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SERIES METHOD

ALl KHALOUTA — ABDELOUAHAB KADEM

Ferhat Abbas Sétif University 1, 19000 Sétif, ALGERIA

ABSTRACT. In this paper, we present numerical solution for the fractional
Bratu-type equation via fractional residual power series method (FRPSM). The
fractional derivatives are described in Caputo sense. The main advantage of the
FRPSM in comparison with the existing methods is that the method solves the
nonlinear problems without using linearization, discretization, perturbation or
any other restriction. Three numerical examples are given and the results are
numerically and graphically compared with the exact solutions. The solutions
obtained by the proposed method are in complete agreement with the solutions
available in the literature. The results reveal that the FRPSM is a very effective,
simple and efficient technique to handle a wide range of fractional differential
equations.

1. Introduction

The fractional calculus which deals with derivatives and integrals of arbi-
trary orders plays a vital role in many fields of pure and applied mathemat-
ics [6LT4LI5LI7,T9]. In recent years, fractional differential equations are widely
used in interpretation and modelling of many real matters and appear in ap-
plied mathematics and physics including fluid mechanics, diffusion processes,
aerodynamics, electrodynamics, electrostatics, electrochemistry, control theory,
mathematical biology, and so on. Since the exact solutions of fractional differ-
ential equations do not exist, many researchers focus on approximate solutions
of this type of equations.
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There are several numerical methods given for solving fractional differential
equations. The most used ones are: Adomian decomposition method (ADM) [§],
variational iteration method (VIM) [I6], new iterative method (NIM) [13], differ-
ential transform method (DTM) [5], homotopy perturbation method (HPM) [I]
and homotopy analysis method (HAM) [I1].

The main objective of this paper is to apply the FRPSM to study and construct
an approximate solution to the fractional Bratu equation in the form

D**u(z) + Aexp(u(z)) =0, 0<z<1, XER, (1)
with the initial conditions
u(0) = ug, D%u(0) = uq, (2)

where D?® = D®D® is the Caputo fractional derivative operator of order 2q,
1/2 < o < 1. When a = 1, the equation (Il) reduces to the classical Bratu
equation.

The Bratu equation was used in a large variety of applications such as the fuel
ignition model of the thermal combustion theory, the model of thermal reaction
process, the Chandrasekhar model of the expansion of the universe, questions
in geometry and relativity about the Chandrasekhar model, chemical reaction
theory, radiative heat transfer and nanotechnology [7,12]20]21].

The exact solution for the classical Bratu equation is given by [2,[3] as

u(z) = —21In lCOSh (lz—2) %)] , (3)

cosh(%)

where 0 satisfies

f = V2X cosh <§> . (4)

The problem has zero, one or two solutions when A > Ao, A = A;, and A < A,
respectively, where the critical value A. satisfies the equation

1= %\/2& sinh <%> : (5)

where

Ao = 3.513830719. (6)

The rest of the paper is organized as follows: In Section 2l we give some
necessary definitions and properties of the fractional calculus theory and frac-
tional power series (FPS). In Section Bl we introduce our results to solve the
fractional Bratu-type equation ([Il) with initial conditions (2]) using the FRPSM.
In Section @ we present three numerical examples to show the efficiency and
effectiveness of this method. In Section Bl we discuss our obtained results repre-
sented by figures and tables, and verified with Matlab (version R2016a). Section 6
is devoted to the conclusions of the paper.

128



FRACTIONAL BRATU-TYPE EQUATION

2. Basic definitions

In this section, we give some basic definitions and properties of the fractional
calculus theory which are used further in this paper. For more details see [6,14]

18,19

DEFINITION 2.1. A real function u(x),z > 0 is considered to be in the space
Cy, v € R if there exists a real number p > p, so that u(zx) = 2P f(x), where
f(z) € C’([O, —|—oo)), and it is said to be in the space C}; if u(™) e Cu,n eN.

DEFINITION 2.2. The Riemann-Liouville fractional integral operator of order
a > 0 of the function u € C,,, p > —1 is defined as

1 - a—1
(Oé) Of(x - 5) u(f)d{, o> 07 <7>

’LL(.’IJ), a=0,

~
Q
=
8
N~—
Il
!

where T'(.) is the well-known Gamma function.

DEFINITION 2.3. The Caputo fractional derivative operator of the function
uwe O, p>—1,n € Nis defined as

1 T n—a—1 n
Dau(x): m{(x—é) u( )(é)df, n_1<0é<n,

u™ (z), o =n.

(8)

For this definition we have the following properties:

1) D*(C) =0, where C'is a constant.
2 Db — 7F(11[3(€Z_1‘_)1)x5_a if B>n-—1,
0, if B<n—1.
3) D*f (u(a)) = f(u(x) D™u(a).
DEFINITION 2.4. [4] A power series representation of the form
i em (T — 20)™ = co + c1(t — to)™ + ca(t — to)>* + -+, (9)
m=0

where n—1<a<n and x>z is called a fractional power series (FPS) about z,
where x is a variable and ¢,, are constants called the coefficients of the series.
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THEOREM 2.5 ([4]). Suppose that u has a FPS representation at © = xg of the
form oo

u(z) = Z em(T —20)™%, 20 <2 <20+ R, (10)
m=0

and R is the radius of convergence of the FPS.
If
u(z) € Clxg, o+ R) and D™ € C(xg,x0+R) for m=0,1,2,...,
then the coefficients c,, will take the form of
S D™ u(xg)
" T(ma + 1)’
where D™ = D*. D% ... D (m-times).

(11)

3. Analysis of the fractional residual power series method
(FRPSM)

THEOREM 3.1. Let us consider the fractional Bratu-type equation ([Il) with the
initial conditions [2)). Then by FRPSM the solution of equations (1) and ) is
given in the form of infinite series as follows

l,na

Nt 0<a<1, 0 R<1, 12
u(x) nz:%u Tna+ 1) <« <rx<R< (12)

where u, are the coefficients of the series and R is the radius of convergence.

Proof. To achieve our goal, we consider the following fractional Bratu-type
equation ([Il) with the initial conditions (2).
First, write the solution of equation () as fractional power series of the form

u(x) = gunm. (13)

Using the initial conditions in equation (), the approximate solution to (I3))
can be written in the form of

_ _ o _r 14
k(@) ;“nr(na+1) “°+“1F(a+1)+;““r(na+1)’ (14)
where a
up () = ug + u1x7
INa+1) a15)
15

is considered as the first FRPS approximate solution of u(z).
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To determine the values of the coefficients u,,n = 2,3,4,..., we solve the
equation
D"=2%Res,(0) =0, n=2,3,4,...

where Resy () is the k' residual function [4] and is defined by

Resy(z) = D**ui(z) + Aexp(ug()).

To determine us in equation ([I4]), we substitute the second FRPS approximate

solution
2«

arD) T TRar 1)

uz(x) = ug + ulF

into
Resa(z) = D**us(z) + Aexp(ua(z))
e N % N x2a
= u xp [ wo + u u :
2 P AT M Ta+1) T T2a+1)

Then we solve Resz(0) = 0 to get
Uy = — A\ exp(uo).

To determine u3z in equation (I4]), we substitute the third FRPS approximate
solution

« x2a xSa
ua(w) = w0 + Ty F e gy YT, 1y
into
Ress(z) = D**us(z)+ Aexp(us(z))
= U2-+-U3T12;1j1§
e N & N x2a N x3a
xp | wo + u u u .
P AT MG+ T T2a+1) " ®TBa+1)

Then we solve D*Res3(0) = 0 to get
Uz = —Auq exp(uo).

To determine uy in equation (I4]), we substitute the fourth FRPS approximate
solution

o 2 3a da

TatrD  “TeatD “TMBatn  “Tlat1)

ug(x) = up + uy
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into

Ress(z) = D**ug(x)+ Nexp(ua(2))
@ 2a

Tatl)  “TRa+)

e 2a

arD) T"Tea+D

xBa x4a
T Batr ) | “Tda+ 1)) '

= uz+ug

+Aexp <u0 + uy T

Then we solve D**Res,;(0) = 0 to get
Ug = —\Uo exp(uo).

In general, to determine uj, we substitute the kth FRPS approximate solu-
tion ug(x) into

Resk ()

D**ui(z) + Xexp(ug())
k—2 ne

X
= > 2P ha + 1)

n=0

xna

k
x()é
A - - |.

Afterwards we solve D(*=2)Res;. (0) = 0 to get
Up = —AUg_2 exp(ug), k > 3.

Finally, the solution of equations () and (2]) can be expressed by

oo

u(x) = klim ug(x) = Z Un,

—00 (n05+*1).

l,na

n=0
The proof is complete. g
THEOREM 3.2. If there exists a constant 0 < v < 1 such that
[unt1(@)| <vlun(@)l|, neN, O0<z<R<I,

then the sequence of approzimate solutions [I2)) converges to the corresponding
exact solution.
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Proof. Forall 0 <x < R <1, we have

o0 o0
lu(@) —un(@)] = || D w@)| < D ur(a)]
k=n+1 k=n+1
o0 o0
< Dyl @] <€ D AP lluk—2()]
k=n+1 k=n+1
< ..
o n+1
~
< uoll Z 7= 1= [uoll -
Y
k=n+1
Since 0 < v < 1 and ug is bounded, then
i [u(e) — (@) = 0.
This completes the proof. O

4. Numerical examples

In this section, we present three numerical examples of fractional Bratu-type
equations to validate the capability, reliability and efficiency of the FRPSM. Then
we compare approximate solutions with corresponding exact ones for different
values of the order fractional derivative a,1/2 < a < 1.

We define Fj () to be the absolute error between the exact solution u and
the kth FRPS approximate solution uy, where k =0,1,2,3, ..., as follows

Ei(w, ) = |u(z) — us(@)].
ExaMpPLE 4.1. Consider the following fractional Bratu-type equation

D*u(x) — 2exp(u(x)) =0, % <a<l O<z<l, (16)
with the initial conditions
u(0) = D%u(0) = 0. (17)
For ao = 1, the exact solution of equations (I6]) and ([I7) is (see. [12])

u(z) = —2In(cos ).
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By applying the steps involved in FRPSM as presented in Section 3, we have
the solution of equations (I6) and ([I7) in the form

u(z) = Z unm,

n=0

o

Therefore, the approximate solution of equations (I6) and (I7) can be ex-
pressed by

and

UQpZQp, pEN*,

U2p+1 =0, p e N*

_ 2 2a 4 4oy
) = T e D T TasD”
+ _8 1-60‘ 4+ ...
T(6a+ 1)

which is exactly the same as the result obtained by ADM [9] and HPM [10].

TABLE 1. The numerical values of the 12th FRPS approximate solution,
(BPS) [12] and the exact solution for Example ] when oo = 1.

| = | FRPSM| BPs Exact
0.03448 || 0.001891 | 0.00118912 | 0.00118911
0.10345 || 0.010721 [ 0.0107219 | 0.010721
0.17241 || 0.029873 | 0.0298804 | 0.0298737
0.24138 || 0.058832 | 0.0588668 | 0.058839
0.31034 || 0.097867 | 0.0979798 | 0.097897
0.37931 || 0.14736 | 0.147662 | 0.147465
0.44828 || 0.20778 | 0.208484 | 0.20807
0.51724 || 0.27968 | 0.281178 | 0.280393
0.58621 || 0.36378 | 0.366712 | 0.365339
0.65517 || 0.46085 | 0.466255 | 0.464004
0.72414 || 0.57184 | 0581339 | 0.577847
0.79313 || 0.69784 | 0.713882 | 0.708731
0.86207 || 0.83990 | 0.866119 | 0.858899
0.93103 | 0.99951 | 1.04121 | 1.03165
1 117820 | 1.24298 | 1.23125
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FIGURE 1. 2D plots for the approximate solution ug(z) by FRPSM and
exact solution for Example 1l
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FIGURE 2. Comparison of approximate solutions FRPSM,; ADM and HPM
at a = 1 for Example €11
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approximate solution ug(x) for Example [Z1]

| 2 | Es(a=08) | E(a=09) | Es(a=1)

0.05 || 9.1265 x 1073 | 2.9348 x 1073 | 5.2136 x 10~1°
0.1 | 2.5451 x 1072 | 8.9658 x 1073 | 3.3469 x 108
0.15 || 4.5845 x 1072 | 1.6967 x 1072 | 3.8317 x 107
0.2 | 6.9288 x 1072 | 2.6485 x 1072 | 2.1683 x 106
0.25 || 9.5299 x 1072 | 3.7273 x 1072 | 8.3482 x 106

ExamMPLE 4.2. Consider the following fractional Bratu-type equation

D**u(z) — n* exp(u(z)) =0,

(18)

with the initial conditions

u(0) =0, D%(0) = . (19)

For ae = 1, the exact solution of equations (I8) and ([I9) is (see. [21])
u(z) = —In(1 — sin7x).

By applying the steps involved in FRPSM as presented in Section Bl we have
the solution of equations (I8) and ([I9) in the form

[ee] no

xr
and

Up=7m", n=234...

Therefore, the approximate solution of equations (I8) and ([I9) can be ex-
pressed by

2 3
™ ™ 20 s

a 3
"Tearn” "TTEarn”

‘O e

which is exactly the same result as obtained by HPM [10].
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FIGURE 3. 2D plots for the approximate solution ug(z) by FRPSM and
exact solution for Example 2]
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FIGURE 4. Comparison of approximate solutions FRPSM and HPM at a=1
for Example
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approximate solution ug(z) for Example 21

| 2 || Es(a=08) | Es(a=09) | Esg(a=1) |

0.05 || 2.0279 x 10~" | 7.9440 x 1072 | 2.8838 x 107°
0.1 | 3.8883 x 1071 | 1.5164 x 10~! | 5.3118 x 10~*
0.15 | 6.1177 x 1071 | 2.3409 x 10~! | 3.1352 x 103
0.2 | 8.8604 x 10~' | 3.2918 x 10~ " | 1.1735 x 1072
0.25 || 12.209 x 10~" | 4.3443 x 10~ | 3.4620 x 102

ExamPLE 4.3. Consider the following fractional Bratu-type equation
D**u(z) + m* exp(—u(z)) =0,
subject to the initial conditions
u(0) = 0, D*u(0) = .
For ae = 1, the exact solution of equations (20) and 1)) is (see. [21])

u(x) = In(1 + sin7zx).

(20)

By applying the steps involved in FRPSM as presented in Section B, we have

the solution of equations ([20) and (1) in the form

o0 e
u(e) = 2 Un a1y
and

Up = (=1)" g™ n=234...

Therefore, the approximate solution of equations ([20) and (2I) can be ex-

pressed by

2 3
™ 7T 2 7T 3a

TBa+1)"

) = fa ) T TRaxD)”

which is exactly the same result as obtained by HPM [10].
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FIGURE 5. 2D plots for the approximate solution ug(z) by FRPSM and
exact solution for Example 3l
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approximate solution ug(x) for Example [£3]

E

| Esla=08)] Es(a=09) | Egla=1) |

0.05 || 1.1151 x 10~' | 5.0355 x 1072 | 2.2422 x 105
0.1 || 1.2645 x 101 | 6.1802 x 1072 | 3.2017 x 10~*
0.15 | 1.1912 x 10~ | 6.1887 x 1072 | 1.4560 x 10~3
0.2 | 1.0392 x 107! | 5.7854 x 1072 | 4.1571 x 1073
0.25 || 8.6636 x 1072 | 5.3482 x 102 | 9.2121 x 103

5. Numerical results and discussion

In this section, we discuss and evaluate the numerical results of the approx-
imate solutions for Examples [4.1] and [£.3] respectively. Figures [ [B] and
represent the behaviour of the exact solution and the approximate solution
ug(x) for different values of o (o = 0.7,0.8,0.9,1). These figures affirm that
when the order of the fractional derivative a approaches 1, the approximate
solutions obtained by FRPSM approach the exact solutions.

Figures 2l @ and [@ represent the comparison between the approximate solu-
tions obtained by the FRPSM, ADM and HPM, for o = 1. As it can be seen
in figures, the solutions obtained by the proposed method are nearly identical
with those provided by the ADM and HPM.

Table [l represents the numerical values of the 12th FRPS approximate solu-
tion, (BPs) [12] and the exact solution for Example Il when o = 1.

Tables 2Hd] represent the absolute errors between the exact solution and the
approximate solution ug(x) for different values of z and a. These tables clarify
the convergence of the approximate solutions to the exact ones.

6. Conclusion

In this paper, the fractional residual power series method (FRPSM) has been
used to solve the fractional Bratu-type equation. In order to illustrate the accu-
racy and effectiveness of this method, we have applied it to solve three numerical
examples and compared our results with those in the literature. The solutions ob-
tained by the proposed method were in an agreement with the solutions available
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in the literature. The comparisons in tables and figures show that the approx-
imate solutions converge very rapidly to the corresponding exact ones and the
presented method is a powerful tool for solving this type of equation. Therefore,
we can conclude that the FRPSM is practically well-suited for solving a wide
range of fractional differential equations.
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