N X;]) = (D; N X)) U Typ-int[r,-cl(X;)] 2 (D; N X;) U 7-
-int(X;) = (D; N X;) U X; = X;. Therefore, {D; N X;: i € N;} is a sequence
of subsets of X such that X; C 7(,, ,)-cls(D; N X;). Since each X; is (a)-
-open and (a)R-star-semi-Lindeléf subspace of X, so, by Theorem 316, there
exist points x; € D; N X; such that X; C St(Usen,{x:},U) for each | € N.
Thus, X = UenX; C UleNSt(UieNl{xi}au) - St(UieN{l‘i},U). Hence, X is

(a) R-star-semi-Lindelof. O

THEOREM 3.19. Let X = UpenXn, each X, is (a)-open and (a)M -star-semi-
-Lindeldf subspace of X. Then, X is (a)M -star-semi-Lindeldf.

Proof. It can be proved in a manner similar to Theorem [3.18 O
THEOREM 3.20. Let Y be an (a)-semi-open and (a)-semi-closed subset of an

(a)space (X, {1n}). If X is (a)R-star-semi-Lindeldf, then Y is (a)R-star-semi-
-Lindeldf with respect to X.
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Proof. Let (X,{r,}) be an (a)space and Y be an (a)-semi-open and (a)-semi-
-closed subset of X. For any m # n, let V be a cover of Y by (m,n)-semi-open
subsets of X and {B;: i € N} be a sequence of subsets of X with Y C 7, -
-clg(B;). It is clear that X =Y U (X = Y) C 7( n)-cls(Bi) U (X =Y) = T(3,n)-
-cls[B; U (X —Y)]. Thus, {D;: i € N} is a sequence of s-(m,n)-dense subsets
of X, where D; = B;U(X —Y). Also,id = VU{(X —Y)} is an (m, n)-semi-cover
of X as Y is (a)-semi-closed in X. By given hypothesis, there exist z; € D;
such that St(Ugen{xr},U) = X. This emphasizes that {z;: i € N} N B; # ()
for some values of i. Let z; € {xx: k € N} N B; whenever {z): k € N} N B;
is non-empty. Define sequence < y;: i € N > as follows: y; = z; whenever
{zx: k € N} N B; is non-empty; y; = a otherwise, where a is one of z/s.
It is clear that St(Ugen{yr},V) = Y. Indeed, for y € Y, y € U for some
U € V with Un{zy: k € N} # (. Therefore, y € U for some U € V with
Un{yk: k € N} 0. O

PrOBLEM 1. Find an (a)M-star-semi-Lindel6f space which is not (a)R-star-
-semi-Lindelof.

4. Selectively k-star-semi-Lindel6f (a)spaces

This section is devoted to the study of (a)R-k-star-semi-Lindel6f spaces and
(a) M-k-star-semi-Lindel6f spaces. We investigate their relationships with
(a)®-star-semi-Lindelof spaces, (a)®-absolutely-star-semi-Lindel6f spaces. Now,
we begin this section with some definitions we will do with.

DEFINITION 4.1. An (a)space X is said to be:
(1) (a)R-k-star-semi-Lindeldf if X satisfies Rs(m,n)(D*(m,n), St*[S(m,n)])
for all m # n.

(2) (a)M-k-star-semi-Lindeldf if X satisfies Mgy, n) (D*(m,n), St*[S(m, n)])
for all m # n.

(3) (a)®-star-semi-Lindelof if, for all m # n, for each (m,n)-semi-cover U of X,
there exists a countable set F' C X such that St(F,U) = X.

(4) (a)®-absolutely-star-semi-Lindelof if, for all m # n, for each (m,n)-semi-
-cover U of X and each s-(m, n)-dense subset D of X, there exists a countable
set F' C D such that St(F,U) = X.

It is clear that every (a)*-absolutely-star-semi-Lindeldf space is (a)®-star-semi-

-Lindel6f and every (a)R-k-star-semi-Lindelof space is (a)R-(k + 1)-star-semi-
-Lindelof.
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PROPOSITION 4.2. Every (a) M -star-semi-Lindeldf space is (a)®-absolutely-star-
-semi-Lindeldf.

Proof. Let X be an (a)M-star-semi-Lindel6f space. For any m # n, let U be
any (m,n)-semi-cover of X and D be any s-(m,n)-dense subset of X. For each
k € N, let Dy, = D. Since X is (a)M-star-semi-Lindelof, there exist finite sets
F; C D, for each i € N such that St(UgenFi,U) = X. The proof follows. O

COROLLARY 4.3. FEvery (a)M-star-semi-Lindelof space is (a)®-star-semi-
-Lindelof.

PROPOSITION 4.4. Let X be an (a)space. If, for all m # n, for each (m,n)-
-semi-cover U of X and each s-(m,n)-dense subset D of X, there exists a finite
set F' C D such that St(F,U) = X, then X s (a)M -star-semi-Lindeldf.

Proof. Let X be an (a)space. For any m # n, let {D;: i € N} be a sequence
of s-(m,n)-dense subsets of X and U be an (m,n)-semi-cover of X. By given
hypothesis, for each ¢ € N there exist finite sets F; C D; such that St(F;,U) = X.
Therefore, X = |J, St(F;,U) C St(U, Fi,U). O

THEOREM 4.5. Let X be an (a)®-star-semi-Lindelof space. If X has countable
(m,n)-s-fan tightness for all m # n, then X is (a) M -star-semi-Lindeldf.

Proof. For any m # n, let {D;: i € N} be a sequence of s-(m, n)-dense subsets
of X and U be an (m,n)-semi-cover of X. Since X is (a)®-star-semi-Lindel6f,
there exists a countable set F' = {x;: i € N} C X such that St(F,U) = X.
Let < Ni: k € N > be a sequence of infinite subsets of N such that N; N N; = ()
for all i # j and N = UjenV;. For each | € N, 21 € Nien, T(m,n)-cls(D;) and X
has countable (m, n)-s-fan tightness for all m # n, there exist finite sets F; C D;
for each i € N; such that z; € 7(;5, 0)-cls(U{F: i € Ni}). Hence, F; C D; for each
i € N such that St(U;enF;,U) = X. Indeed, for any 2 € X, there is a U € U such
that © € U and x € U for some k € N. But x) € 7(3p,5)-cls(U{Fj: i € Ni}),
therefore U N U{F;: i € N} # 0. Thus, U N U{F;: i € N} # () and hence,
xz e St(U, Fi,U). O

THEOREM 4.6. If X is an (a)®-star-semi-Lindelof space and X has countable
(m,n)-s-strong fan tightness for all m # n, then X is (a)R-star-semi-Lindeldf.

THEOREM 4.7. Let X be an (a)®-star-semi-Lindeldf space. If for every (m,n)-
-semi-cover U of X, for each x € X and for any sequence < A;:n € N >
of subsets of X satisfying x € NienT(m n)-cls(As) for allm # n, there exist points
x; € A; such that x € St(Ujen{z;},U), then X is (a)R-2-star-semi-Lindeldf.

52



SELECTIVE VERSION OF STAR-SEMI-LINDELOFNESS IN (a) TOPOLOGICAL SPACES

Proof. Let X be an (a)®-star-semi-Lindel6f space. For any m # n, let {D;:
i € N} be a sequence of s-(m,n)-dense subsets of X and U be an (m,n)-
-semi-cover of X. Since X is (a)®-star-semi-Lindeldf, there exists a countable
set F'={x;: i € N} C X such that St(F,U) = X. Let < Nj: k € N > be a se-
quence of infinite subsets of N such that N;\N; = () for all i # j and N = Ujen V.
For each [ € N, 21 € Nien,T(m,n)-cls(D;). By given hypothesis, there exist
points y; € D; for each ¢ € N; such that z; € St(Ujen,{yi},U). Claim that
St?(Uien{yi},U) = X. Let x € X. Since X = St(F,U), there exists some U € U
such that © € U and z,, € U for some n € N. Also, z, € St(Uien, {vi},U),
so there exists V € U such that z,, € V and yx € V for some k € N,,.
Thus, VNU # 0 and V C St(Uien, {yi},U) C St(Uien{yi},U). Therefore,
St(Usen{y:},U) N U # () and hence, z € St?(Usen{y:},U). O

The following theorem can be proved similarly.

THEOREM 4.8. Let X be an (a)®-star-semi-Lindeldf space. If for every (m,n)-
-semi-cover U of X, for each x € X and for any sequence < A;:n € N >
of subsets of X satisfying x € MieNT(m,n)-cls(Ai) for all m # n, there exist finite
sets F; C A; such that x € St(U;enFy,U), then X is (a) M -2-star-semi-Lindeldf.

DEFINITION 4.9. A subset Y of an (a)space (X, {7,}) is said to be:

(1) (a)R-k-star-semi-Lindel6f with respect to X if for every sequence {D;:
i € N} of subsets of X with Y C 7, )-cls(D;) for all i € N and for each
cover U of Y by (m,n)-semi-open subsets of X, there exist points z; € D;
such that Y C Stk (Ujen{x;},U) for all m # n.

(2) (a)M-k-star-semi-Lindel6f with respect to X if for every sequence {D;:
i € N} of subsets of X with Y C 7, ,)-cls(D;) for all i € N and for
each cover U of Y by (m,n)-semi-open subsets of X, there exist finite sets
F; C D; such that Y C StF(U;enFi, U) for all m # n.

THEOREM 4.10. Let X be an (a)space and A C B C 7, ny-cls(A) € X for all
m # n. If A is (a)R-star-semi-Lindeldf with respect to X, then B is (a)R-2-
-star-semi-Lindeldf with respect to X.

Proof. For any m # n, let A C B C 7(;, n)-cls(A) € X and U be a cover of B
by (m, n)-semi-open subsets of X and {D,: i € N} be a sequence of subsets of X
such that B C 7, n)-cls(D;) for each i € N. It is obvious that A C 7, ,,)-cls(D;)
for each ¢ € N and U is a cover of A by (m,n)-semi-open subsets of X. Since A is
(a) R-star-semi-Lindeldf with respect to X, there exist points x; € D; such that
AC St(UieN{xi},U). Claim that B C StQ(UieN{l‘i},U). Let z € B C T(m,n)"
-cls(A). For each U € U with x € U, UN A # (). Let V be one such element of U.
Let y € VNA. Sincey € A C St(Ujen{x;},U), there exists U € U withy € U and
z), € U for some k € N. Thus, VNU # 0 and therefore, VNSt(Usen{z;},U) # 0.
Hence, z € St?(Ujen{z;}, U). O
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Similarly, the following result holds.

THEOREM 4.11. Let X be an (a)space and A C B C 7(y ny-cls(A) € X
for all m # n. If A is (a)M-star-semi-Lindeldf with respect to X, then B is
(a) M -2-star-semi-Lindelof with respect to X .

PrROBLEM 2. Find an (a)R-(k + 1)-star-semi-Lindel6f space which is not
(a) R-k-star-semi-Lindelof.

5. Conclusion

This study is devoted to investigating the concept of selectively star-semi-Lin-
del6fness in (a)topological spaces. We used the notion of selection principles
and star operator to study this concept. We discussed under what conditions
the notion of selectively-star-semi-Lindel6fness are preserved. Also, a few open
problems are posed to create research interest in this field. It is observed that
the concept of selectively star-semi-Lindelofness can be adapted in bitopological
spaces also and almost all results of this paper can be done in a similar manner
by using suitable notations.

6. Future Direction

It would be interesting to study more about the concept of selectively-
-k-star-semi-Lindeldf (a)topological spaces, k > 2. Selection principles in the
soft topological spaces are being explored by Kocinac, Al-Shami and Cetkin
in [23/82]. It will be very useful if these concepts would be investigated in the
soft topological spaces on the path of [23/[32].
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