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COMPACTNESS
OF MULTIPLICATION OPERATORS
ON RIESZ BOUNDED VARIATION SPACES

MARTHA GUZMAN-PARTIDA

Universidad de Sonora, Hermosillo, MEXICO

ABSTRACT. We prove compactness of the operator M}, Cy on a subspace of the
space of 2m-periodic functions of Riesz bounded variation on [—, 7], for appropri-
ate functions g and h. Here M}, denotes multiplication by h and Cy convolution

by g.

1. Introduction

The spaces of functions of Riesz bounded variation were originally defined
by F. Riesz in [4] and they constitute one of the possible generalizations of the
classical spaces of functions of bounded variation introduced by C. Jordan in [3].
Much work has been done since then on those spaces and their generalizations.
An excelent source to consult many of these develoments is the recent book
by Appel, Bana$ and Merentes [1].

Our goal in this work is to study boundedness and compactness of convolu-
tion and multiplication operators acting on appropriate subspaces of the space
of functions of Riesz bounded variation. In order to state such results, the first
step will be to obtain a sufficient condition to determine if a family in these
spaces is totally bounded. Later, with this tool, we will formulate and prove our
main result. All of this will be done in the following sections.

We will use standard notation, and, as usual, we will employ the letter C
to denote a constant that could be changing line by line.
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2. Preliminaries

In this section, we will present some notation and definitions, as well as some
known results necessary for our exposition.

We will consider 2m-periodic versions of Riesz bounded variation spaces.
To this end denote by I the closed interval [—m, 7].

DEFINITION 2.1. Let 1 < p < oo. The set of 27-periodic functions of Riesz
bounded variation is defined as follows

RBVE (I) :={f:R— R | f is 2m-periodic and V}, (f,I) < oo},

where
f i) — f @iz 1)‘
VE(f,I) = | 1
’ Z 1’1 — 1)17 ’
and the supremum is taken over all p0s1ble finite partitions o = -7 < 1 < - -

- < x, = 7 of the interval I

In what follows, we will simply write RBVS to denote the above described
space.

Notice that if we consider p = 1 in the above definition, then RBV} reduces
to the classical space of (27r-periodic) bounded variation functions.

The space RBVp enjoys several properties. Here is a list of some of them
(see [T, for more information).

ProrosiTION 2.2 ([I]). For 1 < p < oo we have the following assertions.

1. RBVS is a Banach space with the norm

IFIRBY: = |f (=m)| + VE (£, D)7

2. Lipp (I) € RBVA(I) C ACp(I) C BVp (I), where Lipp (I) denotes the
space of 2m-periodic Lipschitz functions on I, ACp (I) denotes the space
of 2m-periodic absolutely continuous functions on I, and BVp (I) denotes
the space of 2m-periodic bounded variation functions on I.

3. A 2m-periodic function f belongs to RBVE if and only if f € ACp (I) and
f e LP(I). In such case

1/p

1 ™
VEGD =171, = {5 [ @ a

4. For 1 < p < g < oo we have
RBV (I) € RBVE (I).
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Remark 1. Notice that we also consider in RBVS the norm
* 1
I IRpvy = flloe + VE (£.1)7.

Since RBV? is also complete with this norm and || f HRBV}; < |If HRBV}; for
every f, from Open Mapping Theorem it follows that both norms are equivalent.

. . . *
In view of Remark [, we will sometimes use the norm H'HRBV}; when conve-
nient.

We will denote by RBVZ, the following subspace of RBV
RBVE, ={f €RBVL: f(—7) = 0}.

Since it is a closed subspace of RBVS, it is also complete.
Next, we will state a criterion for total boundedness in the subspace RBVII;’,,O.

To do this, we will make use of the following result proved by Hanche-Olsen and
Holden in [2].

LEMMA 2.3 ([2]). Let X be a metric space. Assume that for every € > 0 there
exists & > 0, a metric space W, and a mapping ® : X — W so that ® (X)
is totally bounded, and whenever x,y € X are such that dw (® (), P (y)) < 9,
then dx (x,y) < e. Then, X is totally bounded.

Now, we can set the following criterion.

PROPOSITION 2.4. Let F be a family of functions in RBV}?O satisfying the fol-
lowing conditions:

i): There ezists a constant M > 0 such that

IflIRBvy <M for every f € F.

ii): Given € > 0, there exists 6 > 0 such that for any f € F

1/p

% / (@) de | <

o< |z|<m
iii): Given € > 0, there exists n > 0 such that for every f € F

1/p

o [Iaf @ = F@Pde) <
I

as long as |y| <n. Here, T_, denotes the operator T_,p () = ¢ (- +y).
Then, F is totally bounded.
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Proof. Let J = (fg, 121) We can find N € N large enough so that the closure
of the union of the intervals

—Nn —(N-2)n

2 7’ 2

(30 (G863 ()

covers the interval (—d,0). As in [2], Theorem 5, we can consider the map P
of RBVR into V, the linear span of the characteristic functions of the intervals
I, given above, defined as

%/f’ (t)dt x €Iy, forevery k,
Pi@={ ")

0 otherwise.

Proceeding in the same way that [2], we can prove that given ¢ > 0 and any
f € F, there is a constant C' such that

If" = Pfll, < Ce.
From here, we get that
! !
LM, < 117 =PI, + [1PfIl, < Ce+ 1P£,,

hence, for any f, g € F such that |[Pf — Pgl|, < we have

If = gllrBvz = I(f =9) =m)[+ If" = 4'll,

=1 -4,
<\t =Pfll, +IPf—Pgl,+IPg—dl,
< 2Ce +«.

Now, notice that P : (RBVII;’O, H'HRBV};) — (V, HHp) is a bounded operator

since
!
IPfl, < 11, -
This implies that |[Pf[|, < [|f[[rpyy < M for every f € F, that is, P (F)

is bounded. Being P (RBV}§70> finite dimensional, it follows that P (F) is to-

tally bounded. Now, we can invoke Lemma 23] and conclude that F is totally
bounded. g
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3. Main result

Before stating our main result, we will prove a couple of auxiliary propositions.

PROPOSITION 3.1. If g is a 2m-periodic function in L' (I) and f € RBV?,
1 <p< oo, then fxg € RBVh and

I * gllrBvz < IflRBVE ll9ll; -

Proof. Since f is absolutely continuous on I, given € > 0, we can find § > 0
such that for any finite collection of pairwise nonoverlapping intervals [aj, bx] C

[, 7], k=1,...,n satisfying > (bx — ax) < 0, we have that
k=1

ST ) — f ()] <
lgll,

Notice that being f absolutely continuous on I, the convolution f * g is well
defined.

Thus,
S 17+ 9) 00 = () @ <3 5 [ 10f (00 = 7f an) 9 0]
k=1 k=1 T

/
271
T k=1

(Z 7y f (br) Tyf(ak)|> 19 (y)| dy

since Y (b —y — (ar —y)) < 8. Therefore, f x g is absolutely continuous on I.
k=1

Moreover, (f xg) = f'+ g € LP(I) and so, f * g € RBVb.

Finally,
1
If * gllrpvy = £ * g ()| + VE (f + g, )"
=[fxg(=m|+If *gl,
<|fxg(=ml+ 110, gl
1
< (Il + VE DY) Dl
< Clflrvz llgll; -
This concludes the proof. O
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We will denote by C, the operator of convolution with g € L' (I) defined
on the space RBVE, for 1 < p < co. Also, for a fixed function ¢, we shall denote
by M, the operator of multiplication by .

The following proposition is very simple, but it will be very useful for us.

PROPOSITION 3.2. Let 1 < p < o0 and p € RBVII;’,. Then, the operator M, is
bounded from RBVY into RBVH.

Proof. It is known that RBVY is an algebra of functions ( [I]). Thus, f¢ €
RBV? for every f € RBVE. Moreover,

1M, (Nllrpye = [fo (ol +11(Fe) ],
< £l 1lloo + 11, Ielloo + 1 Fllog 171
< Cllglle IflRBYE + I/l IolRBVE

< C'lelrBvy IfIlIRBVE
and this implies that
IMellrBVERBVE < C' ll9llRBVE |
proving our claim. (]
We will denote by C{ (I) the set of 2r-periodic functions f with continuous

derivative on I and such that f (z) — 0 as |z| — 7.
Now, we state and prove our main result.

THEOREM 3.3. Given g € L' and h € RBVE N C} (I), the operator MyC, is a
compact operator from RBVE, , into RBVp ), 1 < p < co.

Proof. First of all, notice that in view of Propositions Bl and B.2] for every
f €RBVE, MCy (f) € RBVR,.

par Let F be a bounded subset of RBVII;’O. Then, there exists a positive
constant M > 0 such that for every f € F

IflrBYz < M.

Since RBV} , is complete, it is suffices to prove that {M,Cy (f) : f € F} is to-
tally bounded. In order to do this, we only need to show that the three conditions
of Proposition 2.4 are satisfied.

Let f € F, then by Propositions B.1] and we have

IMrCy (Nllrvz < CliblrBYE [fIRBVE l9ll)

< CM [|hlgBvz llgll; -

uniformly on F, and so, condition (i) of Proposition 2.4] is satisfied.
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Now, let y € I and f an arbitrary element of F. Then, we get
1/p
1 P
[% / 7y (MACy () (2) = (MiCy (1)) ()] dx]
T

- [%/l‘(Mth(f))/(x—l—y) — (Mth<f>)'(x)\pdw]1/p
- [%/llh’(f*g)(fwy)+h(f’*9><f+y)

P 1/p
dx]

<[ [1-e K@) e e or]

— W' (fxg)(x) = h(f *g)(x)

_ 1/p
+ _%/IW (@) 7=y (F*9) (z) — (f *g) (x)|pdx]

[ 1/p
* _% / 7=yt (@) = @) l7-y (' + 9) (@) dl‘]

r 1
gz [ @Iy (£20) @) - (7 x0) @) a2 !
<Nl = Wl Iy (7 5 Dl + I W7y (f %.9) = £ %,
7 = Bl Wy (F % 9l + Bl 7y (7 5.9) = £ %1,
=l = Wl 15 % glly + W Ny (f % 9) = £ 9l
7 = Bl 1 5 gl + Il iy (F % 9) = 5l

Thus, given € > 0, we can find n > 0 such that for |y| <n

|70 (o) = a0y (7))

< e £l gl + < I e + 1771, lglly + < Nl
< Ce (IfIrpv lglly) +e (hlloo + 17']1)

since the operator 7_,, is continuous on L” and h, h’ are continuous on I
So, condition (iii) of Proposition 24 is satisfied.

Let us finally verify condition (ii).
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Let € > 0 be any positive number. For § > 0 whose size will be conveniently
chosen later, we have

1/p

1/p

|3 [ W@ b g @ ds

5<|z|<m

IN

W Xgs<iei<nt]l o I1F * gll, + [|Pxs<iei<at ]| 1 * gll,

IN

(119 xssratm o 171, + X goter<ot oo 1F1L,) Ny
< C([[Wxs<iaien || + [[PXG5<tzi<nt || ) I IRBVE N9l

< OM (|| X s<toi<m || oo + [|PX15<t01<m || o) N9l
< CMe

if we choose § > 0 sufficiently small, since h belongs to C}.
Therefore, M;C; is a compact operator. (]
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