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ABSTRACT. In this paper, we deal with the properties (a)R-star-semi-Lindelöf

and (a)M-star-semi-Lindelöf in (a)topological spaces. These properties are in-
teresting as every (a)Rs-separable space is (a)R-star-semi-Lindelöf and every
(a)s-semi-Lindelöf space is (a)R-star-semi-Lindelöf but not every (a)R-star-semi-
-Lindelöf space is (a)Rs-separable or (a)s-semi-Lindelöf. It is shown that if an
(a)topological space X is the union of countably many (a)-open and (a)Rstar-
-semi-Lindelöf subspaces, then X is (a)R-star-semi-Lindelöf. Similar results are

obtained in the context of (a)M-star-semi-Lindelöf spaces. Further, suitable and
required counterexamples are given.

1. Introduction

Several covering properties are studied extensively in the literature of topo-
logical spaces [12, 13, 27]. All these covering properties can be described
in terms of selection principles [18, 20, 29, 31, 34]. Selection principles, intro-
duced by Scheepers [14, 30], have received much attention in last few years.
Also, the notion of selective separability can be expressed in terms of selection
principles. Initially, Scheepers introduced the property of selective separability
(M -separability) and R-separability in topological space (see [3]) and Van Dou-
wen introduced the property of star-Lindelöfness and star-compactness in [10].
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Recently, Kočinac [16, 17, 19–21] studied a lot of selection principles by using
separability properties and star operator. Motivated by the work of Kočinac,
Bal et al. [1, 2] introduced and studied the notion of R-star-Lindelöfness and
M -star-Lindelöfness in topological spaces. Our aim is to extend this concept
to (a)topological spaces which is a more general structure than bitopologi-
cal spaces [15], (ω)topological spaces [4, 5, 7] and (ℵ0)topological spaces [6].
Recently, Luthra et al. [24] studied the notion of selective version of separa-
bility in (a)topological spaces by using the notion of semi-closure, pre-closure,
α-closure, β-closure and δ-closure. Also, covering properties by using the no-
tion of semi-open sets in (a)topological spaces are studied in [25]. Motivated
by Luthra et al. [24,25] and Bal et al. [1,2], in this paper, we study the properties
(a)R-star-semi-Lindelöf and (a)M -star-semi-Lindelöf in (a)topological spaces
by using the notion of semi-closure and respective density.

Let X be a non-empty set and < τn : n ∈ N > be a sequence of topolo-
gies on X. Then, the pair (X, {τn}) is called an (a)topological space (in short,
(a)space) [8]. Let A and B be sets consisting of families of subsets of an infinite
set X. Let F be a subset of X and G be a collection of subsets of X. Then:

• St(F,G) = St1(F,G) = ⋃{G ∈ G : G ∩ F �= ∅}.

• For k ∈ N, Stk+1(F,G) = St(Stk(F,G),G).

• F ∈ St[A] means that St(F,A) = X.

• F ∈ Stk+1[A] means that Stk+1(F,A) = X.

• RA(B,St[A]) (resp. RA(B,Stk[A])) denotes the selection principle:
For each member of A and for every sequence < Bn : n ∈ N > of el-
ements of B, there exist points xn ∈ Bn (for each n ∈ N) such that
∪n∈N{xn} ∈ St[A] (resp. ∪n∈N{xn} ∈ Stk[A]).

• MA(B,St[A]) (resp. MA(B,Stk[A])) denotes the selection principle:
For each member of A and for every sequence < Bn : n ∈ N > of ele-
ments of B, there exist finite sets bn ⊆ Bn (for each n ∈ N) such that
∪n∈N bn ∈ St[A] (resp. ∪n∈N bn ∈ Stk[A]).

Throughout this paper, (X, {τn}) or X, in short, denotes an (a)topological
space on which no separation axioms are assumed unless explicitly stated.
For Y ⊆ X, we say (Y, {τnY }) is an (a)subspace of X, where τnY is the in-
duced subspace topology on Y inherited from τn. For a subset A of X, the
(τn)closure (resp. (τn)interior) of A is denoted by τn-cl(A) (resp. τn-int(A)) and
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the (m,n)-semi-closure (resp. (m,n)-semi-interior) of A is denoted by τ(m,n)-
-cls(A) (resp. τ(m,n)-ints(A)). For a subset A of (a)subspace Y of X, the (τn)clo-

sure (resp. (τn)interior) of A in Y is denoted by τn-cl
Y (A) (resp. τn-int

Y (A))
and the (m,n)-semi-closure (resp. (m,n)-semi-interior) of A in Y is denoted
by τ(m,n)-cl

Y
s (A) (resp. τ(m,n)-int

Y
s (A)). P (X) denotes the power set of X and N

denotes the set of natural numbers. For more literature of selection principles and
undefined notions, one can see [9,11,17,22,26,28].

The layout of this paper is as follows: Section 2 contains basic notions and
terminology used in this paper. All the preliminary results required for this
manuscript are also covered in Section 2. Section 3 introduces the (a)R-star-
-semi-Lindelöf and (a)M -star-semi-Lindelöf (a)topological spaces. It is shown
that every (a)Rs-separable space is (a)R-star-semi-Lindelöf and every (a)s-semi-
-Lindelöf space is (a)R-star-semi-Lindelöf but not every (a)R-star-semi-Lindelöf
space is (a)Rs-separable or (a)s-semi-Lindelöf. It is observed that the properties
(a)R-star-semi-Lindelöf and (a)M -star-semi-Lindelöf are not hereditary. Fur-
ther, it is shown that an (a)subspace of (a)R-star-semi-Lindelöf (resp. (a)M -star-
-semi-Lindelöf) space is (a)R-star-semi-Lindelöf (resp. (a)M -star-semi-Lindelöf)
if it is (a)-open and (a)-semi-closed. The properties (a)R-star-semi-Lindelöf
and (a)M -star-semi-Lindelöf are preserved under those maps which are (a)s-
-irresolute and (a)s-semi-open. Further, it is shown that if an (a)space X is
the union of countably many (a)-open and (a)R-star-semi-Lindelöf subspaces,
then X is (a)R-star-semi-Lindelöf. Similar results are obtained in the case
of (a)M -star-semi-Lindelöf. In the last section, relationships among other prop-
erties have been investigated and the properties of (a)R-k-star-semi-Lindelöf and
(a)M -k-star-semi-Lindelöf spaces have been discussed.

2. Preliminaries

In this section, we collect some results which are necessary for this paper.

���������� 2.1� A subset A of (X, {τn}) is said to be:

(1) [35] (m,n)-semi-open
(
(m,n)-s-open

)
if A ⊆ τm-cl

(
τn-int(A)

)
, or equiva-

lently, if there exists a τn-open set U such that U ⊆ A ⊆ τm-cl(U ).

(2) [35] (a)-semi-open if A is (m,n)-semi-open for all m �= n.

(3) [24] (a)-open if A is τn-open for all n ∈ N.
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The collection of all (a)-open (resp. (a)-semi-open, (m,n)-semi-open) sub-
sets of X is denoted by O(X) (resp. SO(X), SO(m,n)X). The complement
of (a)-open (resp. (a)-semi-open, (m,n)-semi-open) set is called (a)-closed
(resp. (a)-semi-closed, (m,n)-semi-closed).

	
��������� 2.2� Let (X, {τn}) be an (a)space. If A ∈ SO(m,n)X and G ∈
τm ∩ τn, then A ∩G ∈ SO(m,n)X.

P r o o f. Let A ∈ SO(m,n)X and G ∈ τm ∩ τn. By Definition 2.1, A ⊆ τm-
-cl

(
τn-int(A)

)
. It follows that A∩G ⊆ τm-cl

(
τn-int(A)

)∩G. Since G is τm-open,

τm-cl
(
τn-int(A)

)∩G ⊆ τm-cl(τn-int(A)∩G) = τm-cl
(
τn-int(A)∩τn-int(G)

)
= τm-

-cl
(
τn-int(A ∩ G)

)
. Therefore, A ∩ G ⊆ τm-cl

(
τn-int(A ∩ G)

)
. Thus, A ∩ G is

(m,n)-semi-open in X. �

	
��������� 2.3� Let A ⊆ Y ⊆ X. If A is (m,n)-semi-open in X, then A is
(m,n)-semi-open in Y .

P r o o f. Let A ⊆ Y ⊆ X and A be (m,n)-semi-open in X. Therefore, A ⊆
τm-cl

(
τn-int(A)

)
. It follows that τm-clY

(
τn-int

Y (A)
) ⊇ τm-clY

(
τn-int(A)∩Y

)
=

τm-clY
(
τn-int(A)

)
= τm-cl

(
τn-int(A)

)∩Y ⊇ A∩Y = A. Thus, A is (m,n)-semi-
-open in Y . �

���������� 2.4 ([25])� A function f : (X, {τn}) → (Y, {σn}) is said to be:

(1) (a)s-irresolute if the preimage of every (m,n)-semi-open set in Y is (m,n)-
-semi-open in X for all m �= n.

(2) (a)s-semi-closed (resp. (a)s-semi-open) if image of each (m,n)-semi-closed
(resp. (m,n)-semi-open) set in X is (m,n)-semi-closed (resp. (m,n)-semi-
-open) in Y for all m �= n.

���������� 2.5� A function f : (X, {τn}) → (Y, {σn}) is (τn, σm)-continuous
(resp. (τn, σm)-open) if f : (X, τn) → (Y, σm) is continuous (resp. open).


���
�� 2.6� If f : (X, {τn}) → (Y, {σn}) is a (τm, σm)-continuous and
(τn, σn)-open map, then f preserves (m,n)-semi-open sets.

P r o o f. Let f : (X, {τn}) → (Y, {σn}) be a (τm, σm)-continuous and (τn, σn)-
-open map and G be an (m,n)-semi-open set in X. Then, G ⊆ τm-cl

(
τn-int(G)

)
.

It follows that f(G) ⊆ f
(
τm-cl(τn-int(G))

)
. Since f is (τm, σm)-continuous,

f
(
τm-cl(τn-int(G))

) ⊆ σm-cl
[
f
(
τn-int(G)

)]
. By (τn, σn)-openness of f , f

(
τn-

-int(G)
) ⊆ σn-int

(
f(G)

)
and therefore, f(G) ⊆ σm-cl

(
σn-int(f(G))

)
. Thus,

f(G) is (m,n)-semi-open in Y . �
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��������� 2.7� Let (X, {τn}) be an (a)space and Y ∈ τm ∩ τn. A subset A
of Y is (m,n)-semi-open in Y if and only if A = G∩Y , where G is (m,n)-semi-
-open in X.

P r o o f. Let Y ∈ τm ∩ τn and G be an (m,n)-semi-open set in X. By Proposi-
tion 2.2, G ∩ Y is (m,n)-semi-open in X. But G ∩ Y ⊆ Y ⊆ X, so, by Propo-
sition 2.3, G ∩ Y is (m,n)-semi-open in Y . Conversely, let A be an (m,n)-
-semi-open subset of Y . It suffices to show that A is (m,n)-semi-open in X.
Let f : (Y, {τnY }) → (X, {τn}) be the inclusion map. It is obvious that f is
(τmY , τm)-continuous. Also, f is (τnY , τn)-open as Y is τn-open. Therefore, from
Theorem 2.6, f(A) = A is (m,n)-semi-open in X. �


���
�� 2.8� Let (X, {τn}) be an (a)space and Y ∈ τm ∩ τn. A subset A of Y
is (m,n)-semi-open in Y if and only if A is (m,n)-semi-open in X.

P r o o f. The proof follows from Proposition 2.3 and Proposition 2.7. �

	
��������� 2.9 ([24])� For any subset A of an (a)space (X, {τn}), the (m,n)-
-semi closure of A, denoted by τ(m,n)-cls(A), is A ∪ τm-int

(
τn-cl(A)

)
.

���������� 2.10 ([24])� In an (a)space (X, {τn}), a set A ⊆ X is said to be:

(1) τn-dense in X if A is dense in (X, τn).

(2) s-(m,n)-dense if τ(m,n)-cls(A) = X.

(3) dense in X if A is dense in (X, τn) for all n ∈ N.

Ds(m,n) denotes the collection of all s-(m,n)-dense subsets of (X, {τn}).
���������� 2.11 ([24])� An (a)space (X, {τn}) is said to be:

(1) separable if there exists a countable subset of X which is dense in X.

(2) (a)Rs-separable if, for all m �= n, for each sequence < Dn : n ∈ N > of s-
-(m,n)-dense subsets of X there exist points xn ∈ Dn (for each n ∈ N) such
that {xn : n ∈ N} is s-(m,n)-dense in X.

(3) (a)M s-separable if, for all m �= n, for each sequence < Dn : n ∈ N > of s-
-(m,n)-dense subsets of X there exist finite sets Fn ⊆ Dn (for each n ∈ N)
such that ∪n∈NFn is s-(m,n)-dense in X.

Recall that a family B of non-empty open subsets of a topological space (X, τ)
is said to be π-base of X if for each non-empty open subset, say G ⊆ X, there
exists a U ∈ B such that U ⊆ G.
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���
�� 2.12 ([24])� If (X, τn) has a countable π-base for all n ∈ N, then
(X, {τn}) is (a)Rs-separable.

���������� 2.13 ([24])� Let (X, {τn}) be an (a)space. Then:

(1) X has countable (m,n)-s-fan tightness (m �= n) if for each x ∈ X and
each sequence < Ak : k ∈ N > of subsets of X such that x ∈ τ(m,n)-cls(Ak)
for each k, there are finite sets Fk ⊆ Ak such that x ∈ τ(m,n)-cls(∪k∈N Fk).

(2) X has countable (m,n)-s-strong fan tightness (m �= n) if for each x ∈ X and
each sequence < Ak : k ∈ N > of subsets of X such that x ∈ τ(m,n)-cls(Ak)
for each k, there are points xk ∈ Ak such that x ∈ τ(m,n)-cls({xk : k ∈ N}).


���
�� 2.14 ([24])� Let X be a separable (a)space. Then, the following holds:

(1) If X has countable (m,n)-s-strong fan tightness for all m �= n, then X is
(a)Rs-separable.

(2) If X has countable (m,n)-s-fan tightness for all m �= n, then X is
(a)M s-separable.

Recall that a cover G of an (a)space X is said to be (m,n)-semi-cover [25]
if each G ∈ G is (m,n)-semi-open subset of X. The set of all (m,n)-semi-covers
of X is denoted by S(m,n)X. If there is no scope of confusion, we will write
only S(m,n) in place of S(m,n)X.

���������� 2.15 ([25])� An (a)space (X, {τn}) is said to be (a)s-semi-Menger
if, for all m �= n, for every sequence < Uk : k ∈ N > of (m,n)-semi-covers of X
there exists a finite set Vk ⊆ Uk (for each k ∈ N) such that

⋃(⋃
k∈N

Vk

)
= X.

���������� 2.16� An (a)space (X, {τn}) is said to be (a)s-semi-Rothberger if,
for all m �= n, for every sequence < Uk : k ∈ N > of (m,n)-semi-covers of X
there exist Uk ∈ Uk (for each k ∈ N) such that

⋃(⋃
k∈N

Uk

)
= X.

Following facts are trivial and readily follows from the definition of star
operator.

	
��������� 2.17� For families U and V of subsets of an infinite set X and
for subsets A and B of X, the following facts hold:

(1) St(A,U) ⊆ St(A,V) if U ⊆ V;
(2) St(A,U) ⊆ St(B,U) if A ⊆ B;

(3) St(A,U) ∪ St(B,V) ⊆ St(A ∪B,U ∪ V); equality holds if St(A,V) = ∅ and
St(B,U) = ∅.
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3. Selectively star-semi-Lindelöf (a)spaces

In this section, we discuss the notion of (a)R-star-semi-Lindelöf spaces and
(a)M -star-semi-Lindelöf spaces. We study their relationships with (a)Rs-separ-
able spaces, (a)M s-separable spaces and (a)s-semi-Lindelöf spaces. Further,
we investigate these spaces in detail.

���������� 3.1� An (a)space (X, {τn}) is said to be:

(1) (a)R-star-semi-Lindelöf if X satisfies RS(m,n)

(
Ds(m,n),St[S(m,n)]

)

for all m �= n.

(2) (a)M -star-semi-Lindelöf if X satisfies MS(m,n)

(
Ds(m,n),St[S(m,n)]

)

for all m �= n.

From Definition 3.1, it is clear that every (a)R-star-semi-Lindelöf space is
(a)M -star-semi-Lindelöf.


���
�� 3.2� Every (a)s-semi-Lindelöf space is (a)R-star-semi-Lindelöf.

P r o o f. Let (X, {τn}) be an (a)s-semi-Lindelöf space. For any m �= n, let
{Di : i ∈ N} be a sequence of s-(m,n)-dense subsets of X and U be an (m,n)-
-semi-cover of X. Since X is (a)s-semi-Lindelöf, there exists a countable subset
V = {Uk : k ∈ N} of U such that

⋃{Uk : k ∈ N} = X. Let xi ∈ Di ∩ Ui

for each i ∈ N. Now, St(∪k∈N{xk},U) ⊇ St(∪k∈N{xk},V) =
⋃{U ∈ V : U ∩

(∪k∈N{xk}) �= ∅} =
⋃{Uk : k ∈ N} = X. Hence, X is (a)R-star-semi-Lindelöf.

�

The converse of Theorem 3.2 need not be true.

Example 1. Let X = R and F be an uncountable subset of X such that
X − F is uncountable. Let τm be the cocountable topology if m is odd and
τm = {∅, F,X} ifm is even. It is observed that the collection {F∪{q} : q ∈ X−F}
is a (1, 2)-semi-cover of X which is not reducible to any countable subcover.
Therefore, X is not (a)s-semi-Lindelöf. Claim that X is (a)R-star-semi-Lindelöf.
Let {Di : i ∈ N} be a sequence of s-(1, 2)-dense (resp. s-(2, 2)-dense) subsets ofX
and U be a (1, 2)-semi-cover (resp. (2, 2)-semi-cover) of X. It is observed that
SO(1, 2)X = SO(2, 2)X = {A ⊆ X : A ⊇ F}. Also, every s-(1, 2)-dense (resp.
s-(2, 2)-dense) subset of X contains a member of F . Let xi ∈ Di ∩ F for each
i ∈ N. It is clear that St(∪i∈N{xi},U) = X. Indeed, each x ∈ X belongs to some
U ∈ U . Since F ⊆ U , {xi : i ∈ N} ∩ U �= ∅. Therefore, x ∈ St(∪i∈N{xi},U).
Now, SO(2, 1)X = SO(1, 1)X = τ1. Let {Di : i ∈ N} be a sequence of s-(2, 1)-
-dense (resp. s-(1, 1)-dense) subsets of X and U be a (2, 1)-semi-cover (resp.
(1, 1)-semi-cover) of X. Since (X, τ1) is Lindelöf, there exists a countable subset
V = {Uk : k ∈ N} of U such that

⋃V = X. Let xi ∈ Di ∩ Ui for each i ∈ N.
Then, St(∪i∈N{xi},U) = X. Indeed, each x ∈ X belongs to Uk for some k ∈ N.
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But xk ∈ Uk, therefore {xi : i ∈ N} ∩ Uk �= ∅. Thus, x ∈ St(∪i∈N{xi},V).
Hence, X is (a)R-star-semi-Lindelöf.


���
�� 3.3� Every (a)s-semi-Rothberger space is (a)R-star-semi-Lindelöf.

P r o o f. The proof follows from Theorem 3.2 as every (a)s-semi-Rothberger
space is (a)s-semi-Lindelöf. �


���
�� 3.4� Every (a)s-semi-Menger space is (a)M -star-semi-Lindelöf.

P r o o f. The proof follows from Theorem 3.2 as every (a)s-semi-Menger space
is (a)s-semi-Lindelöf and every (a)R-star-semi-Lindelöf space is (a)M -star-semi-
-Lindelöf. �

The following example shows that the converse of Theorem 3.3 and Theo-
rem 3.4 is not true.

Example 2. Let X = R and τm = {∅} ∪ {R} ∪ {(−∞, x) : x ∈ R} if m is odd
and τm = {G ⊆ X : G = ∅ or 2 ∈ G} if m is even. Since (X, τn) has a countable
π-base for all n ∈ N, therefore X is (a)R-star-semi-Lindelöf (see Corollary 3.7).
But {(−∞, 1) ∪ {x} : x /∈ (−∞, 1)} is a (1, 1)-semi-cover of X which is not
reducible to any countable subcover. Therefore, X is not (a)s-semi-Lindelöf.
Thus, X is neither (a)s-semi-Rothberger nor (a)s-semi-Menger.


���
�� 3.5� Every (a)Rs-separable space is (a)R-star-semi-Lindelöf.

P r o o f. Let (X, {τn}) be an (a)Rs-separable space. For any m �= n, let {Di :
i ∈ N} be a sequence of s-(m,n)-dense subsets of X and U be an (m,n)-semi-
-cover of X. Since X is (a)Rs-separable, there exist points xi ∈ Di such that
{xi : i ∈ N} is s-(m,n)-dense in X. Now, St(∪k∈N{xk},U) =

⋃{U ∈ U : U ∩
(∪k∈N{xk}) �= ∅} =

⋃U = X. Hence, X is (a)R-star-semi-Lindelöf. �

The following theorem can be proved similarly.


���
�� 3.6� Every (a)M s-separable space is (a)M -star-semi-Lindelöf.

Example 3. The (a)space considered in Example 1 is (a)R-star-semi-Lindelöf.
But SO(1, 1)X = τ1 and no countable set can be dense in (X, τ1), therefore X
is not (a)M s-separable and hence, not (a)Rs-separable.

��
����
� 3.7� If (X, τn) has a countbale π-base for all n ∈ N, then (X, {τn})
is (a)R-star-semi-Lindelöf.

P r o o f. The proof follows by Theorem 2.12 and Theorem 3.5. �
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Example 4. The (a)space considered in Example 1 is (a)R-star-semi-Lindelöf.
But (X, τ1) do not have any countable π-base.

��
����
� 3.8� Let (X, {τn}) be a separable (a)space. If X has countable
(m,n)-s-strong fan tightness for all m �= n, then X is (a)R-star-semi-Lindelöf.

P r o o f. The proof follows by Theorem 2.14 and Theorem 3.5. �

��
����
� 3.9� Let (X, {τn}) be a separable (a)space. If X has countable
(m,n)-s-fan tightness for all m �= n, then X is (a)M -star-semi-Lindelöf.

P r o o f. The proof follows by Theorem 2.14 and Theorem 3.6. �


���
�� 3.10� An (a)space (X, {τn}) is (a)M -star-semi-Lindelöf if and
only if, for all m �= n, for every decreasing sequence < Di : i ∈ N > of s-
-(m,n)-dense subsets of X and for every (m,n)-semi-cover U of X, there is
a sequence < Fi : i ∈ N > of finite sets such that Fi ⊆ Di for all i ∈ N and
St(∪i∈NFi,U) = X.

P r o o f. The necessity is obvious. Conversely, for any m �= n, let {Di: i ∈ N}
be a sequence of s-(m,n)-dense subsets of X and U be an (m,n)-semi-cover
of X. For each j ∈ N, let Bj = Dj ∪ Dj+1 ∪ Dj+2 ∪ · · · = ∪i≥jDi. It is
clear that Bj ⊇ Bj+1 for all j ∈ N and τ(m,n)-cls(Bj) ⊇ τ(m,n)-cls(Dj) = X.
Therefore, {Bj : j ∈ N} is a decreasing sequence of s-(m,n)-dense subsets of X.
By given hypothesis, there exist finite sets Fj⊆Bj such that X=St(∪j∈NFj,U).
Let Ej = (∪i≤jFi) ∩ Dj for each j ∈ N. Then, ∪i∈NFi = ∪j∈NEj . Therefore,
X = St(∪j∈NEj ,U). �

The properties (a)R-star-semi-Lindelöfness and (a)M -star-semi-Lindelöfness
are not hereditary.

Example 5. Consider the topological space (X, τ∗) as in [33, Example 78].
Let X =P ∪ L, where P = {(x, y) : x, y ∈R, y > 0} is an open upper half plane
with the euclidean topology τ and L is a real axis. Let τ∗ be the topology on X
by adding to τ all sets of the form {x}∪(P∩U ) where x ∈ L, and U is a euclidean
neighborhood of x in the plane. Let τm = τ∗ if m is odd and τm be the indiscrete
topology if m is even. Since (X, τm) has a countable π-base for all m ∈ N, so
(X, {τm}) is (a)R-star-semi-Lindelöf and hence, (a)M -star-semi-Lindelöf. It is
observed that the real axis L is an uncountable (a)subspace of (X, {τm}) with
subspace topology σm as the discrete topology when m is odd and indiscrete
topology whenm is even. For (1, 1)-semi-cover U = {{x} : x ∈ L} of L, there does
not exist any finite set Fi ⊆ Di for any sequence {Di : i ∈ N} of s-(1, 1)-dense
subsets of X satisfying St(∪i∈NFi,U) = L. Therefore, the (a)subspace (L, {σm})
is not (a)M -star-semi-Lindelöf and hence, not (a)R-star-semi-Lindelöf.
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���
�� 3.11� Let Y be an (a)-open and (a)-semi-closed subset of an (a)space
(X, {τn}). If X is (a)R-star-semi-Lindelöf, then Y is (a)R-star-semi-Lindelöf.

P r o o f. Let (X, {τn}) be an (a)space and Y be an (a)-open and (a)-semi-closed
subset of X. For any m �= n, let {Bi : i ∈ N} be a sequence of s-(m,n)-dense
subsets of Y and V be an (m,n)-semi-cover of Y . For each i ∈ N, let Di =
Bi∪ (X−Y ). Claim that each Di is s-(m,n)-dense in X. Let k ∈ N be arbitrary
but fixed. Since τ(m,n)-cl

Y
s (Bk) = Y and τ(m,n)-cl

Y
s (A) ⊆ τn-cl

Y (A) for allA ⊆ Y,

so Y = τn-cl
Y (Bk) ⊆ τn-cl(Bk). Also Y is (a)-open, therefore Y ⊆ τm-int

(
τn-

-cl(Bk)
)
. Thus, Y ⊆ τ(m,n)-cls(Bk) and hence, X = Y ∪ (X − Y ) ⊆ τ(m,n)-

-cls(Bk)∪ (X −Y ) = τ(m,n)-cls(Bk)∪ τ(m,n)-cls(X − Y ) = τ(m,n)-cls(Dk). Thus,
{Di : i ∈ N} is a sequence of s-(m,n)-dense subsets of X. Also, each V ∈ V
is (m,n)-semi-open in X as Y is (a)-open (see Theorem 2.8). Therefore, U =
V∪{(X−Y )} is an (m,n)-semi-cover of X as Y is (a)-semi-closed in X. By given
hypothesis, there exist xi ∈ Di such that St(∪k∈N{xk},U) = X. This emphasizes
that {xi : i ∈ N}∩Bi �= ∅ for some values of i. The set {xk : k ∈ N} may intersect
those Bi in finitely or infinitely many points. Let zi ∈ {xk : k ∈ N}∩Bi whenever
{xk : k ∈ N} ∩ Bi is non-empty. Define the sequence < yi : i ∈ N > as follows:
yi = zi whenever {xk : k ∈ N} ∩ Bi is non-empty; yi = a otherwise, where a
is one of z′is. Clearly, St(∪k∈N{yk},V) = Y . Indeed, each y ∈ Y belongs to U
for some U ∈ V with U ∩ {xk : k ∈ N} �= ∅. Therefore, y ∈ U for some U ∈ V
with U ∩ {yk : k ∈ N} �= ∅. �

Similarly, we have the following result.


���
�� 3.12� Let Y be an (a)-open and (a)-semi-closed subset of an (a)space
(X, {τn}). If X is (a)M -star-semi-Lindelöf, then Y is (a)M -star-semi-Lindelöf.


���
�� 3.13� Let f : (X, {τn}) → (Y, {σn}) be an (a)s-semi-open and
(a)s-irresolute surjection. If X is (a)R-star-semi-Lindelöf, then Y is so.

P r o o f. For any m �= n, let {Bi : i ∈ N} be a sequence of s-(m,n)-dense subsets
of Y and V be an (m,n)-semi-cover of Y . Since f is (a)s-semi-open, {f−1(Bi) :
i ∈ N} is a sequence of s-(m,n)-dense subsets of X. Put f−1(Bi) = Di for each
i∈N. Since f is (a)s-irresolute, U={f−1(V ) :V ∈V} is an (m,n)-semi-cover ofX.
By given hypothesis, there exist points xi ∈ Di such that St(∪k∈N{xk},U) = X.
So,

⋃{U ∈ U : U ∩ (∪k∈N{xk}) �= ∅} = X. For each i ∈ N, let yi = f(xi) ∈ Bi.
Claim that St(∪k∈N{yk},V) = Y . For y ∈ Y , there exists x ∈ X such that
y = f(x). But x ∈ U for some U ∈ U with U ∩ {xk : k ∈ N} �= ∅. Therefore,
y ∈ V for some V ∈ V such that V ∩ {yk : k ∈ N} �= ∅. �

The following theorem can be proved similarly.


���
�� 3.14� Let f : (X, {τn}) → (Y, {σn}) be an (a)s-semi-open and
(a)s-irresolute surjection. If X is (a)M -star-semi-Lindelöf, then Y is so.
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The condition of (a)s-irresolute cannot be relaxed in Theorem 3.13 and
Theorem 3.14. It can be seen in the following example:

Example 6. Let X = R and τm be the cocountable topology if m is odd
and τm = {G ⊆ X : G = ∅ or 2 ∈ G} if m is even. Let Y = R and σm

be the discrete topology if m is odd and σm = {G ⊆ X : G = ∅ or 2 ∈ G}
if m is even. Let f : (X, {τm}) → (Y, {σm}) be defined by f(x) = x for all
x ∈ X. It is clear that f is a surjection map. It is observed that SO(1, 1)Y =
SO(2, 1)Y = P (Y ), SO(1, 2)X = SO(2, 2)X = τ2, SO(2, 1)X = SO(1, 1)X = τ1
and SO(2, 2)X = SO(2, 2)Y = SO(1, 2)X = SO(1, 2)Y . Therefore, f is (a)s-
-semi-open but not (a)s-irresolute. Claim that X is (a)R-star-semi-Lindelöf and
Y is not (a)M -star-semi-Lindelöf. Let {Di : i ∈ N} be a sequence of s-(2, 1)-
-dense (resp. s-(1, 1)-dense) subsets of X and U be a (2, 1)-semi-cover (resp.
(1, 1)-semi-cover) of X. Since (X, τ1) is Lindelöf, there exists a countable subset
V = {Uk : k ∈ N} of U such that

⋃V = X. Let xi ∈ Di ∩ Ui for all i ∈ N.
Claim that St(∪i∈N{xi},U) = X. Let x ∈ X. Then, x ∈ Uk for some k ∈ N.
But xk ∈ Uk, therefore {xi : i ∈ N} ∩ Uk �= ∅ and thus, x ∈ St(∪i∈N{xi},V).
Hence, St(∪i∈N{xi},U) ⊇ St(∪i∈N{xi},V) = X. Now, let {Di : i ∈ N} be a
sequence of s-(1, 2)-dense (resp. s-(2, 2)-dense) subsets of X and U be a (1, 2)-
-semi-cover (resp. (2, 2)-semi-cover) of X. Since SO(1, 2)X = SO(2, 2)X = τ2,
2 ∈ Di for all i ∈ N such that St({2},U) = X. Thus, X is (a)R-star-semi-
-Lindelöf. Now, G = {{x} : x ∈ Y } is a (1, 1)-semi-cover of Y . For any sequence
{Di : i ∈ N} of s-(1, 1)-dense subsets of Y , no finite sets Fi ⊆ Di can be chosen
so that St(∪i∈NFi,G) = Y . Therefore, Y is not (a)M -star-semi-Lindelöf and
hence, not (a)R-star-semi-Lindelöf.

���������� 3.15� A subset Y of an (a)space (X, {τn}) is said to be:

(1) (a)R-star-semi-Lindelöf with respect to X if for every sequence {Di : i ∈ N}
of subsets of X with Y ⊆ τ(m,n)-cls(Di) for all i ∈ N and for each cover U
of Y by (m,n)-semi-open subsets of X, there exist points xi ∈ Di such that
Y ⊆ St(∪i∈N{xi},U) for all m �= n.

(2) (a)M -star-semi-Lindelöf with respect to X if for every sequence {Di : i ∈ N}
of subsets of X with Y ⊆ τ(m,n)-cls(Di) for all i ∈ N and for each cover U
of Y by (m,n)-semi-open subsets of X, there exist finite sets Fi ⊆ Di such
that Y ⊆ St(∪i∈NFi,U) for all m �= n.


���
�� 3.16� Let Y be an (a)-open subspace of (a)space (X, {τn}). If Y is
(a)R-star-semi-Lindelöf subspace of X, then Y is (a)R-star-semi-Lindelöf with
respect to X.

P r o o f. To prove this theorem, we will use the following two facts: (1). In topo-
logical space (X, τ), for A ⊆ X, τ -cl(A∩Y ) = τ -cl[τ -cl(A)∩Y ] whenever Y ∈ τ
and (2). For all m �= n, τ(m,n)-cls(A) ⊆ τn-cl(A). For any m �= n, let U be a cover
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of Y by (m,n)-semi-open sets inX and {Di : i ∈ N} be a sequence of subsets ofX
with Y ⊆ τ(m,n)-cls(Di) for all i ∈ N. For each i ∈ N, let Bi = Di ∩ Y . Now,

τ(m,n)-cl
Y
s (Bi) = Bi ∪ τm-intY

(
τn-cl

Y (Bi)
)
= Bi ∪ τm-intY [τn-cl(Bi) ∩ Y ] =

Bi ∪ τm-intY [τn-cl(Di ∩ Y ) ∩ Y ] = Bi ∪ τm-intY [τn-cl[τn-cl(Di) ∩ Y ] ∩ Y ] =
Bi ∪ τm-intY [τn-cl(Y ) ∩ Y )] = Bi ∪ τm-intY (Y ) = Bi ∪ Y = Y . Thus, {Bi :
i ∈ N} is a sequence of s-(m,n)-dense subsets of Y . Let G = {U ∩ Y : U ∈ U}.
Since Y is (a)-open, each U ∩ Y is (m,n)-semi-open in Y whenever U is (m,n)-
-semi-open in X (see Proposition 2.7). Therefore, we get an (m,n)-semi-cover G
of Y . By given hypothesis, Y is (a)R-star-semi-Lindelöf subspace of X, so there
exist points xi ∈ Bi such that Y = St(∪i∈N{xi},G). It follows that xi ∈ Di such
that Y ⊆ St(∪i∈N{xi},U). �

Similarly, the following result holds.


���
�� 3.17� Let Y be an (a)-open subspace of (a)space (X, {τn}). If Y is
(a)M -star-semi-Lindelöf subspace of X, then Y is (a)M -star-semi-Lindelöf with
respect to X.


���
�� 3.18� Let X = ∪n∈NXn, each Xn is (a)-open and (a)R-star-semi-
-Lindelöf subspace of X. Then, X is (a)R-star-semi-Lindelöf.

P r o o f. For any m �= n, let {Di : i ∈ N} be a sequence of s-(m,n)-dense subsets
of X and U be an (m,n)-semi-cover of X. Let < Nk : k ∈ N > be a sequence
of infinite subsets of N such that Ni ∩ Nj = ∅ for all i �= j and N = ∪l∈NNl.
For each l ∈ N, consider a sequence < Di ∩Xl : i ∈ Nl > of subsets of X. Now,
τ(m,n)-cls(Di ∩ Xl) = (Di ∩ Xl) ∪ τm-int

(
τn-cl(Di ∩ Xl)

)
= (Di ∩ Xl) ∪ τm-

-int(τn-cl[τn-cl(Di) ∩ Xl]) = (Di ∩ Xl) ∪ τm-int[τn-cl(Xl)] ⊇ (Di ∩ Xl) ∪ τm-
-int(Xl) = (Di ∩ Xl) ∪ Xl = Xl. Therefore, {Di ∩ Xl : i ∈ Nl} is a sequence
of subsets of X such that Xl ⊆ τ(m,n)-cls(Di ∩ Xl). Since each Xi is (a)-
-open and (a)R-star-semi-Lindelöf subspace of X, so, by Theorem 3.16, there
exist points xi ∈ Di ∩ Xl such that Xl ⊆ St(∪i∈Nl

{xi},U) for each l ∈ N.
Thus, X = ∪l∈NXl ⊆ ∪l∈NSt(∪i∈Nl

{xi},U) ⊆ St(∪i∈N{xi},U). Hence, X is
(a)R-star-semi-Lindelöf. �


���
�� 3.19� Let X = ∪n∈NXn, each Xn is (a)-open and (a)M -star-semi-
-Lindelöf subspace of X. Then, X is (a)M -star-semi-Lindelöf.

P r o o f. It can be proved in a manner similar to Theorem 3.18. �


���
�� 3.20� Let Y be an (a)-semi-open and (a)-semi-closed subset of an
(a)space (X, {τn}). If X is (a)R-star-semi-Lindelöf, then Y is (a)R-star-semi-
-Lindelöf with respect to X.
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P r o o f. Let (X, {τn}) be an (a)space and Y be an (a)-semi-open and (a)-semi-
-closed subset of X. For any m �= n, let V be a cover of Y by (m,n)-semi-open
subsets of X and {Bi : i ∈ N} be a sequence of subsets of X with Y ⊆ τ(m,n)-
-cls(Bi). It is clear that X = Y ∪ (X − Y ) ⊆ τ(m,n)-cls(Bi) ∪ (X − Y ) = τ(m,n)-
-cls[Bi ∪ (X − Y )]. Thus, {Di : i ∈ N} is a sequence of s-(m,n)-dense subsets
of X, where Di = Bi∪(X−Y ). Also, U = V ∪{(X−Y )} is an (m,n)-semi-cover
of X as Y is (a)-semi-closed in X. By given hypothesis, there exist xi ∈ Di

such that St(∪k∈N{xk},U) = X. This emphasizes that {xi : i ∈ N} ∩ Bi �= ∅
for some values of i. Let zi ∈ {xk : k ∈ N} ∩ Bi whenever {xk : k ∈ N} ∩ Bi

is non-empty. Define sequence < yi : i ∈ N > as follows: yi = zi whenever
{xk : k ∈ N} ∩ Bi is non-empty; yi = a otherwise, where a is one of z′is.
It is clear that St(∪k∈N{yk},V) = Y . Indeed, for y ∈ Y , y ∈ U for some
U ∈ V with U ∩{xk : k ∈ N} �= ∅. Therefore, y ∈ U for some U ∈ V with
U∩{yk : k ∈ N} �=∅. �

	
����� 1� Find an (a)M -star-semi-Lindelöf space which is not (a)R-star-
-semi-Lindelöf.

4. Selectively k-star-semi-Lindelöf (a)spaces

This section is devoted to the study of (a)R-k-star-semi-Lindelöf spaces and
(a)M -k-star-semi-Lindelöf spaces. We investigate their relationships with
(a)s-star-semi-Lindelöf spaces, (a)s-absolutely-star-semi-Lindelöf spaces. Now,
we begin this section with some definitions we will do with.

���������� 4.1� An (a)space X is said to be:

(1) (a)R-k-star-semi-Lindelöf if X satisfies RS(m,n)

(
Ds(m,n),Stk[S(m,n)]

)

for all m �= n.

(2) (a)M -k-star-semi-Lindelöf if X satisfies MS(m,n)

(
Ds(m,n),Stk[S(m,n)]

)

for all m �= n.

(3) (a)s-star-semi-Lindelöf if, for all m �= n, for each (m,n)-semi-cover U of X,
there exists a countable set F ⊆ X such that St(F,U) = X.

(4) (a)s-absolutely-star-semi-Lindelöf if, for all m �= n, for each (m,n)-semi-
-cover U ofX and each s-(m,n)-dense subsetD ofX, there exists a countable
set F ⊆ D such that St(F,U) = X.

It is clear that every (a)s-absolutely-star-semi-Lindelöf space is (a)s-star-semi-
-Lindelöf and every (a)R-k-star-semi-Lindelöf space is (a)R-(k + 1)-star-semi-
-Lindelöf.
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��������� 4.2� Every (a)M -star-semi-Lindelöf space is (a)s-absolutely-star-
-semi-Lindelöf.

P r o o f. Let X be an (a)M -star-semi-Lindelöf space. For any m �= n, let U be
any (m,n)-semi-cover of X and D be any s-(m,n)-dense subset of X. For each
k ∈ N, let Dk = D. Since X is (a)M -star-semi-Lindelöf, there exist finite sets
Fi ⊆ Di for each i ∈ N such that St(∪k∈NFk,U) = X. The proof follows. �

��
����
� 4.3� Every (a)M -star-semi-Lindelöf space is (a)s-star-semi-
-Lindelöf.

	
��������� 4.4� Let X be an (a)space. If, for all m �= n, for each (m,n)-
-semi-cover U of X and each s-(m,n)-dense subset D of X, there exists a finite
set F ⊆ D such that St(F,U) = X, then X is (a)M -star-semi-Lindelöf.

P r o o f. Let X be an (a)space. For any m �= n, let {Di : i ∈ N} be a sequence
of s-(m,n)-dense subsets of X and U be an (m,n)-semi-cover of X. By given
hypothesis, for each i ∈ N there exist finite sets Fi ⊆ Di such that St(Fi,U) = X.
Therefore, X =

⋃
i St(Fi,U) ⊆ St(⋃i Fi,U). �


���
�� 4.5� Let X be an (a)s-star-semi-Lindelöf space. If X has countable
(m,n)-s-fan tightness for all m �= n, then X is (a)M -star-semi-Lindelöf.

P r o o f. For any m �= n, let {Di : i ∈ N} be a sequence of s-(m,n)-dense subsets
of X and U be an (m,n)-semi-cover of X. Since X is (a)s-star-semi-Lindelöf,
there exists a countable set F = {xi : i ∈ N} ⊆ X such that St(F,U) = X.
Let < Nk : k ∈ N > be a sequence of infinite subsets of N such that Ni ∩Nj = ∅
for all i �= j and N = ∪l∈NNl. For each l ∈ N, xl ∈ ∩i∈Nl

τ(m,n)-cls(Di) and X
has countable (m,n)-s-fan tightness for all m �= n, there exist finite sets Fi ⊆ Di

for each i ∈ Nl such that xl ∈ τ(m,n)-cls(∪{Fi : i ∈ Nl}). Hence, Fi ⊆ Di for each
i ∈ N such that St(∪i∈NFi,U) = X. Indeed, for any x ∈ X, there is a U ∈ U such
that x ∈ U and xk ∈ U for some k ∈ N. But xk ∈ τ(m,n)-cls(∪{Fi : i ∈ Nk}),
therefore U ∩ ∪{Fi : i ∈ Nk} �= ∅. Thus, U ∩ ∪{Fi : i ∈ N} �= ∅ and hence,
x ∈ St(⋃i Fi,U). �


���
�� 4.6� If X is an (a)s-star-semi-Lindelöf space and X has countable
(m,n)-s-strong fan tightness for all m �= n, then X is (a)R-star-semi-Lindelöf.


���
�� 4.7� Let X be an (a)s-star-semi-Lindelöf space. If for every (m,n)-
-semi-cover U of X, for each x ∈ X and for any sequence < Ai : n ∈ N >
of subsets of X satisfying x ∈ ∩i∈Nτ(m,n)-cls(Ai) for all m �= n, there exist points
xi ∈ Ai such that x ∈ St(∪i∈N{xi},U), then X is (a)R-2-star-semi-Lindelöf.
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P r o o f. Let X be an (a)s-star-semi-Lindelöf space. For any m �= n, let {Di :
i ∈ N} be a sequence of s-(m,n)-dense subsets of X and U be an (m,n)-
-semi-cover of X. Since X is (a)s-star-semi-Lindelöf, there exists a countable
set F = {xi : i ∈ N} ⊆ X such that St(F,U) = X. Let < Nk : k ∈ N > be a se-
quence of infinite subsets of N such that Ni∩Nj = ∅ for all i �= j and N = ∪l∈NNl.
For each l ∈ N, xl ∈ ∩i∈Nl

τ(m,n)-cls(Di). By given hypothesis, there exist
points yi ∈ Di for each i ∈ Nl such that xl ∈ St(∪i∈Nl

{yi},U). Claim that
St2(∪i∈N{yi},U) = X. Let x ∈ X. Since X = St(F,U), there exists some U ∈ U
such that x ∈ U and xn ∈ U for some n ∈ N. Also, xn ∈ St(∪i∈Nn

{yi},U),
so there exists V ∈ U such that xn ∈ V and yk ∈ V for some k ∈ Nn.
Thus, V ∩ U �= ∅ and V ⊆ St(∪i∈Nn

{yi},U) ⊆ St(∪i∈N{yi},U). Therefore,
St(∪i∈N{yi},U) ∩ U �= ∅ and hence, x ∈ St2(∪i∈N{yi},U). �

The following theorem can be proved similarly.


���
�� 4.8� Let X be an (a)s-star-semi-Lindelöf space. If for every (m,n)-
-semi-cover U of X, for each x ∈ X and for any sequence < Ai : n ∈ N >
of subsets of X satisfying x ∈ ∩i∈Nτ(m,n)-cls(Ai) for all m �= n, there exist finite
sets Fi ⊆ Ai such that x ∈ St(∪i∈NFi,U), then X is (a)M -2-star-semi-Lindelöf.

���������� 4.9� A subset Y of an (a)space (X, {τn}) is said to be:

(1) (a)R-k-star-semi-Lindelöf with respect to X if for every sequence {Di :
i ∈ N} of subsets of X with Y ⊆ τ(m,n)-cls(Di) for all i ∈ N and for each
cover U of Y by (m,n)-semi-open subsets of X, there exist points xi ∈ Di

such that Y ⊆ Stk(∪i∈N{xi},U) for all m �= n.

(2) (a)M -k-star-semi-Lindelöf with respect to X if for every sequence {Di :
i ∈ N} of subsets of X with Y ⊆ τ(m,n)-cls(Di) for all i ∈ N and for
each cover U of Y by (m,n)-semi-open subsets of X, there exist finite sets
Fi ⊆ Di such that Y ⊆ Stk(∪i∈NFi,U) for all m �= n.


���
�� 4.10� Let X be an (a)space and A ⊆ B ⊆ τ(m,n)-cls(A) ⊆ X for all
m �= n. If A is (a)R-star-semi-Lindelöf with respect to X, then B is (a)R-2-
-star-semi-Lindelöf with respect to X.

P r o o f. For any m �= n, let A ⊆ B ⊆ τ(m,n)-cls(A) ⊆ X and U be a cover of B
by (m,n)-semi-open subsets of X and {Di : i ∈ N} be a sequence of subsets of X
such that B ⊆ τ(m,n)-cls(Di) for each i ∈ N. It is obvious that A ⊆ τ(m,n)-cls(Di)
for each i ∈ N and U is a cover of A by (m,n)-semi-open subsets of X. Since A is
(a)R-star-semi-Lindelöf with respect to X, there exist points xi ∈ Di such that
A ⊆ St(∪i∈N{xi},U). Claim that B ⊆ St2(∪i∈N{xi},U). Let x ∈ B ⊆ τ(m,n)-
-cls(A). For each U ∈ U with x ∈ U , U ∩A �= ∅. Let V be one such element of U .
Let y ∈ V ∩A. Since y ∈ A ⊆ St(∪i∈N{xi},U), there exists U ∈ U with y ∈ U and
xk ∈ U for some k ∈ N. Thus, V ∩U �= ∅ and therefore, V ∩St(∪i∈N{xi},U) �= ∅.
Hence, x ∈ St2(∪i∈N{xi},U). �
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Similarly, the following result holds.


���
�� 4.11� Let X be an (a)space and A ⊆ B ⊆ τ(m,n)-cls(A) ⊆ X
for all m �= n. If A is (a)M -star-semi-Lindelöf with respect to X, then B is
(a)M -2-star-semi-Lindelöf with respect to X.

	
����� 2� Find an (a)R-(k + 1)-star-semi-Lindelöf space which is not
(a)R-k-star-semi-Lindelöf.

5. Conclusion

This study is devoted to investigating the concept of selectively star-semi-Lin-
delöfness in (a)topological spaces. We used the notion of selection principles
and star operator to study this concept. We discussed under what conditions
the notion of selectively-star-semi-Lindelöfness are preserved. Also, a few open
problems are posed to create research interest in this field. It is observed that
the concept of selectively star-semi-Lindelöfness can be adapted in bitopological
spaces also and almost all results of this paper can be done in a similar manner
by using suitable notations.

6. Future Direction

It would be interesting to study more about the concept of selectively-
-k-star-semi-Lindelöf (a)topological spaces, k ≥ 2. Selection principles in the
soft topological spaces are being explored by Kočinac, Al-Shami and Çetkin
in [23, 32]. It will be very useful if these concepts would be investigated in the
soft topological spaces on the path of [23,32].

Acknowledgement� The authors thank the anonymous referees for their care-
ful reading of the paper and several suggestions, which led to an improvement
of the exposition.
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[16] KOČINAC, LJ. D. R.: Star-Menger and related spaces, Publ. Math. Debrecen 55 (1999),

no. 3–4, 71–103.
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[21] KOČINAC, LJ. D. R.: Star selection principles: a survey, Khayyam J. Math. 1 (2015),

82–106.
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