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ON IDEALS GENERATED BY PARTITIONS
INTO MEAGER AND NULL SETS

ANDRZEJ NOWIK

Institute of Mathematics, University of Gdansk, Gdarisk, POLAND

ABSTRACT. We examine the o-ideal generated by complements of sums of sets
from partitions into meager and null sets. We prove some characterizations of this
o-ideal.

1. Definitions

Throughout this paper, we consider sets of real numbers and subsets of the
Cantor space 2% equipped with “ 4+ 7 — the usual modulo 2 coordinate-wise
addition in 2%.

By N, MGR we denote the o-ideals of sets of Lebesgue measure zero (null
sets) and sets of first category (meager) in R (or in the Cantor space 2¢),
respectively. By & we denote the o-ideal generated by all F,, sets of measure
Zero.

If X,Y C G are subsets of a topological group (typically G = 2“ or G = R),
then we define X + Y ={z+y: 2 € X,y € Y}. If X C R and » € R, then
definer- X ={r-z: z € X}.

Define: MGR* ={X C G: VyemaerX + M € MGR}.

If 7 and J are two o-ideals of subsets of a fixed space G (typically G = 2% or
G = R), then we write Z L J if and only if there exist A € Z and B € J such
that AUB =X and AN B = 0.

For any family F of subsets of the real line (or the Cantor set), we say that F
is transitive invariant if and only if V,erVperz + F € F.

For A C G (where G is a fixed topological group, typically G = 2* or G = R),
(A) will denote a subgroup of G generated by A.
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If H C @ is a subgroup of the topological group G (again, typically G = 2%
or G =R), then we write H <G.

A denotes the symmetric difference of sets.

Quantifiers V> and 3°° denote “for all except finitely many” and “for infinitely
many”, respectively.

Suppose that 6 € [0, 7). By pg: R?> — R we denote “the projection in the
direction 07, i.e., pg(x,y) = x - cos(f) + y - sin(6).

If Z c R?, then for y € R define the horizontal section:

ZW = {zeR: (x,y) € Z}.
We will need the following characterization of meager sets in 2¢:

CHARACTERIZATION ([BJS| Prop. 9]). F' C 2¢ is meager if and only if there exist
z € 2¢ and a partition of w into finite intervals (I,,) such that F' C {x: Vo°z |

I, # 2| 1,}.
Also, we will use the following definition:

DEFINITION 1.1 ([BJ, Def. 2.5.3]). A set G C 2% is called small if there exist
a partition of w into finite intervals (I,,) and a sequence H,, C 2!» such that

S Ul o6 and G C {x: 3z | I, € H, ).

n 2/In|

Recall that every small set is a null set (i.e., Lebesgue measure zero) and
every null set is a union of two small sets (see in [BJ, Theorem 2.5.7]).
Also, we have:

CHARACTERIZATION ([BJ]). A set E C 2¢ is in & if and only if there exist
a partition of w into finite intervals (I,,) and a sequence H,, C 2!» such that
S Ul oo and E C {z: V2 | I, € H,}.

n 2/Inl

2. Introduction

It is a classical result that the real line may be partitioned into two sets M
and N where N is a Lebesgue measure null set (N € N) and its complement
M = N¢is a meager set (M € MGR) (see, for example, [Oxt]). It is well-known
that by the theorems of Steinhaus and Picard, respectively, we have M +M = R
and N+ N = R. However, it is also well-known that we can construct a partition
R = M UN into meager and measure null sets such that M + N is a “small” set
in a special sense (for example, int(M + N) = (). So, it is natural to investigate
properties of the family of such a kind of sets. To simplify the investigations,
it is good to consider a o-ideal generated by relevant sets. Therefore, in our
article we introduce new o-ideals Zys,y and I](\’Z)N. Another motivation of this
article is given by the following (open) problem from [N] (see [N, Problem 3.8]):
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PRrROBLEM 2.1. Suppose that (0;,u; € [0,7),i € N) are pairwise distinct and
M € MGR, N € N.Is it true that ;e pp, [M] U Usen P [N] # R2?

Notice that if R = M U N is a partition into meager and measure null sets,
then R\ (M +N)={z€R: (x — M)UN =R} = {y € R: ZW) = R}, where
Z = py'[N] U p3i[—V/2 - M], which shows that these two topics are related

4

to each other.

3. Results
Let us define:
DEFINITION 3.1. Zs,n denotes the o- generated by the family
{R\(M+N): MUN=RAMNN=ODAM e MGRAN € N},
and
DEFINITION 3.2. I](V‘?,)N denotes the o- generated by the family
{R\(M+N): MUN = RAMNN = ()AM € MGRAN € NAM € F,AN € Gs}.
Notice that we can define these ¢ ideals in the same way for the Cantor set.

Obviously, IJ(\?,)N C Iyn S MGRNWN, and 11(\2)1\, is a o-ideal generated
by coanalytic sets. We have:

Remark. If X € Ty v (11(\144,)1\7 respectively) and r € R, then
X+rrXelyn (I](\/?)N, respectively).
Proof. Clear, since
(N+r)+(M+r)=N+M+2r and (rN)+ (rM)=r(N+M). O
THEOREM 3.3. MGR" CZy n.

Proof. Suppose that X € MGR" Let us fix a partition R = N U M into sets
of measure zero and meager, respectively. Assume that —M = M, M is an F,
set and N is a Gs. Let us define: My = M + (X)), and N7 = M{. We check that
X C (Mj 4 Nyp)¢. Suppose, on the contrary, that there is an x € X such that
x € My + N7. Then, we have x = mq + n1, where mqy € My and n; € Ny, and
then, my = m + y for some m € M and y € (X). Hence,

ny=mi+n)—m=(my+n)—(m+y =(m+n)—y—me(X)+ M,

which is a contradiction, since ny € M;. O
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3.1. The = operator

Thoroughout this paper, we use the following abbreviation: Z(X) = (X+X¢)°.
Let us define for X C R: Sym(X) = {x¢: Voerz € X & 229 — 2 € X}
(this symbol was used by K. C. Ciesielski). We have:

OBSERVATION. 2-Sym(X) = E(X).

Proof. Suppose that g € 2 - Sym(X) and zo ¢ Z(X). Then, xy € (X + X°),
so g = = +y for some x € X and y € R\ X. We have 2% — 2 € X but
xo — x = y, a contradiction. On the other hand, suppose that zo € Z(X) and
ro ¢ 2-Sym(X). Let € R be such that ~(z € X & 2 -5 —z € X).
Suppose that z ¢ X A2- % — 2 € X (the second case is similar). Then,

X Nzg—zeX, so zo=(xg—x)+ze X+ X acontradiction. [

We now give several elementary lemmas concerning the previously defined
o-ideals.

LEMMA 3.4. Suppose that X, Y C R. Then
2E€(X4Y) < [Vaexz—z €Y.
Proof.
“=” Suppose that z € (X + Y)¢ and assume the contrary. Then,
z—x €Y for some x € X, hence z = x+ (2 —x) € X +Y, which
is a contradiction.

“«<" Assume that [Vxexz —x € YC] and assume that z € X + Y. Then,
z=x+y,xe€X,y€Y, hence 2z — x = y € Y, contrary to the
assumption.

O

LEMMA 3.5. Suppose that X C R. Let x1, x2, x3 € Z(X). Then, x1+xo —x3 €
E(X).

Proof. We use Lemmal34l Let x € X. Then, 1 —z € X, so 23 — 21 +x € X.
Finally, 9 — x3 + x1 — x € X, which proves that z1 + 22 — 23 € Z(X). O

LEMMA 3.6. Suppose that X C R is such that Z(X) # 0. Let by be an arbitrary
element of Z(X). Then, the set H ={b—bg: b € Z(X)} is an additive subgroup
of R.

Proof. Suppose that by,bo € H, then hy = by — by and hy = by — by for
some by, by € Z(X). Then, by Lemma B35 we have by + by — by € Z(X). Hence,
by + by — 2by € H and therefore (by —bg) + (b2 — bg) € H, and this gives us that
h1 + hy € H. Next, let h € H, then there exists b € Z(X) such that h = b — by.
Let us define b = 2by — b. Again, by Lemma we obtain that b’ € Z(X).
Since we have b’ — by = —(b — bg), we conclude that —h € H. O
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3.2. The Fix operator
Recall the following definition from [CJKS]:

DEFINITION 3.7 (JCJKS]). Suppose that J is a transitive invariant ideal of sub-
sets of R. For X C R define Fix(X,J) ={z e R: (X +2) A X € J}.

Notice that (see [CJKS]) Fix(X,J) is an additive subgroup of R. Denote
Fix(X) = Fix(X, {0}).

Suppose that F C P(R)\ {0} is a family of nonempty subsets of the real line.
By IFix(F) let us denote the o-ideal generated by the family {E(X): X € F}.
It is easy to see that we have Zy; y = IFix(F) for the family

F={XeM: X eN}.
‘We obtain:

THEOREM 3.8. Suppose that F C P(R) is a transitive invariant family of non-
empty subsets of the real line. Assume that VperF U —F € F. Then, the ideal
IFin(F) is the same as the ideal generated by {Fix(F) +x: F € F,x € R}.

Proof. First, let us notice that X = —X <= 0¢€ Z(X) and if X = —X|
then Fix(X) = Z(X). Indeed, the first is evident and if g € Fix(X), then, if
g=z+y, xz € X,y € X we would have ¢ — x = y, which is impossible.
On the other hand, if ¢ € Z(X) and x € X, then g + x € X (otherwise,
g=-2+(g+z) € X + X°). The same argument shows that x — g € X.

Let F € F and assume that (F 4+ F¢)¢ # (). Pick any rg € (F + F¢)¢. Then,
F-ZeFand0€ (F-%2)+ (F—%2)°)° so (F+ F°)° =Fix(F — 2) +ro.

On the other hand, it suffices to show that for any F' € F, Fix(F) C (H+H°)°
for some H € F. Put H = FU—F. Let « € Fix(F) and suppose that x = hy + ho
for hy € H and he € H If hy € F, then, since = + (—hy) = hy, we have
—hy € F, which is impossible. If h; € —F, then hy = x + (—hy) € F, which is
again impossible. ([l

This is an easy corollary from Theorem

COROLLARY 3.9. IfZ is a transitive invariant o-ideal of subsets of the real line
such that A € T = —A € Z, then the o-ideal IFix(Z\{0}) is the o-ideal generated
by the family {G+z: GAR NG € I}.

Proof. This follows from the observation that if A € Z and zg € A, then
zo + Fix(A) € A and if G<R, G € Z, then Fix(G) = G. O

Let us recall the following result:
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THEOREM 3.10 (See [MZ, Lemma 2.6]). There exist a comeager null set R C R
and a perfect nowhere dense null set P C R such that R+ P C R.

Let us notice that from the proof of this theorem one can deduce something
more, namely we may require that moreover, R — P C R. So, P C Fix(R)
(indeed, if 29 € P and r € R, then zg +r € R and r —z¢ € R, thus g+ R = R,
so zg € Fix(R)), hence, by virtue of Theorem B8 we obtain that P € Zy n.
Therefore, we obtain the conclusion that the o-ideal Zj; n contains a perfect sets.

Now, let us go to the case of the Cantor space. Recall (see Lemma [3.0]) that
in the case of the real line, the set Z(X) (if it is nonempty) is a coset of some
addivite subgroup. However, in the case of the Cantor space, the situation is
different, namely we have:

THEOREM 3.11. If X C 2% is such that X # () and X # 2%, then the set =(X)
s a subgroup of 2%.

Proof. Obviously, 0 € Z(X). Suppose that z3,x2 € E(X) and aiming for a
contradiction suppose that x1 + 2o € X + X¢ Then, x1 + 2 = = + 2/, where
x € X and 2’ ¢ X. Since x1 € =, we obtain that x1 + x € X (otherwise, z1 =
x+(r1+2) € X+ X°), and in the same way, we obtain that 2’ = xo+x14+ 2z € X,
which is a contradiction. ([l

We have the following result:

THEOREM 3.12. Suppose that (I,,) is a partition of w into finite intervals and
H,, C 2» o sequence such that \H,,|
n
Z ol < (1)
n

and H, is a subgroup of the group 2. Then, the group E = {x:V®z | I, €
H,} C 2% belongs to the ideal I](V’?’)N (on the Cantor space 2*).

Proof. Define
N:{$€2wiazox rInEHn}v

M={ze2“:VXx |1, ¢ Hy,}

and
M1:{ZE€2MVZO-T[In7éQFIn}?

where 0 € 2¢ denotes the sequence (0,0, ...). By Characterization [Il and Defini-
tion[dl N € N and My € MGR. Moreover, M is a F, set and since M C My,
M € MGR. We have

M+N={ze2:Vx|1I,¢ Hy,}

+{ye2*:I°x I, € H,}
C{ze2*: x| I, & Hy}.
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On the other hand, suppose that z € 2¢ is such that 3°z [ I,, € H,,. Denote
B={ne€w: z |1, ¢ Hy,} and define

z | Iy if ne B,
z | I, =} any element of 2/ \ H,, if n¢ BAH, # 2
0 1In if H, =2
and
0 1In if neB,
yl L=< (x+2) |1, if n¢gBAH,# 2",
211, it H, = 2.

Then, x € M,y € N and x +y = z. Finally, F C (M+N)C€I](\’Z)N.

4. Open problems

PROBLEM 4.1. We know that the o-ideal I](\/?)N is generated by coanalytic sets.
This follows from the fact that if £ C R is an F, set, then Z(E) is coanalytic.
However, we do not know whether this set is always Borel.

Suppose that the answer is yes. Then, by the following theorem from [LJ]:

THEOREM 4.2 ([ Theorem 1]). If Gis an additive proper analytic subgroup
of R, then G € £, and by Lemmal3 8 we would obtain that Iz(vj?,)N eé.

Compare this with a problem due to Taras Banakh whether every subgroup
G of 2% such that G € MGRNN belongs to € (oral communication).

PROBLEM 4.3. Is it true that MGR* C I](\j")N?

Notice that if M NN =0, MUN =R, then R\ (M + N) ={zx € R: (z —
N)YNM =0} ={x € R: (t — M)UN = R}. Since R\ (M + N) € Z);x and
{reR: (x—M)UN =R} C{z: (x —M)UNU (M +z) = R}, it is natural
to ask the following problem:

PROBLEM 4.4. Suppose that M and N are meager and null set, respectively,
such that M UN = R and M NN = (). Is it true that the set {z: (x — M)UNU
(M + z) = R} belongs to the o — ideal Zy; n7
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