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ON SOME GENERALIZATIONS
OF POROSITY AND POROUSCONTINUITY

STANISEAW KOWALCZYK — MALGORZATA TUROWSKA

ABSTRACT. In the present paper, we introduce notions of v-porosity and
v-porouscontinuity. We investigate some properties of v-poroucontinuity and its
connections with porouscontinuity introduced by Borsik and Holos. Moreover,
we show that v-porouscontinuous functions may not belong to Baire class one.

1. v-porosity

Let N and R denote the set of all positive integers and the set of all real num-
bers, respectively. The symbol || stands for the length of an open interval I C R.
For a set A C R and an open interval I C R let A(A, I) denote the length of the
largest open subinterval of I having an empty intersection with A. According
to [1], [], the right porosity of the set A at x € R is defined as

pT (A, x) = limsup A, @2+ ) h>),
h—0+ h
the left porosity of A at x is defined as

AA (z—h
(4, 2) = limsup 2 @ =)
h—0+ h
and the porosity of A at x is defined as

p(A, ) = max {p_ (A, x),pt (A, x)} )

The set A is called right porous at z if pT(A, x) >0, left porous at z if p~ (4, z) >0,
and porous at z if p(A, ) >0. Some properties of porosity can be found in [2], [4].
We give a definition of similar property. The right v-porosity of the set A at z
is defined as A(AL( )
+
+(A, z) = lim inf DT TR
vp” (4, 2) = lim in " :
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the left v-porosity of A at x is defined as

AA, (x — h,x))
Az) =1li g E = )
R

and the v-porosity of A at z is defined as
vp(A,x) = max {op (A,2),vp* (4, )}

The set A C R is called right v-porous at x € R if vp™ (4, z) > 0, left v-porous
at z if vp~(A,z) > 0, and v-porous at z if vp(A,xz) > 0. It is clear that A
is v-porous at x if and only if it is v-porous from the right or from the left
at z.

The set A is called v-porous if A is v-porous at each point x € A.

In [4], Zajic¢ek investigates similar notion, which we remind. Let X be
a metric space. The open ball with the center x € X and with the radius R
will be denoted by B(z,R). Let M C X, x € X and R > 0. Then, accord-
ing to [M], by v(z, R, M), we denote the supremum of the set of all » > 0
for which there exists z € X such that B(z,r) C B(x, R) \ M. The number

W is called the very porosity of M at x. We say that the set
27(:57R7M) > 0
Ll > 0.

2liminfp_, o+
M is very porous at x if liminfp_ o+

The definition of v-porosity of the set is very similar to the definition of very
porosity in the space R with the euclidian metric, however, they are not equiv-
alent. Directly from the definitions, we obtain

COROLLARY 1.1. Let A C R, z € R. If the set A is v-porous at x, then A is
very porous at x.

The next example presents a subset of R which is very porous at 0 but is not
v-porous at 0. Moreover, the porosity of this set at 0 is equal to 1.

ExAMPLE 1.2. Let

4= [ o 'ﬁ] - {_(22)!’_(27111)!

neN
Then,
A(A, (0, h A(A, (O,n+))
p*(A,0) = lim inf (©,7)) < liminf (2n-1)!
hoor nree @n—D)
1 _ 1 1
- I R [ -
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and AA (L
A4, (=h,0 ( ’ ( IR ))
vp~ (A,0) =liminf M < liminf 1(2 !
h—0+ n— 00 :
1 1 (2n)!
TGty . 1
= lim - — _
e @n)! n—o00 2n+2
Hence; UP(A, 0) =0.
Denote 1 ) . -
=11 ol = for each n € N.
n! n! (n+1)! (n+1)!
Let h € (0,1). There exists n € N such that h € [m’ m)

It h € |Gk tnsn ) then (— by — gy ) N A = 0 and

1 1 2n+1
29(0,h, A) | Bnrl — Caral _ Gaiay 2041

h t2n+1 N (51::5), N an + 3

Ithe {tzm, ﬁ) then (ﬁh) NA=0and

1 1 2n+1
27(0, h, A) >h_ [CIESV I b1 — Gormn | ey 20+l

h - h - t2n+1 © Ands 4TL+ 3

(2n+2)!

If h e [ﬁ,hn), then (m,ﬁ) NA=0and

1 1 2n 2n
2v(0,h, A) B! T et | BatD! _ BaaDl _ 21
h - h = ton (ggjrrll)! dn+1

Finally, if h € [tzn, m), then (—h, —ﬁ) NA=0and

27(0,h, A) >h_ D) < ton — oyt X _2n

h T h Tt gy A4l

Therefore, lim inf;, _,q+ w = % and A is very porous at 0.

Moreover,
p(A,0) > pT(A,0)
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THEOREM 1.3. Let A C R, © € A. If there exists a decreasing sequence
(Zn)nen C A converging to x, then vp™ (A, z) < 3.

Proof. It is sufficient to observe that

vpt (A, z) < liminf A4, (2, 22y — ) < liminf =,
because if I C [z,2x, — ] and I N A = (), then either I C [x,x,] or
IcC [wn,anr(xnfx)]. O

Ty — T 1

DEFINITION 1.4 ([1]). A point 2 € R will be called a point of 7,-density of a set
ACRfor 0 <r <1 (u-density of aset Afor0 <r <1)if p(R\ A,z) >r
(P(R\ A,z) =2 7).

We give similar definitions.

DEFINITION 1.5. Let 0 < r <1 (0 < r < 1). A point z € R will be called
a point of vm,-density of a set A C R (vu,-density of a set A ) if vp(R\ A, z) > r
(vp(R\ A, ) > 7).

In an obvious way, we may define one-sided vm,.-densities and vu,-densities.

EXAMPLE 1.6. Let A = J, ey [Tnt1, Yn), where z,, = %, Yn = 2*1% € (Tpt1,Tn)
for n € N. Denote t, = yp+Tni1—Yni1 = # foreachn € N. If h € [xy41, L),
then

A(A, (0,h)) _ Tnt1 = Ynt1 > TL% N Zrb% 1

h T ot g T
If h € [t,,zy), then
A(A7 (03 h)) . h— Yn Yn o 2n3+2 o 1
= >1l—-==1- = -.
h h ty sz T

Therefore, vp™ (A, 0) =liminf,_,+ w > % (it is clear that vp™ (A4,0)= %)

ExXAMPLE 1.7. Let

7 n 7 n+1 7 n+1 7 n+2 9_7n+1
p-{(F)men} ma n= (37 (- ()G

for n € N. Then,

Up+(B,O) = liminf w — lim w
h—0+ n—oo hn
7\ntl _ 7\nt2 1

— hm (g) — (g) — 11 {n+2 _ 1

n—00 9.7nt1 v ! 5
8n+2 8"+2

Thus, vp™ (B, 0) = §.
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THEOREM 1.8. Let AC R, z € R, r € [0,1). If x is a point of vrm,-density
of the set A, then there exists an open set B such that x is a point of vm,.-density
of the set B.

Proof. (The proof is similar to the proof of [I, Theorem 2]). We may assume
that vp(R\ A,z) = vpT (R \ A, x). Then, there exists a sequence (a,)nen such

that
vp+(]R \ A, z) = lim ARN 4, (2, a2)) >

n—0o00 Ay, — T

It means that for each n we can find an open interval I,, such that I,, C A and
[I,| = A(R\ 4, (z,a,)). Denote B = J,,cy In- It is obvious that vp™ (R\ B,z) =
vpT(R\ A, z). O

LEMMA 1.9. Let (z,)nen be a decreasing sequence convergent to x € R satis-
fying conditions lim,, %
Take any a € (0, 1] and let (yn)nen be a sequence such that y, = xpi1+o(Tp—Tpi1)

n

ifa <1 ory, =Tp4 + n—H(fEn *xn+1) ifa =1 Put A= U?:ﬂxnﬂyyn]-
Then, vp* (R\ A, z) = 1.

=00 and T, —Tpi1>2(Tpt1—Tpta) for n>1.

: LTy —T _
Proof. Clearly, lim, o T = %, because
. Ip — X 1 . Typ — X
lim =2 — i (222 1) = .
n—00 Tyt — T n—00 \ Tp41 — T
Denote
th = Tpt1 + Ynt1 — Tnato for neN.

Then, x,41 < t,. Moreover,

tn = Tny1 + (Tt — Tpy2) < Tpp1 + (Tn — Tpt1) = Yn
if <1 and

tn = Tpi1+ Z—E(xn-i-l - xn+2)
n+1
< Tpy1+ m(ﬁﬁn — Tpi1)
n
< Tp41+ "+ 1(-Tn - 'Tn—i-l) =Yn

if @ = 1. Hence, t, < y, for every n € N and « € (0, 1]. Take any z € (x, 7).
There exists n € N such that z € [yp41,¥n). First, assume that z € [y,11, ).
Then,

AR\ A, (z,2)) _Ynd1l —Tng2 | Yngl — Tng2 AR\ A, (z,t))

Z— Z— - tn, — T tn, — T
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If 2 € [tn,yn), then
AR\ A, (2,2)  z—2pp1 Sln—@npr AR\ A, (z,t,))

Z—x z—x = tp,—x t, —

Moreover, for each n € N,

AR\A, (@,t) _ a(@ass — i)

th — T Tnt1 — T+ (Tpt1 — Tpy2)
o
Tn41—T

Tnt+1—Tnt2
o

1
1— Tp42—7
Tp41—7T

+

+ «

if o <1 and
n+1
A(R \ A7 (.%', tn)) n+2 (xn-‘rl - xn+2)

= +1
th — T Tpi1— T+ Z—H(xn_H — Tpi2)
n+1
n+2
Tn41—T n+1
Tp41—Tn42 + +

3
]

n+1
_ n+2
- 1 nt1
TFntz=r T nt2
Tp41—T
if @« = 1. Therefore,
A A A A N
1iminfM — lim (R\A, (z,t,))
z—axt z—X n—o00 t, — 1+a
for every a € (0,1]. Hence, vp™ (R \ A, z) = 14%04 0

COROLLARY 1.10. For each x € R and r € (0, %], there is a set A such
that vp™ (R \ A, z) = r. Moreover, we can assume that the set A is of the form
A={z}UU,_ [@nt1,Yn], where x < xp11 < yp < Ty, for every n € N,

Proof. Tt is sufficient to take x, = x + m and a = ;= in Lemma[[3 0O

2. v-porouscontinuity

DEFINITION 2.1 ([I]). Let r € [0,1). The function f: R — R will be called:

e P.-continuous at the point x if there exists a set A C R such that x € A,
x is a point of m,-density of A, and f|4 is continuous at the point x;

e S.-continuous at the point x if for each € > 0 there exists a set A C R such
that x € A, x is a point of m,-density of A, and f(A4) C (f(z)—e, f(z)+¢).
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Let r € (0,1]. The function f: R — R will be called:

e M. .-continuous at the point x if there exists a set A C R such that x € A,
x is a point of p,-density of A, and f|4 is continuous at the point z;

e N,-continuous at the point z if for each € > 0 there exists a set A C R such
that z € A, z is a point of p,-density of A, and f(A4) C (f(z)—¢, f(z)+¢).

All of these functions are called porouscontinuous functions. Porouscontinuity
is an example of the so-called path continuity, which was exhaustively studied.

Now, we give similar definition applying the notion of v-porosity instead
of porosity.

DEFINITION 2.2. Let r € [0,1) and « € R. The function f: R — R will be
called:

e vP,.-continuous at the point x if there exists a set A C R such that x € A,
x is a point of vm,-density of A, and f|4 is continuous at the point z;

e vS,.-continuous at the point x if for each £ > 0 there exists a set A C R such
that z € A, z is a point of vr,-density of A, and f(A) C (f(z)—¢, f(z)+e).

Let r € (0,1] and x € R. The function f: R — R will be called:

e v M,-continuous at the point z if there exists a set A C R such that x € A,
x is a point of vu,-density of A, and f|4 is continuous at the point x;

e v\, -continuous at the point x if for each £ > 0 there exists a set A C R such
that € A, x is a point of vu,-density of A, and f(A) C (f(x)—s, f(x)+5).

The symbols P.(f), S-(f), M,(f) and N,.(f) denote the sets of all points
at which the function f is P,.-continuous, S,-continuous, M,-continuous and
N,-continuous, respectively. These sets are called the sets of porouscontinuity
points of the function f. And analogously, symbols vP.(f), vS,(f), vM,(f)
and vN,.(f) will denote the sets of all points at which the function f is vP,-
-continuous, vS,-continuous, v.M -continuous and v,-continuous, respectively.
These sets will be called the sets of v-porouscontinuity points of the function f.

Analogously, symbols vPF(f), vSF(f), vMI(f) and vNF(f) will denote
the sets of all points at which the function f is v/P,f-continuous, vS;"-continuous,
v M -continuous and v N, -continuous, respectively. And similarly, for the left
v-porouscontinuity. Moreover, let C(f) denote the set of all points at which f
is continuous and, similarly, C*(f) denotes the set of all points at which f is
continuous from the left or from the right.

COROLLARY 2.3. Let f: R — R and x € R. If [ is continuous from the right
or from the left at = then x € vP.(f) NvS.(f) N vM(f) NN (f) for every
r€[0,1) and every s € (0,1].
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Applying Theorem [[3] we get

COROLLARY 2.4. vP.(f) = vS.(f) = CE(f) for each r > 3. Similarly,
oM, (f) = vN.(f) = CE(f) for eachr > .

THEOREM 2.5. Let f: R — R, r,q,s €[0,1], ¢ < s. Then:

(1)  vPs(f) C vPy(f), vS (f) € vS,(f), wvMs(f) C vMy(f),
C UNq(f)) (f) C er(f)) U‘Sr(f) C UNr(f);
C vPq(f), Ns(f) C vSy(f);

(3) vP, f) C U‘Sr(f)a UMr(f) C er(f);
C Pr(f), vS:(f) € Sk(f), oM, (f) € M.(f),

oN-(f) C N(f);

The corresponding subscripts should belong to intervals specified in Defini-
tions 21l and

Proof. (1), (2) and (4) are obvious. The proof of (3) is the same as in [I]
for porouscontinuity and we omit it. O

THEOREM 2.6. Letr € (0, ] x€Rand f: R — R. Then, x € vM.,.(f) if and
only if © € vN(f).

Proof. The proof is very similar to the proof of Theorem 3 from [I] and
we omit it. ([l

COROLLARY 2.7. v M,.(f)=vN,(f) for every f :R—R and for every r € (0, %] )

LEMMA 2.8. Let r € (0, %], x € R and let (E,)p>1 be a decreasing family
of subsets of R such that vp™ (R\ E,,z) > r forn > 1. There exists E C (x,00)
such that vp™ (R \ E,z) > r and for every n > 1 we have E N (z,y,) C E,
for some y,, > x.

Proof. By assumptions, for every n > 1 there exists x,, > = such that

AR\ By (1) 1

t—x n

We may assume that z,,+1 < z, for n > 1 and lim,,_,., x,, = . Fix n > 1 and

define fo: [Tp41,20] = Rby fo(t) = AR\ Ey, (z,t)) — (t—x)(r—1). It is easily

seen that f, is continuous and positive. Hence, v, =infic(;, ., o] fn(t) >0. Define

E=U,_,E,N [z + vn,2,]. We claim that F has all the required conditions.
Clearly, EN (z,z + min{v;: i € {1,2,...,n —1}}) C E,,

AR\ B, (2,8) > AR\ By, (2 + 7, 1))
Z A(R \ En; (:E,t)) —Tn

> =) (r- 1)

for all te (x,x,).
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and
AR\ FE t 1
M >r— = for each ¢ € [Ty11, 0]
t—x n
It follows that vpt (R \ E,z) > r. O

THEOREM 2.9. Let r € [0, %), x€R and f: R — R. Then, x € vP,.(f) if and
only if lim. o+ vp(R\ {t: |f(z) — f(t)| <e},z) >r.
Proof. First, assume that = € vP,(f) and let E be a set witnessing this fact.

For every ¢ > 0, EN (z —h,z+h) C {t: |f(z) — f(t)| <&} for some h > 0, and
therefore,

vp(]R\ {t: /() — f(1)] < 5},.@) > vp(R\ E, z).
Thus,

lim vp(]R\ {t:f(@) — f(1)] < 5},95) > up(R\ E, z) > r.

Now, assume that lim. o+ vp(R \ {¢t: |f(z) — f(t)] < e},z) = s > r, and
let B, = {t: |f(z) — f(t)] < 1} for n > 1. Since (E,),>1 is decreasing, either
lim,, o0 vpT (R\ B, 2) = s > 7 or lim,, oo vp~ (R\ E,,, x) = s > r. Without loss
of generality, we may assume that the first possibility occurs. By Lemma [2.8]
there exists £ C (x,00) such that vp™ (R\ E, z) > r, and for every n > 1 we have
EN(z,yn) C {t: |f(x)— f(t)] < £} for some y,, > z. The last statement proves
that f|gusy is continuous at x. It follows that x € vP,.(f). O

THEOREM 2.10. Letr €[0,1), f: R— R, z € R.

e x € vP,(f) if and only if there is an open nonempty set B such that x is
a point of vm.-density of B and f|pu(s) is continuous at the point x,

o x € vS,.(f) if and only if for each € > 0 there is an open set B such that
z is a point of vr,-density of B and f(B) C (f(z) —¢, f(z) +¢).

Letr € (0,1], f[: R—R, z € R.

o x € vM,(f) if and only if there is an open nonempty set B such that x is
a point of vu,.-density of B and f|pu(yy is continuous at the point x,

o x € vN,.(f) if and only if for each € > 0 there is an open set B such that
z is a point of vu,-density of B and f(B) C (f(z) —e, f(z) +¢).

Proof. All the assertions follow from Theorem O
THEOREM 2.11. Let f: R - R, z € R. Then,

r € vPI(f) &=
Els>r Vs>0 EI6>O V776(0,6) EIIC(ar:,z+77)(|I| > 775;[ - {t: |f(t) - f(x)| < 5})7
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r € vST(f) <
v5>O Hs>r 36>O v776(0,5) HIC(m,m-H?)(U' > 7783[ C {t: |f(t) - f(ZE)| < 5})

for re [O, %)

and

r e oM (f) =
v5>O vs>r 36>O v776(0,5) HIC(m,m-H?)(U' > 7783[ C {t: |f(t) - f(ZE)| < 5})

1
e (0,=].
for r ( , 2]
Proof. All the statements follow from these two implications:

35>0 Yne(0,6) 3[C(z,x+n)(|l| >ns, I C{t: |f(t)— f(z)| < 5}) =

vp+(]R\ {t:1£(t) = f(2)] <5},x> > s

and
vpt(R\A{t: [f(t) = f(z)] <e},2) > s =
3(5>0 V'I]G(O,L;) HIC(m,m—i-n) (|I| > TISJ C {t: |f(t) - f(l‘)| < 5})7

which hold for every ¢, s > 0. O

3. Main results

THEOREM 3.1. Let 0 <r <s< % and f: R — R. Then,

Ci(f) - UM%(]C) CoPs(f) CvSs(f) CoMs(f) CuP(f) CoPo(f) C vSolf).
Proof.
The first inclusion follows from Corollary 2.3l The others, from Theorem 23 O

We introduce the following denotations:

c*={r:c*()) =R}, So={f: Su(f) =R},
vPr = {f: vPe(f) =R} forr e [0,3), vS, = {f:vS.(f) =R} forre|0,3),
oM, = {f: vM,(f) =R} for r € (0, 3].

The following example presents, for a given r € [0, %), a function belonging
to vS; \ VP,
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ExAMPLE 3.2. Fixr € [0, ). Let 2, = m and yp = Tpi1 + 75 (Tn — Tng1)
for n > 1. Define a function f: R — R by

1, x € (—00,0) U [r1,00),
f(.%') =<0, T e Uzozl[xn-‘rlvyn] U {0}7
%a UUE(yn,SUn),HEN-

The function f is continuous from the right at each point except 0. Let € € (0, 1).
Then

Up+(R\ {x: |f(x) = f(0)] < 5},0) =upt (R\ U [xn+1,yn+€(xn yn)),0>.

neN

Moreover,

r r

Yn +€(Tn — Yn) — Tny1 = 1 (Tn — Tpt1) +e(1— (Tn — Tn1)
—-r 1—r
r+e(l—2r
= %(xn - xn-ﬁ-l)'

By Lemma [0

opt R\ U [l, yn +(x y >) 0 T+€1(i:2r) r+e(l—2r) >
n+1s Yn n— Yn))s = r “or - .
T Ly Te(1-2)

1—r

It follows that f € vS,.. Since

o (B o2 1) - 70} < }.0) = THE0 =20
and

op™ (R\ {w: |f(2) = (0)| < },0) =0,
we obtain

op (B {os 11(2) — J0) < }.0) = TEEL=2,
Hence,

i op(R\ (o /(o) - £(0)] < £}.0) = tim T2
and by Theorem 2.9 f & vP,.
THEOREM 3.3. Let 0 <r <s < % Then
c* CUM% C vPs CvSs C oMy CoP. CvPy CvSy C Sp.

Moreover, all inclusions are proper.
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Proof. All inclusions follow from Theorem .1l We have only to show that all
of them are proper.

Let Ag, for t € (0, 3], be the set of the form A, = {0} U ;" [2L, %] such
that 0 < ¢, < zf, < yf, for n > 1 and vp™ (R \ A;,0) = t. Such a set exists
by Corollary Let f; be the characteristic function of A;. Then, C*(f;) =
R\ {0} and {z: |fi(z) — f:(0)] < e} = A; for € € (0,1). Since vp~ (R\ 4;,0) =0
and vpt (R \ A;,0) = ¢, we obtain vp(R \ A;,0) = t.

Then, f1 € vM, \ C*.

If s € (0, %), then fs € oM\ vSs.

If 0 <r<s <4, then for t € (r,s) we have f, € vP,\ v M.

The functions from vS;\ vP;s for s € [0, %) were constructed in Example 3.2

As a member of Sp\ vSy, we can take a characteristic function of the comple-
ment of the set A constructed in Example O

LEMMA 3.4. For every ECR and x €R such that x is a bilateral point of ac-
cumulation of E, the following inequality p(E, z) > % holds.

Proof. Let (x,),>1 be a decreasing sequence from E converging to .
For every n € N, let (ay,b,) C (z, z,) satisfy condition |(an, b,)|=A(E, (z,z,)).
Since z,, € F, we obtain

A(E, (2, by + by — an)) = |(an, bn)|-

Put
 bp—ay
Gn = 2b, —ay, —
Then
(bp —2)+ (b —an) 1 bn—m_iil
b, — an ay’ by, —a, a, ’
and finally,
bp—an  ap
by —x l—a,
Hence,
n
vt (B,2) 2 ligl—ilcl)p W = hgl—ilcl)p 1 fnOén = 1 ipvp(fj(’E:‘E))x) '
Similarly, we can show that p~ (E,z) > %. O

THEOREM 3.5.

1
vPr GPr and vS,GSr  for re [O, 5) )
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Similarly,
1
oM, G M = for re (0, 5] :

Proof. All inclusions follow directly from Lemma [3.4]

Let A be the set from Example[l.2l Then, the characteristic function of the set
R\ A belongs to M; and does not belong to vSy. This proves that all inclusions

are proper, by Theorem [3.I] and Theorem O
Question. To find the best s with vP. C Py (and similarly for Sg and M,).
Is it true that s = -7

THEOREM 3.6. The families vS, forre [0, %) and v M, forre (0, %} are closed
under the operation of uniform convergence.

Proof. Assume that a sequence (fn)nen, fn: R = R, is uniformly convergent
to f: R — R. Let x € R, ¢ > 0. There exists ng € N such that for each n > nyg
and for each t € R the inequality

€
[falt) = )] < 5
holds. Fix n > ng. Notice that

|f(z1) = f(x2)| < [f(z1) = fal@)] + [fulz1) = fu(@2)| + [fu(z2) — f(22)]

2
<3e + | fn(x1) — fr(z2)| for every xi,zo € R.

Therefore,

{t ER: |fu(z) — fult)] < g} c{teR:|f(z)— f(B)] <<}

Hence,
(B {#: () — £(8) < e}.x) 2 vp<R\ {t: 100 - 1001 < §}$>

It means that if x € vS,(f,) for every n € N, then = € vS,(f). Similarly, if
x € vM,(f,) for every n € N, then x € vM,.(f). O

We will show that the family of vP,.-continuous functions is not closed under
uniform convergence.

EXAMPLE 3.7. Let r € [0, ). Consider the function f described in Example[Z2
Let f,: R > R, f, = max{f, %} for each n € N. Then, clearly, the sequence
(fn)nen uniformly converges to f and f & v/P,.. Since

(o1 fulo) = 1O} = {2 1£0) - O] < 1}
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| 1 _7“—1—%(1—27“)
+<]R\ {m ()~ £(0)] < ;},0>— T igzan "

we conclude that f, € vP, for each n € N.

and

THEOREM 3.8. Letr € [0, %) and f, € vP, for each n € N. If the sequence
(fn)nen is uniformly convergent to f, then f € vS,.

Proof. Since vP, C vS,, fn € vS,. By Theorem B.6l we obtain f € vS,. O

Question. Letr € [O, %) Is the closure of the set vP,. in the topology of uniform
convergence equal to vS,.?

Using standard arguments, one can easily prove that all v-porouscontinuous
functions are measurable (see, for example, proof of [3 Theorem 2.1], and observe
that d({z: |f(z) — f(zo)| <e},z0) = p(R\ {z: |f(z) — f(z0)| < e}, x0), where
d(A, ) is the upper density of a measurable set A C R at 2). We will show that
they may not belong to Baire class one.

THEOREM 3.9. There exists f: R — R such that f € UM% and f does not
belong to Baire class one.

Proof. Denote DY = Ay = [0,1] and |DY| =1 = . Let I{ be an open interval
included in DY with the same center as DY and of the length 1|D?| = ay.
Denote A; = Ap\ IY. Then, A; = D} U DL, where Di, D} are closed intervals
and |Di| = |D}| = 51- Let I{, I} be open intervals included in Di, D} with the
same center as D}, D3, respectively, and of the length 2|Di| = .
In this way, we can construct inductively two families of intervals: closed
{Dr:ie{1,...,2"},ne{0,1,2,.. }}
and open
{Ij-ief{1,...,2"},ne€{0,1,2,.. }}
with the following properties
D] = |D?| = B,; if i # j then DI A DP = 0; By = 1;
171 = 243107 = o
I, D} have the same center;
Dp = Dyt UIr U Dy Dy 0P =0 = Dyt n I
DY =10,1],
for each i € {1,...,2"}, j € {1,...,2"} and n > 0. In particular, the sequence

(an)n>0 is decreasmg and convergent to 0. Since 3, = 28,11+, and a, = Ziéﬂn,

< 7". Denote A = ﬂn:() Ui:l Di

we conclude 3,11 = 5 ("—H—l)an =

ntl 2(n+1)a”
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and I = (al?, b)) for each ¢ € {1,...,2"} and n > 0. Let
B={b}:iec{l,...,2"},n>0}.
Obviously, B C A and A is a perfect set. For each n > 0 and i € {1,...,2"},

let J = (af, c}], ¢ < b, be an interval such that o, — |J]'| = =gt

Then, for each n>0and i€{1,...,2"}, define a mapping f:: (a?,b?] — R by

0, xz e J!,
f?(l‘) = { xz—cy

g, T € (cf, by

17

Finally, let f: R — R be given by

fa) = f(x), =€ (al,bl], ie{l,...,2"}, n=>0,
o, 2 € (=00,0) U (1,00) U (A\ B).

The sets A\ B and B are dense in A and f|4\p = 0, f|p = 1. Therefore, f|4
has no point of continuity. Thus, f does not belong to Baire class one.

Ifzel -, Ufil I U (—00,0) U (1,00), then f is continuous at x. If x € B,
then f is continuous from the left at z. Take any x € A\ B. Let h € (0,1).
There is m such that h € [a;,, @m—1). Then we can find ¢ € {1,...,2™} such that
z € D" = Dyt U U DYt Therefore, x € DY} or z € Dy By construc-
tion, there exists an open interval K from the family {I": i € {1,...,2"},n > 0}
such that its left endpoint is the same as the right endpoint of Dg;“ or its
right endpoint is the same as the left endpoint of D3'*]. Without loss of gen-
erality, we may assume that the first case occurs. Then, |K| > a,—1. Put
E=U,", UZ, Jr. We will estimate w.

First, consider the case, where z € D1 If h < 2a,,, then

A(R\Ev (x,x + h)) > Qm — |D;T1L+1|

h - h
am DY S Om %am
h h h h
If h > 2a,, then x + h € K and

A@\E&Lm+M)>h—am—ﬂD$H

v
DO | =

3 |-

h - h
fo 7 2La,,
>1— — -
h h
1 1
>1— = - —
- 2 m
1 1
2 m’
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Now, consider the case where x € D;’;H. Then, z + h € K. Hence,

_ |pmtl _ 1
A(R\E,(ZE,Z‘—F}L))Z}L |D27, >h mamzlfa_mzlfi_
h h h hm m
Thus we have showed that for each h € (0,aq) there exists m(h) € N such
that h € [am(h),am(h)_l) and
AR\E(wa+h) |1 1
h — 2 m(h)
Certainly, if h — 07, then m(h) — oo. Therefore,

.. AR\E,(z,x+h)) _ 1
T(R\ E =1 f LR > —,
B o) =hiny h =3
Thus f|gugs) is continuous at 2 and  is a point of vu%—density of the set EU{x}.
It follows that f € UM%. O
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