§ sciendo TATRA
MOUNTaINS

Mathematical Publications

DOI: 10.2478/tmmp-2022-0006
Tatra Mt. Math. Publ. 81 (2022), 89-92

REMARK ON A THEOREM OF TONELLI
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ABSTRACT. It is well known that if the surface f : [-1,1] x [-1,1] — R
has a finite area, then the total variations of both sections fz(y) = f(z,y) and
fY(z) = f(z,y) of f are finite almost everywhere in [—1,1]. In the note it is
proved that these variations can be infinite on residual subsets of [—1,1].

A continuous function f : [-1,1] x [-1,1] — R is of bounded variation
(in the Tonelli sense) if the integrals f_11 V(x)dz and f_11 W (x)dz are both fi-
nite, where V(z) for z € [—1,1] is the total variation of f on [—1,1] treated
as a function of y and W for y € [—1,1] is the total variation of f on [—1,1]
treated as a function of x. V and W are lower semicontinuous functions of x
and y, respectively, since f is continuous. Theorem of Tonelli [I] or [2] (see also
I3, p. 181]) says that in order that a continuous surface

Z=f<l‘,y), (x,y) € [_131] X [_171]
have a finite area it is necessary and sufficient that the function f be of bounded
variation on
[—1,1] x [-1,1].
From this theorem it follows immediately that both sets

{re[-1,1]: V(x) =400} and {ye[-1,1]: W(y) = +oo}

are of Lebesgue measure zero.

The aim of this note is to show that the kind of the category analogue of this
theorem does not hold. In the sequel, K((z,y),r) will denote the circle on the
plane with center (x,y) and radius r.
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THEOREM 1. There exists a continuous function f :[—1,1] x [-1,1] = R such
that the area of the surface f is finite and the sets {x € [-1,1] : V(x) = 400}
and {y € [-1,1] : W(y) = 40} are residual in (—1,1).

Proof. Let ¢(z) = dist(x, N U{0}) for z € [0,4+00), where N is the set of pos-
itive integers.

Put
i e (@nn+ 1) 7)) for € [0, gk,

0 for l‘>m

on(x)=

1
for each n € N. Then \/*""*" o, =1, where \/Z ¢ means the total variation

of ¢ on the interval [a,b] and 0 < @, () < m for each x € [0, +00).

Put

(VT tor (@) € K((0.0), gt

0 for remaining (x,%) in the plane R2.

U, (z,y)=

For eachn € N and k € {0,1,...,n— 1} let
1 2km 1\ . 2kw
Tpk=|1——)cos—, Ynke = (1 — — | sin —.
n n n n

Put
fn,k(xa y) =V, (l‘ —Tnk, Y — yn,k)

forne N, ke {0,1,...,n—1} and (z,y) € [-1,1] x [-1,1]. Observe that
for each n€ N and k€{0,1,...,n — 1} the set

{(@,y): fak(z,y)#0}
is included in the ball K (2, Yn.k), m) and the family

1
{K(wn7k,yn7k),m} n e N, ke {0,1,...,’[1* 1}
consists of disjoint balls.
At last let .
f(x7y):Zan,k(x7y) fOI‘ (x,y)E [7171] X [7171]
n=1 k=0

It is not difficult to see that f is continuous on [—1,1] x [—1,1]. We shall show
that the area of the graph of f is finite.
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For fixed x € (—1,1) let V,,(z) be a total variation of ¥,, treated as a function
of y on the interval [—v/1 — 22,4/1 — 22] (or on the interval [—1, 1]). Then

1 1
Va(@) =0 for &€ (=1,1)\ [‘ (2n(n+1)% (2n(n+1>>2]’

1 1
Vo(0) =2 and V,(z) <2 for z¢€ [ (2n(n +1))2" (2n(n + 1))2] .

1
2 1
/Vn(x)dx <2 =

Hence

2n(n+1))2  (n(n+1))%
Observe that
1 1
/Vn,k(x)dx :/Vn(x)dx for each ke€{0,1,...,n—1},
21 21
where V,, 1 (z) obviously is a total variation of f, j treated a function of y on the

)
interval [—1,1]. If V(z) is a total variation of f treated as a function of y on the
interval [—1, 1], then we have

1 co n—1 1 0o 1
/V(x)dw = Z Vok(x Z n - [Vy(x)de <
1 n=1k=0"4 n=1 21w )
n <+
; (n(n+ 1))

Similarly, f_11 W(y)dy < oo, where W(y) is a total variation of f treated as a
function of x on the interval [—1, 1]. From the theorem of L. Tonelli (see [1], [2]
or [3, Chapter V.8]), the area of f is finite.

Observe now that since V,, (2, ) = 2 and the total variation is semicontin-
uous from below, there exists an open interval I, ;, such that

ok € Ingk and V,p(z) >1 foreach €1, y.

From the construction it follows that for each m the set [ J)— UZ;& I, . is open
and dense in (—1,1). Hence the set

co n—1

E = ﬂ U U Ik is residual in  (—1,1).

m=1n=m k=0

For each © € E we have V(x) = 400 (it follows from the fact that the family
of supports of {fn x}nen, kefo,1,..,n—1} is disjoint). (E has Lebesgue measure
7€ero). O
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The same reasoning works in any direction of coordinate axes in the plane,
in particular for V(y). In the next theorem it will be more convenient to construct
a function defined on [0, 1] x [0, 1], so V(z) and W (y) will denote total variation
in the direction of O, and O, respectively, on the interval [0, 1].

THEOREM 2. There exists a continuous function f :[0,1] x [0,1] — R such that
the area of the surface f is finite and the set {x € [0,1] : V(z) = o0} is residual
in (0,1) and the set {y € [0,1] : W(y) = 400} is empty.

Proof. Let ¥, be the same function as in the proof of Theorem 1 for n € N.
For eachn € N and k € {1,2,...,n} let z,, , = n—+1 and Yy, k = l
Put
fn,k:(xa y) = \I/n(x —Tnk,Y — yn,k>

forne N and k € {1,2,--- ,n} and (:c y)E [0,1] x [0,1]. At last let

(,y) = Zank ,y).

n=1k=1
It is easy to see that

{y € 10,1] : W(y) = o0} = 0.

The proof of the fact that {z € [0,1] : V() = +oc} is residual in (0, 1) and that
the area of the surface f is finite is exactly the same as in the proof of Theorem 1.
O
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