\//

VERSITA TATRA
MOUNTaINS

Mathematical Publications

DOI: 10.2478/v10127-012-0032-x
Tatra Mt. Math. Publ. 52 (2012), 115-131

MODES OF CONTINUITY INVOLVING ALMOST
AND IDEAL CONVERGENCE

ANTONIO BoccUTO — XENOFON DIMITRIOU — NICOLAS PAPANASTASSIOU

ABSTRACT. We investigate some properties of almost convergence and com-
pare it with other kinds of convergence. Moreover, we present different modes
of continuity considering almost, Single and ideal convergence, giving some rela-
tions between them and some examples. Finally, we pose some open problems.

1. Introduction

Almost convergence was deeply investigated by G. G. Lorentz in [12],
who studied several of its features. Some properties of continuous functions with
respect to almost convergence and some relations between continuous and linear
functions were investigated in [2], [3], [6]. In particular, in [6] it was shown
that every function f: R — R, sequentially continuous with respect to almost
convergence, is linear. Similar studies were continued in [7], in which abstract
methods of convergence, and in particular some types of matrix methods, were
considered (see also [15]). Some other investigations about statistical convergence
and (strong) summability in the context of matrix methods were done in [10].

In [T} Proposition 3.3] a characterization of the classical continuity was given
by means of ideal convergent sequences. Some relations between different types
of ideal continuity were examined in [5]. A particular case of ideal convergence,
which can be viewed as generated both by an ideal of N and by a summabil-
ity matrix method associated with a positive regular matrix is the statistical
convergence, introduced in [8], [I7] (see also [7], [9], [L1]).
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In Section 2 we give a characterization of almost convergence, and we compare
it with the Single convergence. Moreover, we investigate some differences between
almost and ideal convergence.

In Section 3 we present some different kinds of sequential continuity in terms
of almost and ideal convergence, and give some comparison results. Finally, we
pose some open problems.

Our thanks to the referee for his/her helpful suggestions.

2. Almost and ideal convergence

In this section we give a characterization of almost convergence and we show
that it is in general different from ideal and Single convergence.
DEFINITIONS 2.1.

(a) An ideal of N is a subset Z C P(N) with N ¢ Z, AU B € Z whenever A,
B € 7, and with the property that, if C' € Z and D C C, then D € 7.

(b) A filter of N is a subset F C P(N) with § ¢ 7, AN B € F whenever A,
B € F, and with F' € F whenever £ € F and F D F.

(c¢) Anideal Z is called admissible if and only if it contains the ideal Zg, of all
finite subsets of N.

(d) A filter F is said to be free if and only if it contains the filter Feoan of the
cofinite subsets of N.

(e) Given an ideal Z of N, we call the set
F=FZ)={N\A: AeT}

the dual filter associated with Z. In this case we say that Z is the dual ideal
associated with F.

Observe that an ideal is admissible if and only if its dual filter is free.
From now on, we always deal with admissible ideals or free filters.

(f) We say that Z is a P-ideal if and only if for any sequence (A4;); in Z there
are sets B; C N, j € N, such that the symmetric difference A;AB; is finite
for all j € N and {72, B; € T (see also [4]).

Zan and Zy (the ideal of all subsets of N with zero asymptotic density (see
also [I1])) are some examples of P-ideals.

The following result will be useful in the sequel.

PROPOSITION 2.2. [If F is a free filter of N, P € F and A C N, A ¢ F and
N\ A & F, then both PN A and P\ A are infinite.
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Proof. Suppose by contradiction that P N A is finite. Note that N\ (P N A)
belongs to F, since it is cofinite and F is free. Then

P\A=Pn(N\(PNnA)eF.

Hence N\ A € F, which contradicts the hypothesis. Thus, P N A is infinite.
Analogously it is possible to prove that P\ A is infinite. This finishes the proof.
O

We now recall the ideal, Single and almost convergence, and the Pringsheim
convergence for double sequences (see also [12], [13]). From now on, let (X, |- ||)
be a normed linear space, X # {0}, and zp€ X be a fixed point.

DEFINITIONS 2.3.

(a) A sequence (x,), in X is said to be Z-convergent to xp, and we write
(Z) limy, 2, = xo, if and only if {n € N : ||x,,—x¢|| > €} € T for every € > 0.

(b) Let Ym,n, m >0, n > 1 be a double sequence in X. We say that x( is the
Pringsheim limit of (Ym,n)m,» if and only if for all € > 0 there is @ € N
with ||ym.n — 2ol < € for all m, n > 7.

(c) Given a sequence (z,)n, in X, we say that (z,), almost converges ((A)-
-converges) to xo, and we write (A) lim,, x,, =z, if and only if lim, Y., , =0
uniformly with respect to m, where

1 n
Ymon = ;me, m>0, n>1. (1)
1=

(d) A sequence (x,), in X Pringsheim-Singly converges ((PS)-converges)
to xg, and we write shortly (PS)lim, z, = o, if and only if z is the
Pringsheim limit of (Y n)m,n, Where (Ym n)m,n is as in ().

(e) A sequence (x,), in X Singly converges ((S)-converges) to zp, and we
write in brief (S) lim,, z,, = xo, if and only if lim,, y,,, », = xo for all m > 0,
where (Ym.n)m,n is as in (D).

(f) Fix o € X. Given € > 0, we say that an integer m > 0 is e-stable with
respect to a double sequence (Y, n)m, if and only if there is an integer
7 = Ti(e,m), with the property that |y, , — zo|| < € for all n > 7.

Note that a sequence (x,,), Singly converges to xg if and only if, for each ¢ > 0,
every integer m > 0 is e-stable with respect to the double sequence (Ym n)m,n
defined in ().

We will prove the equivalence between (A)- and (PS)-convergence. First, we
compare almost and Singly convergences. Of course, (A)-convergence implies
(S)-convergence. We now give an example of sequence, Singly but not almost
convergent.
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ExXAMPLE 2.4. Let X =R,z¢ = 2, and let us construct a sequence (zy)x as
follows. Set 1 = 0, and for all n € Nput z, = 1 if n?+ 1 < k < n?+ n and
rp=0ifn’+n+1<k<(n+ 1)2. Observe that

— sz < 5 for all ke N. (2)

Moreover, for every n € N and n?+ 1 <k < (n + 1)% we get

kzz_ n—l—l?Z n+1 (3)

Since lim,, m =1, from (2) and (@) it follows that

1< 1
hmyOkfh E;zzzi (4)

Set now N
Smon = NYmn :meﬂ', m>0, n>1. (5)

Let us proceed by induction on m. We have proved in () that limy yo r = %
Now suppose that lim,, y,,—1.n, = %, and we claim that lim, ¥, = % In this way
we will show that (zx), Singly converges to %

For all m >0, n > 1 we get

n+1
Smfl,n+1 Z Tm—1+1 — me+z an’rH me+z = Tm, (6)
and hence
. 1 . 1
limy,,., = lim -5, , = lim Smn—1
n ’ nn n n—1 ’
= hﬁn — 1Sm,17n - hﬁn — 1xm
1 1
=lim —S,,—1,, - lim n =limypm—1n =

by the inductive hypothesis, which gives the claim.
We now prove that (zy)r does not almost converge to % Indeed, let g = 3
and for every n € N and n? +1 < k < n? + n, set m = m(k) = n2 We have
T4l + Tmgn 1*1*6
n 21 2 "
Thus we get the assertion. O
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We now prove that (PS)-convergence implies almost convergence. This will
give the equivalence between (PS)- and almost convergence, since the converse
implication is obvious.

THEOREM 2.5. Let (x,), be a sequence in X, (PS)-convergent to o € X.
Then (xy,)n almost converges to xo (thus (PS)-convergence is not generated by
any matriz summability method—see [12], [15]).

Proof. Observe that, in order to obtain this result, it will be sufficient to show
that (PS)-convergence implies Single convergence, that is

limy,, , = o for every m > 0, (7)
where (Ypm.n)m,n is as in ({). Almost convergence will follow from (P.S)-conver-

gence and (7).
Indeed, for each € > 0, let @ be such that

|Ym,n — 2ol <€ forall m,n>mn.
From (1) it follows that in correspondence with m =0, 1,...,7m — 1 there is
n, € N with

[Ymon — xo|| <& forall n>n,,.

Let n* := max{m, ng,n1,...nm_1}. For all m > 0 and n > n*, we get

| Ym.n — 2ol <e, that is almost convergence.

Now, to prove (), it will be sufficient to show that every m > 0 is 2e-stable
for each € > 0.

Fix arbitrarily € > 0, and set m = 7 = 7i(¢), where 7 is as in the definition of
(PS)-convergence. So, every integer ¢ > m is e-stable, and hence a fortiori even
2e-stable.

We now claim that m — 1 is oj-stable for each o1 > . To this aim, let S, ,,
m >0,n > 1, be as in ([B). By (6) we get

y _Smfl,n+1 _ Im Sm,n
—-1,n+1 — -
mohn n+1 n+1 n+1
Tm m,n Sm,n _ ITm _ Ym,n

:n+1_n(n+1) n n+1l n+1+ym’n'

Therefore, taking into account the e-stability of m, there is an integer 7 = n(m)
with the property that for all n > n we have

lmll  [ymnll - 2mll + llzoll +<
n+1 n+1 — n+1 '
Observe that for every o1 > ¢ there is an integer 1 large enough, with
[Zml + llzoll + &
n+1

Hymfl,n«kl - ym,nH S

<oy —¢ whenever n > n.
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For each n > max{n,n}, we get

||ym—1,n+1_ xO” < ||ym—1,n+1_ ym,nH + ||ym,n_ xO” <o1—ec+e=o;.

Hence, m — 1 is o1-stable.

Proceeding by a similar argument, it is possible to check that m—2 is gs-stable
for each 03 > ;. By induction, we obtain that m—j is o;-stable for all 0; > o;_1,
j=3,...,m. If we take o} 26(1+ %),j: 1,...,m, then o, = 2¢, and so we
get that every m > 0 is 2e-stable.

Thus we obtain (), and hence almost convergence of the sequence (z,),. O

We now see that, in general, (A)- and (S)-convergences do not coincide with
Z-convergence. We begin by giving an example of sequence, (A)-convergent to 0
(and a fortiori (S)-convergent to 0) but not Z-convergent to 0 for any admissible
ideal Z of N. Let X = R, and consider the sequence n +— (—1)™ Observe that, if
m is even, then we get

- - —1  ifnisodd

_1\ktm _ _1\k _ )

Z( ) o Z( Dt = { 0 if n is even.
k=1 k=1

If m is odd, then we have

" " 1 if n is odd
_1\k+tm _1\k _ )
];( ) o ;( D { 0 if n is even.

So for all m >0, n > 1 we get

(-1
k=1

and hence the sums Y ,_, (—1)¥*™ are bounded uniformly with respect to m.
From this it follows that the sequence n +— (—1)™ is almost convergent to 0.

On the other hand, we claim that this sequence is not Z-convergent to 0 for
any ideal Z of N. Indeed, let eg = 3; we get that {n € N: |[(=1)"| > g0} =N ¢ T,
and thus the claim follows. O

In a similar way, given a normed linear space (X, || - ||) and a fixed element
xg € X, xg # 0, it is possible to show that the sequence n — (—1)"-xz¢ is almost
convergent to 0, but is not Z-convergent to 0.

In the following proposition we see that for each ideal Z # Zg, there are
sequences Z-convergent to a point g, but not (S)-convergent to z( (and a fortiori
not (A)-convergent to xg).

PROPOSITION 2.6. Let T # Tg, be an ideal of N, (X,|| - ||) be a normed lin-
ear space, X # {0}, and xo € X. Then there is a sequence (x,), in X with
(Z) lim,, x,, = xo but not (S)-convergent to xg.
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Proof. Let A € Z be an infinite set, A = {k; < -+ < k,, < ---}. Since Z # Zgy,,
then A does exist. Let us define f: A — N by setting f(k,)= min{m € N:m >
kn, m & A}, n € N, and let eg > ||zg||. In the first step, pick z; € X with
llz1 — zol| > f(k1)(eo + ||zol|]). Note that such an element z; does exist, since
sup{||lx — y|| : x,y € X} = 4+00. In the second step, choose zo € X with

22 = 2ol > |21 — @oll + f (k1) (g0 + [lzoll)-
By proceeding analogously, in the nth step we can find an element z,, € X with
20— wol| > [l21 = @ol| + 22— 2ol + -+ - + |2n—1— woll + f (kn) (€0 + [|zol]). (8)
Now, let us define x,, = z, if m = k,, n € N, and x,, = 29 if m € A. By
construction, it is easy to see that (Z) lim,, x,, = zo.
We now prove that the sequence (z,,),, does not (S)-converge to zo. Choose

m = 0, fix arbitrarily n € N and let p = k,,; we have f(k,) > k, = p. Moreover,
we get

xm+1+...+xm+p:x1 ++xkn
:xkl+...+xk" +xl1 + +xln/
=z +-+ 2z, + 0w,

(where [q,...,l,, are suitable elements of N \ A). Taking (8) into account,
we have

Hx1+--~+xp H
p
B kal+.”+xk"’+(n/_p)x0“
p

1
:5||Z]_+"‘+Zn_n$0||

1

= ]—9||(z1 —x0) + -+ (20 — x0)||
1

>~ (lzn = woll = llax = woll = -+ = llzn-1 = ol
1

>~ (Fa)(eo + llzoll) + Nl = oll + llz2 = oll +++ + |21 = ol
— llz1 = ol = 122 = woll = - = llz0-1 — @oll)
1

> 5P (€0 + [[wol]) = €0 + [|lzoll = 0.

Thus the sequence (z,,), is not (S)-convergent to 0. This completes the proof.
]
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3. Modes of continuity

In this section we deal with modes of continuity using almost and ideal con-
vergence. Let Z be a fixed admissible ideal of N.

DEFINITIONS 3.1. Let (X, - ), (Y,]| - ||) be two normed linear spaces, X,
Y #{0}, f: X = Y be a function and o € X. We say that f is:

o Aj-continuous at o, if and only if lim,, f(z,) = f(xo) (in the usual sense)
whenever (A) lim,, z,, = zo;
e Aj-continuous on X, if and only if f is Aj-continuous at each zg € X;
o As-continuous at xo, if and only if (A)lim,, f(x,) = f(zo)
whenever lim,, z, = xg;
e As-continuous on X, if and only if f is As-continuous at each zg € X;
o As-continuous at xo, if and only if (A)lim,, f(x,) = f(zo)
whenever (A)lim,, z,, = zo;
e Asz-continuous on X, if and only if f is Az-continuous at each zg € X;
e Z-continuous at xg, if and only if (Z) lim,, f(z,) = f(xo)
whenever (Z) lim,, z,, = xo;
e T-continuous on X, if and only if f is Z-continuous at each zg € X;
o AZ-continuous at xg, if and only if (Z) lim,, f(z,) = f(zo)
whenever (A)lim,, z,, = z;
o AT-continuous on X, if and only if f is AZ-continuous at each zy € X;
e TA-continuous at xg, if and only if (A) lim,, f(z,) = f(xo)
whenever (Z) lim,, z,, = zo;

o TA-continuous on X, if and only if f is ZA-continuous at each zy € X.

Remark 3.2. Observe that Z-continuity is equivalent to the usual continuity
(see [11l Proposition 3.3]), and that AZg,- and Zg, A-continuity coincide with
A;- and As-continuity, respectively.

Moreover, since usual convergence implies (A)-convergence (see also [12]),
then clearly both ordinary and As-continuity at a point zg € X imply As-con-
tinuity at xg, and Aj-continuity at zo implies usual continuity at zg.

We now prove the following.

ProPOSITION 3.3. Let f: X — Y be a function, and T be a P-ideal of N.
If f is AZ-continuous at a point xog € X, then f is constant.

Proof. First of all observe that, in order to prove the proposition, it is enough
to check that f(z 4+ x¢) = f(z¢) for all z € X.
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Let E be the set of all even natural numbers. We first consider the case in
which E ¢ 7 and N\ E ¢ 7. Let z € X be arbitrarily fixed, set z, = z + z¢ if
and only if n € E and 2, = —z + x¢ if and only if n € N\ E. By construction,
it is not difficult to see that (A)lim, 2z, = z¢. Since f is AZ-continuous at xg,
we get (Z)lim,, f(z,) = f(xo). Since Z is a P-ideal, there exists a set P € F,
where F is the dual filter associated with Z, P = {k; < -+ < k, < ---},
with the property that lim,, f(zx,) = f(xo) in the usual sense (see also [I1]).
By Proposition we get that both P NE and P \ E are infinite. So there
exists a strictly increasing sequence (), in N with k; € E for all n € N.
Thus f(xo) = lim, f(zr,, ) = f(z + xo), and hence f is constant on X, by
arbitrariness of z.

If N\E € Z, then E € F. Fix arbitrarily z € X and let us proceed analogously
as above. In this case we obtain that P N[E € F, and hence it is infinite. So we
get f(xog) = f(z + x0), and thus f is constant, since z was chosen arbitrarily.

If E € Z, then N\ E € F. By exchanging the roles of E and N\ E, we get that
P\E € F, and so it is infinite. Thus we obtain the existence of a strictly increasing
sequence (l,), in N with k;, € N\ E for all n € N. Hence, f(zo) = f(—2 + zo),
and so again we get that f is constant on X, thanks to arbitrariness of z. This
finishes the proof. O

As a consequence of Proposition 3.3] we have

COROLLARY 3.4. If f: X — Y is Aj-continuous at a point xg € X, then f is
constant. Thus a continuous and not constant function is not Aj-continuous.

PROPOSITION 3.5. Let X, Y be two normed linear spaces, T # g, be an admis-
sible ideal of N and f: X — 'Y be an ZA-continuous function on X (that is, f is
T A-continuous at each x € X ). Then f is bounded (that is, f(X) is a bounded
setinY).

Proof. Let f(X) be not bounded. Since Z # Zg, there is an infinite set K =
{k1 < ko < ...} such that K € Z. Let xop € X. We proceed as in the proof of
Proposition Then we can construct a sequence (y,), C f(X) as follows

= {f(%‘O)v né¢kK,

Zm, Ne€K, n=k,, meN

A
and such that y,, 4 f(xg). But y, EA f(zo) and since y,, € f(X) for all n € N,
it follows that there exists a sequence (z7,), € X such that y, = f(x;,) for every
n € N. We set (x,), C X as follows

. — 1 o n¢ K,
" x,, neK, n=ky, meN.

So, if n € N, then we have the following cases:

123



ANTONIO BOCCUTO — XENOFON DIMITRIOU — NICOLAS PAPANASTASSIOU

(i) ne K={kpm :meN} =z, =x, = f(z,) =f(2),) = Yn;

(i) n ¢ K ={kn, :m eN} =z, =20 = f(z,) = f(20) = Yn.

Hence y,, = f(x,) for any n € N. Moreover, by construction we have that

; A
Tn = xo but  f(x,) =yn A f(zo).

This contradicts the hypothesis of ZA-continuity of f at zy. Since xg was chosen
arbitrarily, it follows that f(X) is a bounded set. Thus the proof is completed.
O

COROLLARY 3.6. Every continuous and not bounded function is not LA-conti-
nuous for L # Lgy,.

The following notion will be useful to prove some properties of ZA-continuous
functions.

DEFINITION 3.7. A function f: X — Y is locally bounded at a point zop € X,
if and only if there are two positive real numbers §, M with || f(z)|| < M when-
ever ¢ € X, ||z — x| <.

PROPOSITION 3.8. Fvery function f: X — Y, As-continuous at a point xg € X,
1s locally bounded at xg.

Proof. If we deny the thesis, then for each § and M > 0 there exists T € X
with ||Z — xo|| < 6 and || f(Z)|| > M. So, in correspondence with 6 = 1 and
M =14 f(zo)|| there is 1 € X with ||z1 —zo|| < 1 and || f(x1)]| > 1+ || f(x0)]-
To § = 1/2 and M = 2 + || f(z1)]| + 2| f(z0)]|| there corresponds an element
zo € X with [|xe — x| < 1/2 and || f(z2)|| > 2+ || f(z1)]] + 2|/ f(x0)]]. So, in the
m + nth step an element z,, 1, € X can be found, with ||z,,+n— o] < and

1 @man) | > (m+n) + [ F @)l + -+ [ (zm)l
1 @ma) + -+ 1 @man-2) [ + (m +n) [ f (o)l
>0 A f(@ma)ll + -+ 1 @m0l f (o) |l (9)

Note that ||z, — zo|| < 1/n for all n € N, and hence lim,, x,, = x¢ in the usual
sense. Taking (@) into account, for all m, n € N we have:

‘ f@mi) +- -+ f(@min) _f(xO)H

H [f(xm+1)n— f@o)l +- -+ [f(@min) = f(2o)] H

n

m-+n

l(IIJ”(fL‘m+n) = f@o)ll = If @m+1) = F@o)ll =+ = [If (@msn—1) = f(zo)ll)

n

%

124



MODES OF CONTINUITY INVOLVING ALMOST AND IDEAL CONVERGENCE

1
2 —(If @min)| = 1 @ms)ll == = | @msnia) | = nll £ (z0) )
1
> —(n+f @ma)ll -+ [ @mens )|+ 0llf ()l
1
—f@m)l = = [ @mins)| =0l f(@o)]) = —-n=1.
Thus we obtain that the sequence (f(xy)), does not (A)-converge to f(o).
Hence, f is not As-continuous at zq, a contradiction. O

We now give a condition under which ZA-continuity implies usual continuity.
Let (o) be a mode of convergence, with the property that a sequence (x,)y
in X (0)-converges to zop € X whenever lim,, z,, = x( in the usual sense. Almost,
Single and ideal convergence are examples of (o)-convergences.

THEOREM 3.9. Let X, Y be two normed linear spaces with X, Y # {0} and
dimY < oo, and ¢ € X. Assume that f: X — Y is locally bounded at xg.
Moreover, suppose that (f(xn)), (0)-converges to f(xo) whenever (x,)n is a se-
quence in X, convergent to xg in the ordinary sense and with x; # x, for all
[ # s.

Then f is continuous at xg in the usual sense.

Proof. By contradiction, suppose that f is not continuous at zg. There exists
a positive real number ¢ with the property that for every 7> 0 there is z,. € X
with ||z, — xo|| < 7 and || f(z,) — f(z0)|| > 0. We construct a sequence (z,,),
in X as follows. In the first step, pick an xz; € X with

[z — ol <1 and |[f(x1) — f(z0)[| > €o-

Note that x1 # . In the second step, choose an x5 € X with
|21 — 2o 1

5l 3) a7 fleol > o

and observe that xo# 21 and x9# xg. Proceeding by induction, in the nth step,
pick an element z,, € X with

||.%‘2 — il?o” < min (

[Zn—1 — 2ol 1

2L 2) a1 - sl 2 2

It is not difficult to check that =, # zo for all n € N and x; # =5 when-
ever [ # s. Note that the sequence (z,), converges to xg in the usual sense.
By the assumption, f is locally bounded at xy, and hence there exist § > 0,
M >0 with ||f(x)|| < M whenever z € X, ||z —x¢| < 4. Since lim,, z, =z in
the ordinary sense, in correspondence with this positive real number § there is
nog € N with ||, — x| < d for all n > ng. For each n € N, set y,, = 2y, 4+n. Note
that lim, y, = xo in the usual sense, ||f(yn) — f(zo)| > €o for all n € N and
Il f(yn)|] <M for every n € N. Let Bys C Y be the closed ball of center 0 and

|zn — xo|| < min <
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radius M. Since dim Y < oo, Bjy is compact, and so there are a strictly increasing
sequence (ng)r in N and an element yy € By with limy f(y,,) = yo. Since
Ilf(yn) — f(xo)|| > o for each n € N, then yo # f(x¢). Note that lim,, y, = ¢
and hence limg y,,, = zo. By hypothesis, we get

(o) lm F ) = f(x0).
On the other hand, since limy, f(yn,) = Yo, we also have

(J) h,gn f(y”lk) = Yo-
Thus yo = f(x0), a contradiction. O

A consequence of Proposition B.8 and Theorem is the following.

COROLLARY 3.10. Let X, Y be two normed linear spaces as in Theorem [T.9.
If f: X — Y is Ay-continuous or ZA-continuous at xg, then f is continuous
at xg in the ordinary sense.

Remark 3.11. Observe that, if X # {0} is any normed linear space, then
the identity function id: X — X is continuous in the usual sense, A; and As-
-continuous, but not ZA-continuous at any point xg € X for every 7 # Zg,,
thanks to Proposition

The following example shows that, in general, the hypothesis dim Y < oo
in Theorem 3.9 cannot be dropped.

EXAMPLE 3.12. Let X = R, Y = [? be the space of all real sequences (z,,),, with

the property that o0
Z x% < 400.
n=1

Let Q be the set of all rational numbers, Q := {r,, : n € N}. For each n € N,
let e,, be the element of [?2 whose nth coordinate is 1 and the other coordinates
equal to 0, and let us define f: R — [? as follows:

f(0) =0,
flx)=e, ifx=r,,z+#0,
flx)=0 ifx e R\ Q.
Note that f is not continuous at 0 in the usual sense. Indeed, let (x,), be any

sequence of rational numbers, convergent to 0 and with x,, # 0 for every n € N.
There is a sequence (iy,), in N with x,, = r;  for all n € N, and hence

1f(zn) = fO)ll2 = [If(@n)ll2 = [lei, =1 forall neN.

So f is not continuous at 0 in the ordinary sense.

We now prove that the sequence ( f (xn)) ,, (A)-converges to 0 for any sequence
(Zn)n in R with z; # z for all I # s.
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Fix arbitrarily e > 0, and let py € N be with pg > E% Choose arbitrarily
p > po and n € N. In correspondence with n and p, denote by 7;,...,r; those
elements of the type x,4;, with z,4; € Q\ {0}, j =1,...,p, provided that they
exist. Since the z,,’s are distinct, we get

H f@ng1) + -+ f(Tngp)
p

1
= Sl et
2

2

— lql/2 < L <
p VP
If 2,0; ¢ Q\ {0} for all j =1,...,p, then we have
H f(@n1) + -+ f(@ntp)
p

s
o

=0.
2

In both cases, we obtain almost convergence to 0 of the sequence ( f (xn))n a

Remarks 3.13. (a) Observe that in the argument of Example 312 in general,
the condition that the elements x,, of the involved sequence are distinct, cannot
be dropped.

Indeed, for eachn € Nand 2" ! < k < 2" —1, set x}, = %, and choose m = 0.
Of course, (1) converges to 0 in the usual sense. Let % =7;,,n € N. We get

n—1
§ : k

2 €ip
k=0

1f(@1) + -+ f(man_1)]2 =

2

n—1 n—1
4n — 1
= [ | DAk
k=0 k=0
and hence
.. mn __ 1 4n_1
| PGV A V) | R .
n 2n —1 5 m 2"—1 3

_ 4n—1 \F
I VTP s Ty S Vi

Thus the sequence ( f (xk)) ., does not Singly converge to 0, and a fortiori it does
not almost converge to 0.

(b) All above results of Section 3 hold, even if in Definitions B1] almost con-
vergence is replaced with Single convergence, and the techniques of the proofs
are the same.

Let now Z,, be the ideal of all subsets of N having Banach (or uniform) density
zero. We have the following.

127



ANTONIO BOCCUTO — XENOFON DIMITRIOU — NICOLAS PAPANASTASSIOU

PROPOSITION 3.14. Let X be a normed linear space, xg € X and x = (xy,), be
a bounded sequence in X, such that (Z,,) lim,, x,, = xg. Then, (A)lim,, =, = zy.

Proof. Put M = ||z|« + ||zol|, where ||z||oc denotes the supremum norm of
(Zn)n. For each € > 0 and m, n € N set
Bﬁ?n: {m—f—l <k<m+n:|xg— x| > g}
) . 4B . .
By hypothesis, we get that lim, —2=*> = 0 uniformly with respect to m > 0,
where f denotes the cardinality of the set into brackets, and thus there exists an
N = N(e) € N with
© HBD _ e

— <

- YV (10)

for all n > N(e) and m > 0.
By (), for each n > N(g) and m > 0 we get

m—+n m+n m+n

> xg >z —nx > (zr — x0)
k=m+1 k=m+1 k=m+1
0 < [EmEL_ g = -
n n n
m+n

2. ok = o

k=m+1 1
< = — —_— —
< - - Y ek — 2ol + D> ke — zoll
keBL), kg B,
m+1<k<m+4n
o MuBE)  1ne_c e
n n 2 2 2

taking into account that
[z — 2ol < [lakll + [lzoll < l[#llcc + [lxoll = M

for all £k € N, and consequently (A)lim,, =, = xo. So the proof is complete. [J

A consequence of Proposition [3.14] is the following.

COROLLARY 3.15. Let f: X — Y be a bounded continuous function. Then f is
T, A-continuous on X.

Proof. Let o € X and (x,), be a sequence in X, (Z,)-convergent to zo€ X.
Since f is continuous, the sequence (f (:l;n))n (Z,)-converges to f(zp) (see Re-
mark 3.2). But f is bounded, and thus (f (ZEn))n is a bounded sequence in Y.
By Proposition B:I14] we get that (A) lim,, x,, = . This concludes the proof. [
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Remark 3.16. By a similar argument, we can prove that for any normed linear
spaces X, Y and any bounded sequence (z,), in X with (Zy)lim, z, = xo
(where Z is the ideal of all subsets of N of asymptotic density zero) we get that
(S) lim,, z,, = xo, and consequently any bounded continuous function f: X — Y
is Z4S-continuous on X (compare with Proposition 2.6]).

We now recall the following (see also [14]).

DEFINITION 3.17. Let X # () be aset and f, f,, (n € N), be real-valued functions
defined on X. We say that the sequence (f,), converges uniformly equally to f
on X, and we write f,, “5 f, if and only if there exist (£,), € ¢ (= the positive
elements of the space of all sequences convergent to zero) and a natural number
k = k[(£,)n] such that

f({n e N:|fu(z) — f(z)] > en}) < k for all z € X,
where § denotes the cardinality of the set into brackets.

Remark 3.18. A similar definition can be stated when (R, |-|) is replaced with
an arbitrary normed linear space (Y| - ||).

Thus we can formulate the following.
DEFINITIONS 3.19. Let X, Y be two normed linear spaces, xog € X and Z be
an admissible ideal of N. Then:
(i) If (xy)n is a sequence in X and ¢y, ¢: N = X,
Tm+1 +- 4+ Tm+n

On (m) = ’

n

¢(m) = xg for every n,m € N, then we say that (z,), converges Lorentz
uniformly equally to xo, and we write x, Awg. xo, if and only if ¢,, =5 ¢.
(ii) If f: X — Y is a function, then we say that f is:

e Bj-continuous at xo, if and only if lim,, f(z,) = f(xo) whenever
(Au.e.) lim,, z, = xo;

e Bj-continuous on X, if and only if f is Bj-continuous at each g€ X;

e By-continuous at xg, if and only if (Au.e.)lim,, f(z,) = f(xo) whenever
lim,, x, = xo;

e Bs-continuous on X, if and only if f is By-continuous at each zg € X;

e Bs-continuous at xg, if and only if (Au.e.) lim,, f(z,) = f(xo) whenever
(Au.e.) lim,, z, = xo;

e Bj3-continuous on X, if and only if f is Bs-continuous at each zg€ X;

e BT-continuous at xy, if and only if (Z)lim,, f(x,) = f(zo) whenever
(Au.e.) lim,, z,, = x0;
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e BT-continuous on X, if and only if f is BZ-continuous at each zp € X;

e TB-continuous at xg, if and only if (Au.e.)lim,, f(z,) = f(xo) whenever
(Z) lim,, ,, = xo;

e IB-continuous on X, if and only if f is ZB-continuous at each xy € X.

Remark 3.20. Observe that BZg,- and Zg, B-continuity coincide with B;- and

Bs-

Op

continuity, respectively.

en problems:

(a) For which admissible ideals of N does the usual continuity coincide with

T A-continuity?

(b) For which normed linear spaces X is it true that every As-continuous

function f: X — X is linear? A positive answer was given in [0, Theo-
rem 1] when X = R (see also [I], [16]).

(¢) Study similar problems for continuities defined by any sequential matrix

summability method (see also [10]).

(d) Study the fundamental properties of the modes of continuities of Defi-

nitions B.19 and their relations to the modes of continuities formulated
in Definitions [B.11

REFERENCES

ACZEL, J.—DHOMBRES, J.: Functional Equations in Several Variables. Cambridge
Univ. Press, Cambridge, 1987.

ANTONLI, J.: On the A-continuity of real functions II, Math. Slovaca 36 (1986), 283-288.
ANTONI, J.—SALAT, T.: On the A-continuity of real functions, Acta Math. Univ.
Comenian. 39 (1980), 159-164.

BALCERZAK, M.—DEMS, K.—KOMISARSKI, A.: Statistical convergence and ideal
convergence for sequences of functions, J. Math. Anal. Appl. 328 (2007), 715-729.
BOCCUTO, A.—DIMITRIOU, X.—PAPANASTASSIOU, N.—WILCZYNSKI, W.: On
some different types of ideal continuity, 2012 (preprint).

BORSIK, J—SALAT, T.: On F-continuity of real functions, Tatra Mt. Math. Publ. 2
(1993), 37-42.

CONNOR, J.—GROSSE-ERDMANN, K. G.: Sequential definitions of continuity for real
functions, Rocky Mountain J. Math. 33 (2003), 93-121.

FAST, H.: Sur la convergence statistique, Colloq. Math. 2 (1951), 41-44.

FREEDMAN, A. R—SEMBER, J. J.: Densities and summability, Pacific J. Math. 95
(1981), 293-305.

KOLK, E.: Inclusion relations between the statistical convergence and strong summability,
Acta Comment. Univ. Tartu. Math. 2 (1998), 39-54.

KOSTYRKO, P.—SALAT, T.—WILCZYNSKI, W.: Z-convergence, Real Anal. Exchange
26 (2000/2001), 669-685.

LORENTZ, G. G.: A contribution to the theory of divergent sequences, Acta Math. 80
(1948), 167-190.



MODES OF CONTINUITY INVOLVING ALMOST AND IDEAL CONVERGENCE

[13] MORICZ, F.—STADTMULLER, U.: Summability of double sequences by weighted mean
methods and Tauberian conditions for convergence in Pringsheim’s sense, Int. J. Math.
Math. Sci. 65 (2004), 3499-3511.

[14] PAPANASTASSIOU, N.: On a new type of convergence of sequences of functions, Atti
Semin. Mat. Fis. Univ. Modena 50 (2002), 493-506.

[15] PETERSEN, G. M.: Regular Matrix Transformations. McGraw-Hill, London, 1966.

[16] SMfTAL, J.: On Functions and Functional Equations. Adam Hilger, Bristol, UK, 1988.

[17] STEINHAUS, H.: Sur la convergence ordinaire et la convergence asymptotique, Colloq.
Math. 2 (1951), 73-74.

Received April 20, 2012 Antonio Boccuto
Department of Mathematics and
Computer Sciences
University of Perugia
via Vanvitelli 1
1-06123 Perugia
ITALY

E-mail: boccuto@yahoo.it
boccuto@dmi.unipg.it

Xenofon Dimitriou

Nicolas Papanastassiou
Department of Mathematics
University of Athens
Panepistimiopolis

Athens 1578/

GREECE

E-mail: xenofonl1@gmail.com
dxenof@math.uoa.gr
npapanas@math.uoa.gr

131



	1. Introduction
	2. Almost and ideal convergence
	3. Modes of continuity
	REFERENCES

