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ABSTRACT. In this paper, we introduce a new subclass of analytic funct-
ions with negative coefficients defined by Gegenbauer polynomials. We obtain
coefficient bounds, growth and distortion properties, extreme points and radii
of starlikeness, convexity and close-to-convexity for functions belonging to the
class T'S{*(v, 0,k,9). Furthermore, we obtained the Fekete-Szego problem
for this class.

1. Introduction

Let A denote the class of all functions u(z) of the form
u(z) =z + Z anz" (1)
n=2

in the open unit disc F = {z € C : |z| < 1}. Let S be a subclass of A con-
sisting of univalent functions and let satisfy the following usual normalization
condition u(0) = u/(0) — 1 = 0. We denote by S the subclass of A consisting of
functions u(z) which are all univalent in E.

A function u € A is a starlike function of the order v,0 < v < 1, if it satisfies

zu'(2)
8‘%{ () }>v,(z€E). (2)
This class will be denoted by S*(v) .
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A function u € A is a convex function of the order v,0 < v < 1, if it satisfies

R {1 + Z;L,:(ZZ))} > v, (z € E). (3)

K (v) will denote this class.

Note that S*(0) = S* and K(0) = K are usual classes of starlike and convex
functions in E, respectively.
Let T denote the class of functions analytic in F that are of the form

u(z) =z — Z anz", (an, >0, z € E) (4)

and let T*(v) = T'NS*(v), C(v) = TN K(v). The class T*(v) and the allied
classes possess some interesting properties and have been extensively studied
by Silverman [13].
The class T (M), A > 0, was introduced and investigated by Szynal [16] as a
subclass of A consisting of functions of the form
1

u(z) = / (2, m)dp(m), (5)
where -1

z
kj =
(z,m) (1 —2mz+ 22)A

and p is a probability measure on the interval [—1,1]. The collection of such
measures on [a, b] is denoted by Py, .

(z€ E,;m e [-1,1)) (6)

The Taylor series expansion of the function in (@) gives
E(z,m) =z + c}(m)2% 4+ 3 (m)2 + - - (7)
and the coefficients for (7]) were given below:
ca(m) =1; cf(m) =2 m; cy(m) =22\ +1)m? — \;
4 (8)
ca(m) = §A(>\ + 1A +2)m> =22 A+ D)m.. .,

where ¢)(m) denotes the Gegenbauer polynomial of degree n. Varying the pa-
rameter A in (), we obtain the class of typically real functions studied by [IL2]

[6LOL[T0L1214] and [17].

Let GY' : A — A be defined in terms of convolution by
GY'u(z) = k(z,m) * u(z).
We have

Glu(z) =2+ Z AN, myn)a,z" (9)

n=2

where
¢()‘7 m, TL) = C7>’\L—1 (m)
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Now, by making use of the linear operator Gy', we define a new subclass
of functions belonging to the class A.

DEFINITION 1.1. For 0 <~ <1, o> 1,k>0and 0 < ¢ < 1, a function u € A
is said to be in the class ST (v, o, k, V) if it satisfies condition

2F'(2) 2F'(2)
<o . —(o—1)p > EKlo . — 0|+, (10)
here { F(2) } F(z) ‘
F(z) = (1 —7)G%u(z) +v2(GFu(2)) . (11)

We also define
TS (v, 0 k,9) = X' (v, 0.k, 9) NT.
By suitably specializing the parameters involved, the class SV (v, o, k,¥) and

if it satisfies the condition T'SY* (v, o, k, ) can be reduced to new or to known
much simpler classes of functions which were studied in earlier works (see [3H5]

The object of this paper is to study various properties for functions belonging
to the class SV'(7, 0, k,¥) and T'SY* (v, 0, k, ), respectively.

2. Coeflicient estimates

In order to prove our results from this section, we need the following lemma.

LEMMA 2.1. Let ¥ be a real number and w be a complex number. Then, R(w) >
9 if and only if
|lw+ (1 =9) —|w—(1+9)] >0.

First, we give a sufficient coefficient bound for functions in the class

SN (7, 0, k, ).
THEOREM 2.2. Let u € A be given by (). If

S =0+ on 1)1 +E)]A Ny, m)|an| <19 (12)

n=2
where
Ap (A, y,m) = [14+v(m —1)] (A, m,n). (13)

Then, u € S{* (v, 0, k, 0).
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Proof. In virtue of Definition [[LTl and Lemma [Z.1], it is sufficient to show that

QZQS) —(0—1) *k‘p 52( - Q‘ +19)‘ <
2F'(2) 2F'(z

- g\ +q9)‘. (14)

O F) —(e—1)—k|o Fo)

For the right hand and left hand side of (I4]), respectively, we may write

| 2F(2) B
R=ler, (e— (1 19)‘
]‘ ! (3 /
= ol ‘QZF (z2) — (0 — 1)F(z) — ke |pzF'(2) — QF(Z)‘ +(1=9)F(2)
2 — 19— 3 — n— m)|a
> |F(z)|[2 9 n;z 9 + o 1)(k+1)]An(>\,7, )|an]
and similarly,
| 2F'(2) zF’
L_QF<Z) —(0o— k:’ ’— 1+19)’
‘ ( I 02F'(2) — (0 — 1)F(2) — ke'®| 02F'(z) — oF (2)| — (1 + 9)F(2)
2 [ —I—Z‘Q (1+k)— 19’14 ’y,m)|an\]
R—L> 7 |(|)| [ (1-19) —22[1 — 9+ o(n — 1)(1+k)]An()\,7,m)|an\] > 0,
the required condition (I2)) is satisfied. O

In the next theorem, we obtain a necessary and sufficient condition for a
function w €T to be in the class TSV (v, 0, k, 7).

THEOREM 2.3. LetueT be given by @)). Then, ueTSY' (v, 0, k, V) if and only if
Z1—19+Qn—l)(1+k)]An(/\,%m)anSl—z‘/‘, (15)

where Ap (X, v, m) is defined by ([I3). The result is sharp.

76



A SUBCLASS OF ANALYTIC FUNCTIONS DEFINED BY GEGENBAUER POLYNOMIALS

Proof. Assume that inequality (I5]) holds true. In virtue of Theorem and
the definition of T'SY* (v, o, k, ), choosing the values of z on the positive real
axis, inequality (I0) reduces to

1-— § 1+ o(n — D]AL(\, v, m)a,z" !

n=2

1- Z An()‘v s m)anzn_l
n=2

-9 >

> o(n—1)A, (N, y,m)anz"t
k n=2

= (16)
1— > A\, y,m)apz""1
n=2

Letting z — 17, we obtain the desired inequality. Finally, equality holds for the
function w defined by

1-9
=7 — " > 2). 1
U = T e DA DA Oy 2 (40
O
COROLLARY 2.4. Ifu € TSV (v, 0,k, V) then,
1-9
n < , > 2). 18
"S5 o - DA+ Ay 2R (0
FEquality is obtained for the function u given by (7).
3. Growth and Distortion theorem
THEOREM 3.1. Let u € TSV (v, 0,k,9). Then, for |z] =r <1
(1-9) ) (1-7) 2
— < < 19
T B vmo ko) ()l < 7+ Ba(\ om0,k 0) 19)
and
2(1—-19) 9 , 2(1—19)
1-— < <1 2
B2()‘7/y’ma Qakaﬁ)r - ‘u (Z>| - - B2</\777m) o, kaﬁ)n ( 0)
where

Inequalities (I9) and 20) are sharp for the function u given by
-9
BZ()H Y, m, o, ka 19)

u(z) =z —
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Proof. Since u € T'S{(v, 0, k,) and from Theorem [2Z3] it follows
oo
Z Bn</\a v,m, o, ka ﬁ)an S (1 - 19)?
where B, (A, v, m, o, k, 1) is given by (2I]), we have

BZ(A777m7 0, k719) Z Up = Z BQ(A777m> 0, kvﬁ)an

S ZBn()‘af)/ama Qaka’&)an S 1-— 19
n=2

and therefore,

Z " (1-9)
n < Ba(\,v,m, 0,k,9)
Since u is given by (@), we obtain

o = (1-9)
2 —2 2 — 2
lu(z)] < |z| + |2 ;a"|z|n <r+r nz:;an <r+ BaOvm, g,k,ﬁ)r

and

s 1—-9)
> n=2 - . _ .2 >r— ( 2'
[u(2)| > |2| — |2]? Za e A ;an_r Bz()\’%m,g,k,ﬁ)r

In view of Theorem 23] we also have

Ny,

BZ(A777m7 Q7k719) i i BZ(A777m7 Q7k719)
na, =
2 n=2 n=2 2
< Z(an )\7 Y, m, 0, kv 19)0177, < (1 - 19)
n=2
which yields

ina < (1_19)
n—> " BZ(Avfy’m?Q’k?ﬁ).

Thus,

o0 o0
W/ (2)| ST+ nanlz" <14+r> na, <1+
n=2 n=2

20-9)
BZ()\v Y, MM, 0, k? 19)

and
20-9)
B2</\777m) o, kaﬁ) ’

oo oo
W' (2)] >1— Znan|z\"_1 >1- anan >1-—
n=2

n=2
Now, the proof of our theorem is completed.
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4. Extreme points

Next, we examine the extreme points for the function class T'SY* (v, 0, k, V).

THEOREM 4.1. Let the functions ui(z) = z and
(1-9)

w(2) =2z — " 23

) = kD) 2

where
0<A<1, 0<y<1, meN, p>1, k>0, 0<d9<1, n=>2.

Then, w € TSV (v, 0, k, V) if and only if

u(z) = Z Antn(2), (z € E), (24)

where e o
A >0(n>1) and Z)\nzl.

n=1

Proof. Assume that u can be written as in (24]). Then,

- (1-9) ]
u(z) = A Z—I—E )\n[z— z"
(&) =X — Bu(A,v,m, 0.k, 0)

n

> :
: —~ Bo(\v.m, 0.k, 9)

Since

S (1—1) _
;Bn(/\,%m, 0k A g )

(14)50)" —(1—9(1-\)<(1-9),
n=2

in virtue of Theorem it follows that
we TSP (v, 0.k, 0).
Conversely, suppose u € T'S{*(7, 0, k, ) and consider

By,(A\,y,m, 0,k,0)
(1-9)

an, (n>2) and )\1:1—2)\”.

n=2

Ap =
Then,

u(z) = Z Antin (2).

Hence, the proof is completed. O
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5. Radii of starlikeness, convexity and close to convexity

We begin this section with the following theorem.

THEOREM 5.1. Let the function u given by (@) be in the class TSV (v, 0, k, V).
Then, u is starlike of order p(0 < p < 1) in |z| < r1 (N, v, m,0,k, ), where

(1— p)Bu(\, 7, m, 0.k, 0)] 7
(n—p)(1 =)

1 (>‘7’77 m, o, k7 19) = 7lzgf2

Proof. To prove the theorem, we must show that

2u’(2) :
) —1|<1—p, forzeE,0<p<1with|z] <ri(A7y,m,o,k,0).

We have

zu/(2) 1| = - nE::Z(n ) 1)anzn_1 < nzz:z(n - 1)an‘z|”_1

u(2) 1— > apznt o1 > an|z[? !
n=2 n=2

Thus,

zu'(z) : o (n—p) 4

-1 <1-p if anlz|"" < 1. (26)
ne) 2 1))
In virtue of (I&]), we have
Z Bn()‘af% ma Qa ka 19)
n=2 <1.

Hence, inequality (26]) will be true if

(TL B p) |Z‘n_1 < Bn(>\,'77 m, o, kv 19)

(1—p) 1—4
or if 1

(1 - p)Bn</\a v, m, o, ka 19) et
zl < , n > 2).
. (- )L 9) =2

Thus, the proof of the theorem is completed. O

Proofs of the following Theorem and Theorem are analogous to that
of Theorem [5.1], so we omit them.
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THEOREM 5.2. Let the function u given by (@) be in the class TSV (v, 0, k, V).
Then, u is convex of order p (0 < p < 1) in |z| < ro(N, v, m, 0, k,9), where

|:<]- - p)Bn</\a v, m, o, ka 19):| n-t
n(n —p)(1—7)
THEOREM 5.3. Let the function u given by (@) be in the class TSV (7, 0, k, 7).

Then, u in close-to-convex of order p(0 < p < 1) in |z| < r3(\,vy,m,0,k,9),
where

T2(>‘7’77 m, o, k7 19) = inf

n>2

1- n\7\y [y 110y Uy vy ﬁ
r3(\, v, m, 0, k, ) :ggg[( p)Bn (A, v, m, 0,k 19)] |

n(l—19)

6. The Fekete-Szego problem for the function class
SN, 0.k, 0)

In this section, we obtain the Fekete-Szego inequality for the functions in the

class S{* (v, 0, k, ). In the order to prove our main result, we need the following
lemma.

LEMMA 6.1 ([8]). If p(z) = 1+ c12 + coz + 322 + -+ is an analytic function
with positive real part in E, then

—4v + 2, v <0,
lcg — ved| = 2, 0<v<1,
4v — 2, v>1

when v < 0 or v > 1 the inequality holds if and only if p(z) = %J_ri or one of its
rotations. If 0 < v < 1, then the equality holds if and only if

1+ 22
p(Z)— 1722

or one of rotations. If v = 0, the equality holds if and only if

1+46\1 1—-6\1-—
p(z):< ;r >1jj—|—< 5 >1+z, (0 <6 < 1) or one of its rotations.

If v = 1, the equality holds if and only if p(z) is the reciprocal of one of the
functions such that the equality holds in the case of v = 0.
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THEOREM 6.2. Let p>1, 0<k<v9<1. Ifu € SV (v, 0,k, V) is given by (), then

(1-9) As(A,y,m)
Z(1—F)2 A5 (hy.m) [Q(l—k)+2(1—19)—4U(1—19)7A§(A;m)], p<or,
1—
|a3_ua§‘: Q(l_k()AS(;‘777m)’ O-IS:U’§0-27
—(1—9 As(\,y,m
f@_mgh&ﬁm)@Uf49+2afﬁyf@ulfm2§xﬁﬁﬂ, Lo,
where
A2 A2 1-— 1-—
o1 = 2(>‘7’77m) and 09 = 2()\,’7,7)%)[ 19+Q( k)]
2A3()‘7’73m) 2A3</\377m)<1 - 19)

The result is sharp.

Proof. Since R(w) < |w| for any complex numbers, u € SV (7, o0, k,¥) implies
that

2F'(z) 2F'(z)
—(o—1 k - 9

Rleey -t ] e [od - o] ¢

or that
(zF’(z)) ¥ —140(1—-k)
R :
F(z) o(1 —k)
Hence,
9 —1+p(1— k))
GesS* .
( ol —k)
Let
zF'(z)  9—14+0(1—k)
p(z) = =D 1zt
o(1—k)
Then, by virtue of (@) and (Il), we have
(1-9)

as = c

P o1k ANy m)
and ( )

1-9 1-9
a“‘%u—kmﬂxmmﬂw+gu—mq]

Therefore, we obtain
(1-19) 1-9 (1—19)2 9
cg — ———c1| — ¢
200 = K} As(\m) [P o007 k)20 m)

-9 -9 Az(N\,v,m
:2m1$Mx§%mJle )ﬁ@uégﬁmgﬂl

2
az — paz =
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We write
a —ua2: (1719) (C _p02>
ST 21— k) As(Nyom) D

where,
D) [y AOym)
Q(l _k> A%</\377m)

Our result follows by application of the above lemma. Denote

¢ = ¥ —14p0(1—k)
o1 —k)
If 4 < o1 or pt > 09, then the equality holds true if and only if
F(z) = - (0 € R).

(1 — eifz)2(1-)"
When 01 < p < 09, the equality holds true if and only if

F(z) = m (0 € R).

If 4 = o1 , then the equality holds true if and only if
# 1-6

r6) = s |reees] -

[(1 = eif2)1+5(1 + eifz)1-0]' ¢

Finally, when p = o3, the equality holds true if and only if p(z) is the reciprocal
of one of the functions such that equality holds true in the case of p =0,. 0O

(0<6<1, €R).
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