\//

VERSITA TATRA
MOUNTaINS

Mathematical Publications

DOI: 10.2478/v10127-012-0022-z
Tatra Mt. Math. Publ. 52 (2012), 19-28

ON HASHIMOTO TYPE TOPOLOGIES

MALGORZATA TEREPETA

ABSTRACT. For topological space (X,7) and two different, proper ideals Z;,
T, we consider a new topology of Hashimoto type.

Hashimoto type topologies (x topologies) were discussed by K. Kuratow-
ski [3], N. F. G. Martin [4 and H. Hashimoto [I]. Some improve-
ments of known results and applications of this notion were presented in 1990
by D. Jankovi¢ and T. R. Hamlett [2].

Let us remind some basic information about Hashimoto type topologies. Let
(X,T) be a topological space (topology T has to be Ty), Z — a proper ideal
of subsets of X which contains all singletons. For a set A C X we put

At ={zeX:Vy,er U, NA¢I)},

where U, stands for a neighbourhood of a point € X. Then (see [I]) the set
A7 is closed and contained in A (the closure of A in topology 7). If we assume
that the ideal Z satisfies the condition

ANAT =0« A€eT, (1)

then the set A\ AZ is small—it belongs to the ideal Z. The operator AZ is
idempotent A7 = A and monotone, if A C B, then AZ C BZ. The set Clz(A4) =
AU AT is a closure of A in a new topology Tz defined as follows

Tr ={U\N:UeTAN €I}

Throughout the paper, C will denote the ideal of countable sets, A/ — the ideal
of null sets, K — the ideal of first category sets on R.

EXAMPLE 1. Let X = R. The ideals C, N, K fulfil condition (). If Z = C, then
AT = {z € R: z is an accumulation point of A}, if Z = N, then AT = {z €
R: Yy, e U, N A is of positive outer measure}, if Z = K the set AT = {z €
R: Yy,er U, N A is of second category}.
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In the paper we will consider two different and proper ideals Z;, Z, fulfilling
condition () and containing all singletons. For A C X and n > 2, we define the

sets I
AIil"'I’iu — (AIil"'Ii7171> in

where Z; € {Zy,Z,} form=1,...,n.

)

ExXAMPLE 2. AT*72 and AZ27t need not be equal. Let X = R, Z; = A and
T, = K. Let A € 7,, B € T, be disjoint sets such that R = AUB. Then A7t = (),
AT2 = R, hence AT172 = () and A7271 = R. Moreover, we have X = X717z,

EXAMPLE 3. Let X =R, 7T =7,, Z; =CU(0,1) and Zo = CU(1,2) Then Z;, Z,
are ideals fulfilling condition (]). For such ideals we obtain X% =R\ [0, 1] and
XTIz = R\ [0,2]. Hence X \ X122 £ ().

The main aim of this work is to answer the following questions. Can we
introduce the closure operation in X in the same way as it is done for one
ideal, do we obtain a topology of Hashimoto type, is this topology comparable
to those obtained for ideals Z; and Z» separately? What kind of ideal generates
this topology?

From [I] and the definition of A7172, we immediately have
PROPERTY 4. For any A C X

(1) AhZ2C A and AT T2 s closed in T,

(2) (A U B)1112 = AT Iz |y BI1127 (A \ B)1112 S ALI: \ B1112)
(3) AT\ ATl ¢ T, AT\ ARTic T,

(4) if AC B, then ATvT2 C BTilz,

In some proofs we will make use of [I, Lemma 1], so let us remind it using
the notation introduced earlier.

LEMMA 5. For any open set G and a set A C X,
(GNAY =(GnAHT =Gn AT

Further, we will prove similar lemma for two ideals Zy, Zy instead of one
ideal 7.

THEOREM 6. If 71 C Iy, then for any set A C X the following inclusions hold:
ATz = AT AT T2 c AT C A

Proof. Let A C X.If I; C T,, then AZ> ¢ AT\, From Property @ we immedi-
ately obtain

Al c Al c ATc A and AT2c AT AT C A
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We will show that A2t ¢ A% for any A C X. Suppose that there exists a point
x € AT2Tr \ ATz, Then, for any its neighbourhood U,, we have U, N A2 ¢ T,
and there is a neighbourhood V, of = such that V,N A € T,. So V, N A%z ¢y
and V, N A € T,. From Lemma [§ we obtain () = (V, N A)¥2 = V,, N AZ2 hence
V, N AT2 = (), and we have a contradiction. O

EXAMPLE 7. Let X = R, Z; = C, Zo = N (Zo = K). Then there exist sets for
which the above inclusions are proper.

Let C denote the ternary Cantor set. Then C € Z, and CT1 = C, CT1 72 = ).
Therefore, CTt \ CT172 £ ).

Taking the set C' we will construct the set B for which BT1Z2 \ BTz £ ().
For a,b € R, a < b we put C(a,b) = {a+ (b — a)z: z € C}. The set C(a,b) is
perfect, nowhere dense and of measure zero. Let B = Ua’be(@’a@ C(a,b). Then
B is of first category and of measure zero, hence B?? = (). We will show that
BTt = R. Let € R and U, be its neighbourhood. Then there exist numbers
a,b € Q, a < b such that C(a,b) C U, so C(a,b) C U, N B. The set U, N B is
uncountable, so U, N B ¢ Z;. Hence z € BT and BT* = R. From this we have
BTiIz\ BTz £ (). O

PROPERTY 8. IfZy contains all nowhere dense sets, then me I>.
Proof. Let A C X. The sets A7t and AT1%2 are closed and
AT\ AT T = ATo (AT \ ATT) ¢ AT 0 AT\ AT
= (AI1 NAT\ AT 0 AIII2> U ((AIl \ AT E2) mW)

= (AIl NADT m) U (AT \ ATT2)

C (AL nADL mm) U (AT AT E)

C (A" NFrATR) U (AT \ AT R) c FrAT 2 U (AT AT )
The set FrA7:Z2 is nowhere dense, A7t \ AT122 € T, from Property H so

AL \141112 e D. N

From now on, we will assume that Zo contains all nowhere dense subsets of X.
Let _ _
Lo, ={NUM:NecTi AM €I}
Then Z; @ 7, is a proper ideal containing all singletons.
The next lemma is a simple observation how small the difference between A
and AT72 is. It will be mentioned again as a part of Property 23] where an
oposite difference is also considered.
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LEMMA 9. If A C X, then A\ ALl € T, @ I.
Proof. It follows directly from Properties Ml and [8 and the fact that
AN ABE = (AN AT) U (AN AT))\ AT S
= ((a\am)\ AR E) U (AN (4% 4B 5))

C (A\AT)u (a7 \ AT ). -

Let us notice that
A= = Ac T, o T. (2)

Indeed, if A7122 = (), then, from the above lemma, A = A\ AT'22 ¢ T, © T,.
If Ac T, ®T,, then A= NUM, where N € Z; and M € Z,. Hence AT %> =
(NUM)TZ = (M*)%2  (M)*2 = (). Moreover, if A € Z; ® Iy, then for any set
BCX,
(BUA)" =pBh%  and  (B\ A" =B,
The operator A7172 is idempotent, as the next theorem shows.

THEOREM 10. If A C X, then Ahil2hile = AT T2,

Proof Let A C X. First, we will show that A7t727t ¢ AT172 Suppose that
there is a point € AT172T1 \ AT1Zz Then there exists V,—an open neigh-
bourhood of z for which V, N AT1Z2 ¢ I; and V, N ATv ¢ T,. Therefore,
(Ve N A7) = (). From Lemma [ we obtain V, N AT 72 = (V, N A7)z = (),
so V, N ATiZ2 = () what contradicts the assumption V, N AT1Z2 ¢ ;. Hence
A111211\AI112 = and AT TTh C AT Tz

From Property @ we have AT172TiZ2 ¢ ATilalz — ATiT2,

Now, we will show that A71Z2 ¢ AT1Z2T1Z2, From Lemma @ we have A\ A1 %2 =
N UM, where N € Z; and M € Z,. Therefore,

(A\ ABZYBE = (N UM)PE = (MP)E C (B = 0. 3)
From Property Mland inclusion A7172\ ATiZ2iZ2  (A\ AT1Z2)TiZ2 = () we obtain
AT ¢ ATTThIz which completes the proof. O

From Theorem [0 it follows that the set Clz,7,(A) = AU AT122 is a closure
of A. If Clz,7,(A) = A, then we will say that A is Z;Z-closed. The set is Z;Z>-
-open, if its complement is 71 Z5-closed. Moreover, we have

z € Clg,7,(A\ {z}) &z € AT,
so AT 72 is a derived set of A.
THEOREM 11. A is 7y Z5-closed if and only if A = FUNUM, where F is closed
T, Nel and M € 1.
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Proof. Assume that A is Z;T,-closed, so A7172 C A. Then
A= (A\A")U (AnA")
= (A\AT) U ((AnA%) naBB) U (AN A7)\ ABT)
= (A\AT) U (47 N ATE) U (AN (4T AR T)).

The sets A7+ and A71Z2 are closed, so does A7t AT1Z2. Moreover, A\ ATt € T;
and from Property [ we have

AN (AT ATR) e T,

Additionally, from the proof of Lemma [@ we obtain A N (Afl \ AIlI2) € L.
__Suppose now that A = F'UN U M, where F is closed in 7, N € 7; and
M € Z,. Then from [I] and Property @

A =L uNbuMB = FhuMB c FRPUM.

Hence _ —
AIlzg C FIlzg U (M)Ig — FIlI2 C F — F C A

and Clz,7,(A) = AU AT122 = A which completes the proof. O

COROLLARY 12. A is Ty Zs-open if and only if A= G\ N\ M, where G is open
inT, Ne€ZI, and M € I,.

The topology introduced by the closure operation Clz,7z, will be denoted by
Tz, 7,- From Theorem [(] we immediately have

THEOREM 13. Tz, C Tz,7, for any ideals Ty and Zy. Moreover, if T; C Iy, then
73-—1 C 73—11-2 C ’TIle = 73-—2 .

EXAMPLE 14. For the ideals Z; = C and Zy = N (or Z, = K) the above inclusions
are proper. If Z; = N and Z, = K, then 7z, and Tz, 7, are incomparable.

For disjoint sets A € N and B € K such that R = AU B we have B =
R\ A\ 0 € Tz,7, and B ¢ Tz,.

In the same way as in Example [ we will construct the set B, such that it will
be of first category and B, = R. Let C,, be a Cantor set of positive measure a.
For a,b € R, a < b, put Cy(a,b) = {a+ (b—a)x: x € Cy}. The set Cy(a,b) is
perfect, nowhere dense, so B, = Ua’be(@’ad’ Cu(a,b) is of first category. Hence
R\ B,, € Tz,. We will show that B, = R. Let 2 € R and U,, be its neighbourhood.
Then there exist numbers a,b € Q, a < b such that C,(a,b) C Uy, so Cqy(a,b) C
U, N Bg. Hence U, N B, # () and = € B,. The set R\ B, = R\ () \ B, does not
belong to the topology 7z,7,. Hence Tz, \ 77,7, # 0. O

For operator A7%2 we can prove a lemma similar to Lemma [f
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LEMMA 15. For any open set G and a set A C X
(GOA)III2 (Q (GmAIlIz)Ilzz (2) GNALT:,

Proof. First, we will show that for any open set G and a set A C X
GnAhT: =GN (Gn AP, (4)

From inclusion G N A C A and from Property @ we have (G N A)T172 ¢ AT T2,
Hence G N (G N AT c Gn AT 22,

We will show that if z ¢ G N (G N A)T122 then = ¢ G N AT122. Assume that
r ¢ GN(GNA)T1T2. We consider two cases. First, let x ¢ G. Then x ¢ GN AT T2,
If z € Gbut x ¢ GN(GNA)T 22 then z ¢ (GNA)F172 Therefore, there exists its
neighbourhood V,, such that V, N (GNA)T € Zy. Hence V, NGN(GN A € T,.
From [I, Condition 2d] for the ideal Z;, we obtain V, NG N (GN AT =V, N
(GﬂAIl) € Zs. So we have an open set V, N G, such that x € V, NG and
(Ve NG) N ATr € T,, which means x ¢ AT1Z2. Finally, we have z ¢ G N AT
which completes the proof of ().

Now, we will prove (i). From (@) we have G N An%2 C (G N A)P1%2 From
Theorem [I0] it follows that

(G nATEYPR (@ n AP BT = (G0 A)RE,
Simultaneously, from Lemma [0]

(GNAFT = (GNA\ADT) 2 (G AN ATE)

C (GNANART)T (G ATT) DT

which finishes the proof of (7).
From Property @ and (i) we obtain

17,

GNART 5 (GN AT 2 _ (g A)DT,

On the other hand, from (@) we have
GNALL: C (GN AL = (Gn AT
which completes the proof of (i7). O

Let us notice that if G is open and G € T; © T, then G C X \ X71%2, Indeed,
by putting A = X in Lemma [I5] we obtain
(GnX)hT=Ghh =GN XD,

G € T) ® T,, hence G'72 = (). From this, GN X772 = ) and G Cc X \ X122
(see also Example [)).

Recall that in the paper we assume that Z; # Z, and the ideals are proper.
Without this assumption the next property is not true.
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PROPERTY 16. If G is open in T, then G = Clz, 1, (G).

Proof. We will show that for any open set G we have G = Clz, 7, (G). From the
definition of the closure operation we have Clz,7,(G) = GUGT T2 C GUG = G.

Let z € G. We will show that = € Clz,7,(G). Let U, € Tz,7, be a neighbour-
hood of x. Then U, = Uy \ N \ M, where Uy € T, N € Z;, M € T,. Consider
U, NG =U\N\M)NG = (UynNG)\ N\ M. The set Uy N G is open and
nonempty, so (UpNG)\ N\ M # (), hence x € Clz,7,(G). O

ProPOSITION 17. If G is T1Zy-open and A C X, then
GN AL = Clg,7, (G N AT ).
Proof. Assume that G = U\ N \ M, where U is open, N € Z;, M € Z,. Then
from Lemma [T3] (74)
Clz,z, (G N AT E?)
= Clz,z, (U \ N\ M) N AT
= Clz,7,(UN AT\ N\ M)
=(UNAPP\N\M)u(UnAPP2\N\M
— (UNABE\ N\ M) U (UnATE)PE

)IlIQ

(@) (UnATT\ N\ M)UUNALT 5 UN AL 5 G AT,

On the other hand, we know that Clz,z, (G N A%%2) C G N ATZ> which com-
pletes the proof. O

If X172 = X and G is Z1Z-open, then G = Clz, 7, (G).

We will say that a set is Z; Zo-nowhere dense (Z; Zp-scattered...), if it is nowhere
dense (scattered...) in topology Tz,7z,-

Let us notice that any nowhere dense set is Z; Zy-nowhere dense. If A is now-
here dense, then X\ A = X. From Property [[6 we obtain

X\Z = Cl111—2 (X\Z)
and
X = 011'11'2 (X\Z) C 011'11'2 (X\ClIlIz (A)) C X,

so A is T71Zs-nowhere dense.

PROPERTY 18. If A is T, Zo-nowhere dense set, then A € T, & Ts.

25



MALGORZATA TEREPETA

Proof. Let A be Z;Z>-nowhere dense. Then
Clz, 7, (X \ 011112(14)) = X.

The set Clz,z,(A) is Z1Z5-closed, so it can be presented in the form FFUN U M,
where F'is closed in7, N € Z; and M € Z,. Let G be an open set such that
F =X\G. Then Clz,7,(4) = (X \G)UN UM and

X = Clz,7, (X \ Clz,7,(A))
= Cly,z, (X\((X \G)UNU M))
— Clz,z, (X \ (X \ G)\ N\ M)
=Clg,,(G\ N\ M)
CG\N\McGcX.

The set G is open and dense, so X \ G is nowhere dense in X, as Z, contains all
nowhere dense sets X \ G € Z,. Moreover,

A=ANCly,1,(A) = AN((X\G)UNUM) = (AN(X\G))U(ANN)U(ANM)
what finishes the proof. O

Let us notice that if X772 = X and A € Z; @ Z,, then A is Z;Z>-nowhere
dense set. Indeed, if A € Z; ®T,, then AT172 = () and Clz,7,(A) = A. Therefore,
Clz,z, (X \ Clz,7,(A)) = Clg,7,(X \ A)
= (X\A)U(x\ 4"
O (X\A)uxht=x
and we obtain the following corollary.

COROLLARY 19. Let XTI = X Then A is T\Zo-nowhere dense set if and only
ifAel) ©1,.

Remind that a set is called scattered if it does not contain any dense in itself
subset.

PROPERTY 20. A is T\ Zy-scattered if and only if A € T, ® I,.

Proof. First, we will show that for any A the set A N AT*22 is T, Z,-dense
in itself. From Lemma [0 and @) we have (A\ AT172)1172 = (. So AT T2 =
(AN AT L2 1Tz and AN AT T2 ¢ (AN AT T2) 1T what means AN A2 is T; T,-
-dense in itself. Let A be Z;Z,-scattered, so it does not contain any Z;Z,-dense
in itself subset. Hence A N AZ172 = () and from Lemma 0 we have A € T; & Is.
Assume that A € 7, ©T,. Let B C A, B # (). Then B € T; 7, and from (@)
we obtain B N BT1Z2 = (). Therefore, A does not contain any nonempty dense in
itself subset and A is Z; Zo-scattered. O
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PROPERTY 21. If A € T, ®I,, then A= GUN, where G is T, Iy-open included
in X\ X0T2 gnd N is T Io-nowhere dense included in X122,

Proof. Let A € T; ® 15, then A is 7 Tr-scattered. From [3, p. 79] we know that
each scattered set can be decomposed into an open set and nowhere dense set,
hence A = GUN, G is T) Zy-open (but also from Z; ©Z; as a subset of A), N is
Z1Z>-nowhere dense. As G is Z1Z»-open, it is a subset of certain open set G.
Then Gy € ) ® I, and Gy € X \ X122 Hence G C X \ X122,

We will show that Z;Zs-nowhere dense N is included in XZ1Z2. Consider the
set N; = NN(X\XT7122). Suppose that the set N; is nonempty. Then N € Z; T,
and N; C X \ X%172, Hence

(X\ NP E2A N, = XB 20 Ny = ).
N, is Z1Zo-nowhere dense, so
N1 € X =Clg,7, (X \ Clz, 1, (Nl))
= (X \ Clz,7,(N1)) U (X \ Clg, 7, (Ny)) "7

I1Zo

= (X\(M UNFE)) U (X (N UNET))

= (X \ V1)U (X )\ Ny)P P

Thus Ny C (X \ Nl)IIIQ which is a contradiction to the definition of N;. Hence
Ny =0 and N ¢ X122 O

PROPERTY 22. If X = X©1Z2 gnd A € T, ® Iy, then X \ A is dense in X.

Proof. From the previous property we have that A = G U N, where G C
X\ X122 ig T, Ty-open and N C X122 is T, T,-nowhere dense. Hence G = ()
and X \ A= X \ N. Moreover,

X =Clz,7, (X \ Clg,7,(N)) € X\ Clg,,(N) C X \ N

which means that X = X \ A. O

The next property contains the result of Lemma [0 and shows us how much
the set A differs from its derive set in topology Tz,z,-

PROPERTY 23. For any A C X
(1) A\AREeT @I,
(2) AT 22\ A is the Ty Zy-boundary set.
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Proof. Consider the set
Clz,z, (X \ (475 4))
= Clz,7, (X \ (Clz,7,(4) \ 4))
:chb«X\mem»u@XmAD

:cmb«X\mﬂbm»uA)
= Clz,7,(A) UClg, 7, (X \ Clz, 7, (A))
O Cl, 7, (A) U (X \ Clg,7,(4)) = X.
Hence AT172 \ A is a boundary set in topology 77,7, . O
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