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ABSTRACT. In this paper, we first show some inequalities on weighted power
mean. When a,b >0, p>1and 0 < v <7 <1, we have

v <aﬁp,vb — affyb < 1—w
“aflprb—airb T 1 -7

N4

3

and
v < afp,wb—alyd 1 —w

T 7 afp,rb—alrb —1—-7

Further, we obtain the range of corresponding inequalities involving the m power
form of weighted power mean in the same form as above for m € Nt orp > m > 0,
m < p < 0. As further applications, we provide some inequalities about matrices
and determinants, respectively.

1. Introduction

Let M, (C) be the space of n x n complex matrices, M,, ™ (C) stands for the
set of positive semi-definite matrices in M,, (C) and M, T (C) is the set of pos-
itive definite matrices in M, (C). As usual, for the two Hermitian matrices
A and B, we say A > B, when A — B € M,"" (C). B(H) stands for the
set of all bounded linear operators on a complex Hilbert space H with an inner
product (-,-). The singular value of A, that is, the eigenvalue of the positive

semi-definite matrix |A| = (A*A)%, is denoted by s;(A).
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We usually define weighted AM-GM-HM (Arithmetic-Geometric-Harmonic
means) and weighted power mean [4] as

aVyb = (1 —wv)a+ vb,

afyb = at7UbY,

alyb=((1—v)a™' + vb_l)_1
and L
afpwb = ((1—v)a? +vb?)”

fora,b >0, 0 <v <1andp##D0.

The value p — 0 gives the weighted geometric mean, while the values
p = 1,—1 give the weighted arithmetic and harmonic means, respectively.

Similarly, we define corresponding weighted operator AM-GM-HM and power
mean as

AV,B = (1 —v)A+vB,
Ap,B = A% (A—%BA—%)UA%,

AB=((1-v)A + vB_l)_l
and 1

Ay B = A3 <(1 — )l + v(A_%BA—%)p> A

=

for A, B >0, 0<v<1andp#0.

The well-known Young inequality says that for positive real numbers a, b and
0 <wv <1, we have

a'="b" < (1 — wv)a + vb.

In professional discussions, the above inequality is receiving increasing atten-
tion.

In 2015, progress on Young-type inequality was proposed by Alzer,
Fonseca and Kovacec in their work [I], which can be expressed as
following;:

v - (aV,b)™ — (at,b)™ - (1—v)"
™ = (aV,;0)" — (af,b)" — (1—7)™
for a,b>0,0<v<7<1andm>1.

In the same year, Liao and Wu [0] changed the weighted geometric mean
in (L)) to the weighted harmonic mean:

m m o | m
L (avvb)m (a.vb)m -
™ = (aV;:0)" — (al;b)" T

for a,b>0,0<v<7<1andm>1.

(1.1)

(1 o U)'m

ek (1.2)
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Similarly, Sababheh [I0] showed inequalities directly analogous to weigh-
ted geometric mean and harmonic mean in 2016:

m _ | m m
(aﬁub)m (a.vb)m > (E) (1.3)
(ab)" — (al;b) T

for a,b>0,0<v<7<1andm>1.

In 2016, Maryam Khosravi [5] showed the following inequalities about
weighted power mean:
aVyb — afy b < 1—w
aV:b—afp,b — 1 -7

(1.4)

fora,b>0, 0<v<7<1, p€ Randp=#1.

Furthermore, Yang and Wang [I1I] have recently refined inequality (LTI)
with the following results:

(av b) ( ﬁvb)m U(l — 1))

@V — (k)" = r(a—r) “=' (1.5)
and

(av b) (aﬁvb)m U(l — 1))

@V D" —(at )" = r(-r) “Z° (1.6)

fora,b>0,0<v<7<1andmé&NT,

For more similar form of the above inequalities, we refer the readers to [2/[8[9]
and the reference therein.

2. Main results

In this section, we first show the inequalities that are new results for (I4).
Then, we present some corresponding inequalities involving the m power form
of the weighted power mean.

THEOREM 2.1. Let

a,b>0,p>1 and 0<v<7<I,

then we have that
v atp,b—af,b  1—w

- < < . (2.1)

T aflpsb—aib T 1—7
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1
Proof. Suppose that f(v) = =2 =27 Tyep

v

S

£ (v) = (%(1—U+pr)%—1(xpf1) Uzvlnx)v(lv+vxp) g
_ h(2)
==

h(z)= ‘ (zP—-1) (1 — v+vxp)%_1 —vx’Inz — (1 — v+vxp)% + .
p

h' (x)
1_ 1 1_
= prp_l(l—ervxp)ll’ 12 (P —1) (—1) (1—-w +m:p)113 2poaP~!
p p p
1 1_
— 0?2 Tlne —v2" ' — (1 —v + vxp);’ "pvaP ! 4 pzt !
p
1 1_
=v22P (2P — 1) <— — 1> (1—-w —l—vxp)ll’ R Al
p

When p > 1, if 0 < = < 1, W(z) > 0, if z > 1,
h(z) < h(1) = 0, it is clear that f'(v) < 0 when p > 1,
f(v) > f(7). Therefore,

(17v+vxp)%fx” < (1—T+Txp)%fx7

R(xz) < 0, thus
which means that

v T

Taking = = g, we can get the first inequality of (21I) directly. The proof
of the second inequality of ([21]) is similar to the one presented above. O

The following inequalities are similar to the above, where the weighted geo-
metric mean becomes the weighted harmonic mean.

THEOREM 2.2. Leta,b>0,p>1 and 0 <v <7 <1, then we have that

afp.b—alyb - 1-w

) 2.2
Taflpb—alib T 1—7 (2.2)

(%
T

1 o1
Proof. Suppose that f (v) = (1—vtva?)? —(1—vtvr ") . Then

v

o= | (G0t et -4 @) @ o))

- (1 —v—l—vxp)% + (1 —v—l—vx_l)_l]
h@)

v2
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SOME INEQUALITIES INVOLVING WEIGHTED POWER MEAN
h' (x)

e

<% — 1> (1—v+ vxp)%_zpvxp_l (P — 1) + %(1 —v+ vxp)%_lpxp_l
+20(1—v+ vx_l)_Bvx_z (z7'=1)-(1-v+ vx_l)_2vx_2
— %(1 —v+ vxp)%_lpvxp_hr(l —v+ Ux_l)_2vx_2

= 022?71 (2P — 1) <% — 1) (1—v+ pr)%—2
+ 2022 (x_l — 1) (1 —v+ vx_l)_s

When p > 1, if 0 < =z < 1, R/(x) > 0, if x > 1, B'(x) < 0, then
h(z) < k(1) = 0, it is clear that f’(v) < 0 when p > 1, which means that

f(v) > f(1). So

(1 —U+m:p)% -1 —U+vx_1)_1 - (1 —T+Txp)% - (1 —T+Tx_1)_1

v T

~—

Taking = = %, we can get the first inequality of (Z2]) directly. Similarly,
we can obtain the other inequality by using the above method. ([l

The following remark is to show that Theorem [Z1] and Theorem 2.2] are new
results compared to inequalities (L4]).

Remark 1.

(i) Here are the comparisons of these three inequalities.
Whena:3, b:2, v:i’ T:%’ p:4,

b — ) »b — af,b 20— alyb
aVob = alpub g gog < Heab Z Ak o7 o Gpobmalb 2
aV.b — af, b afly,~b — a;b afly b —al:b
Whena:%,bzl,U:%’T:%’p:Ll’
_ _ —q!
M ~ 1.599 > M ~ 1.281 > M ~ 1.041.
aV.:b —af b afp b —at;b afp b —alb

Therefore, they cannot be substantively compared.
(ii) Let p =1 in Theorem 2] we can get inequality (LI when m = 1.

On the basis of inequalities (4], (2.I)) and ([2.2)), we generalize the inequalities
to the m power, respectively.
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THEOREM 2.3. Letp # 1,0 < v <71 <1, m € N*, then for all real positive
numbers a, b:
(i) Ifa > b, then m m
(aVyb)™ — (afip,vb)

v
(ava)nL _ (aﬁp,'rb)m Z ; (23)
ii) Ifa <b, th m m
(i) Ifa<b, then (aVud)™ — (afpob)™ _1-v (2.4)
((lvrb)m — ((lﬁp,»rb)m — 17 .

Proof. Clearly,
(1—v+ovz)" —(1—v+ovzP)»

= ((1 —v+vx)—(1—-w —I—pr)%) i ((1 —v —l—vx)m_i(l —v —I—pr)%).

o v) :Z((1—v—l—vx)m_i(l—v_|_vxp)%)’
then = N |
frl)=(z-1) (Z (m—1d) (1 —v+ox)™ (1 —v +Wp)1p1>

+ (2P = 1) (Z ! ; 1(1 —v+vz)" "1 —v+ vxp)%_l> :
i=1

(i) When 0 <z <1, f'(v) <0, s0 f(v) is decreasing, f(v) > f(7), we have

(v)

(7)

(l—v—l—vx)m—(l—v—l—vxp):’ (
(I—7+72)" —(L—7+T12P)>

)
(1—v+wvx)— (17v+vxp)%)f
(1—7+712)— (1*T+T.’L'p)%)f

v+ox)— (1 —v+vzP)?

(1-—
S (l-TH4TI)— (1—7‘—|—7‘l‘p)11’
v
T

>~ (by @4).

(i) When 2 > 1, f'(v) > 0, so f(v) is increasing, f(v) < f(7), we have
(1—U+vx)m—(1—v+vx )% ((1f’U+U.%') (1—v+vxp)5) (U)
(I—7+72)" —(L—7+727)%  ((L—7+72)— (1—7+72P)7)f (r)

< (1 —v+wvx)— (1—v+vxp)%
(1— T+Tx) (I =74 7apP)?
1
<170 (@),
Taking z = g, we can get the desired results directly. (]

210
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Remark 2.

(i) When m > 1, Theorem [2.3] can be regarded as a generalization of inequal-

ity (L.4).

(ii)) Let a=b, b=a, v=1—7 and 7 = 1 — v in inequality ([2.3]), we can also
get inequality (24) directly.

(iii) Let 0 < v <7 <1, p— 0 in Theorem 2.3 we can get

(avvb)m — (aﬁvwm > E > 1)_ a>b
(aV.b)" — (af,0)™ = 7 = 7m’
and
(aV,b)™ — (at,b)™ - 1-wv - (1—v)"
(aV o)™ —(af,0)" —1—7~ (1—17)""
Therefore, it is obvious that Theorem 2.3]is a new result associated with inequal-

ity () with the corresponding additional m € N*, a > b or a < b conditions,
respectively.

a <b.

THEOREM 2.4. Letp>1,0< v <7 <1 and m € NT, then for all real positive
numbers a,b, we have that

(i) If a > b, then

(af ,vb)m - (aﬂvb)m v

(@)™ = (0™ > 7 25)
(ii) If a < b, then

(aﬂp’vb)m — (at,b)™ - 1—w (2.6)

(afp.b)" — (af;b)" — 1—7"
Proof. Clearly,

(= vtwar)? = = (L= v+ wa?) — ") (Z (1- Hmp)m,f‘xu—uu)
i=1
Let

m
:Z 1—v—|—vxp) v gl Vv,
i=1

then N
f (v)= (2" = 1) (Zm_ (1—v+vaP) » ‘gli= 1)>
. p
i=1
+Ilnz (Z (1—1) 1—v—l—vxp) v gi=De )
i=1
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(i) When 0 <z <1,p > 1, we have (2P — 1) <0, =1 > m=2 > . 2%20,
Inz <0, so it’s obvious that f’(v) < 0, which means 1. Therefore,

( =

-

1—v+4ozP)r —z¥)f (v)
1—7+7ap)r —a7)f (1)

(1—v+ovaP)r — g™ (

(1—7+7aP)” —amr

=

(
(

v—l—vxp); —zv

o
> (1
(1—T—|—7‘x?’)1’ — a7

> (by @)

(i) When = > 1, p > 1, we have (a2 —1) > 0, mT_l > 'mp—2 > > % >
0, Inz > 0, so it’s obvious that f/(v) > 0, which means ;Evg < 1. Therefore,
(1—v+vxp)%—xm” ((1—v+vxp)P—x )f (v)
(17T+Txp)% — gmT ((1—7-_|_7-xp)p _xf)f(q-)
< (1-— v+vxp) —av
(1-— T—l—Tl‘p)P — a7
1
<=0 oy @)
Taking z = g, we can obtain the desired results directly. (]

THEOREM 2.5. Letp>1,0<v <7 <1 and m € N1, then for all real positive
numbers a,b, we have that

(i) If a > b, then

(aﬂ ,vb)m — (a'vb)m v

(aﬁz,fb)m — (al;b)™ 2 (2.7)
(i) Ifa <b, then o

(afyob) = (ah) 1= (2.8)

(@bt — (@) < 1= 7

Proof. It can be proved by an argument similar to the one used in Theorem [2.4]
O

It should be emphasized that in the following results, the m in the power of
the inequalities is not a common positive integer but a real number.

THEOREM 2.6. Letp>m >0 o0orm <p<0, 0<v<7<1andm is a real
number, then for all positive real numbers a,b, we have that

(atp,ob)™ — (aud)™ _ v (2.9)

(afp+b)" — (afb)™ — 7
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Proof. Suppose that f(v) = (1_”+w2)?_mm. Then
f'(w)
(%(1—1}—0—1&7’)%_1 (P —1)—ma™ lnx)v—(l—v—i—vxp)% +2™ h(z)
2

v2 v

muv

= = <ﬂ1> (1—v +vaP)? Zpoa? 4 —pa? Y (1—v + va?)»
P p

olE

- - m m_1 - -
—m%%e™ Ing — moa™ " — —(1 — v+ vaP)r " puaP Tt 4 moz™ !

p
m_ 1) (1—v+ vxp)%_2 —m%?z™ .
p
Whenp>m>0orm<p<0,if0<z<1, M(z)>0,if x> 1, h'(x) <0.
So h(z) < h(1) = 0, it is obvious that f’(v) <0, it means that f(v) is decreasing
and f(v) > f(7). Therefore,

= mo?zP~ ! (2P — 1) (

(1—v+ vxp)% — ™Y - (1—-7+ Txp)% — ™
v o T
Taking z = g, we can obtain the desired inequality directly. (]

3. Applications to matrices and determinants

LeMMA 3.1 ([7]). Let X € B(H) be self-adjoint, f and g be continuous real
functions such that f(t) > g(t) for all t € Sp(X) (the spectrum of X). Then,

f(X) = g(X).
THEOREM 3.2. Let I,Q € M, (C) be positive definite, 0 <v <7 <1 andp > 1,
the following inequalities hold:

v 1—w

; (Iﬂp,rQ - IﬁrQ) Slﬂp,vQ - IﬁvQ < : (Iﬁp,'rQ - IﬁrQ) (31)

and

1—wv

1 (Iﬂp,TQ - I'TQ) . (32)

= (I2.0Q = 14Q) <12,,Q ~ 1,Q <

T

Proof. According to the above conditions, we can let the positive definite ma-
trix Q@ = U*YU, where U represents some unitary matrix and Y represents
diagonal matrix. Y = diag (A1, A2, ... An), A; is the eigenvalue of @ and

Xi>0, i=1,2,...n, If,,Y =diag (18, A1, 1poAa, ..., 1poAn)-
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Thus, we can apply the first inequality of (ZI]) for « =1 and b = A;, we have
IfpoY — I8,Y > < (I, Y — I4,Y).
T

Then, multiply left by U and right by U* on the inequality to get the desired re-
sults. This proves inequality ([B1]), similarly, (3:2)) holds by the second inequality

of (Z1). O

THEOREM 3.3. Let A,B € M, (C) be positive definite, 0 < v < 7 < 1 and
p > 1, the following inequalities hold:

1—-w
1—7

g (A$,.B — At,B) < At, B — At,B < (Af,.B — A#.B)  (3.3)

and

1—
% (A4,.B— Al,B) < A, ,B— Al,B < 1—” (Af,.B—AlLB).  (34)
T -7

Proof. Put Q = A~2BA~2 in inequalities (1) and (32), then multiply both

sides of the inequalities by Az to get the results. O

THEOREM 3.4. Let I,Q € M, (C) be positive definite, 0 < v <7 <1, p#1
and m € NT, the following inequalities hold:

(i) If I > Q, then we have
IV.Q)" = (£, Q)™ = = (IV-Q)" = (I, Q™). (3.5)

(ii) If I < Q, then we have

1—vw

(Iva)m - (Iﬁp,UQ)m S 1

((IV:Q)" = (I-@)™). (3.6)

T

Proof. According to the above conditions, we can let the positive definite
matrix Q = U*YU, where U represents some unitary matrix and Y repre-
sents diagonal matrix. Y = diag (A1, Ag,...\,), A; is the eigenvalue of @ and
Ai>0, ¢ =1,2,...n, then

(It Y)™ = diag((1p.0A1)" (Upde)™, ..o, (Lpodn)™).
Thus, we can apply (23) for a =1, b= X; <1, we have

(IV,Y)™ — (I1p,Y)™ > ;((IVTY)*” — (Tt Y)™). (3.7)

Then multiply left by U and right by U* on inequality to get the desired results.
This proves inequality [33]), similarly, (3:6) holds by inequality (24I). d
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THEOREM 3.5. Let I,Q € M, (C) be positive definite, 0 < v <7 <1,p>1
and m € NT | the following inequalities hold:

(i) If I > Q, then we have that
(T80 @™ = (15,Q)" = = ((I4,,Q)" = (I:Q)™) (3.8)
and
(40Q)" = ILQ)™ > 2 ((14-Q)" — (1LQ)™). (3.9)
(il) If I < Q, then we have that

1—w
1—71

(Iﬂp,vQ)m - (IﬁvQ)m S ((Iﬁp,'rQ)m - (Iﬂ'rQ)m) (310)

and
1—w

1—17

(Iﬁp,vQ)m - (I!vQ)m < ((Iﬁp,'rQ)m - (I!TQ)m)- (3'11)

Proof. We can prove it by the same method as that described in Theorem 341
O

LEMMA 3.6 ([3]). Let a = [a;],b = [b;],i = 1,2,...,n, such that a;,b; are
positive real numbers. Then

(ﬁ ai)" + (ﬁ bi>n < (ﬁ (a; + bi)>n

THEOREM 3.7. Let A,B€ M, ™ (C),0<v<7<0andp>1, then

det (Afp.oB)™ — det (A§,B)"™ > = det (A8, B — Af, B)"  (3.12)
T

and
det (Aﬂme)% — det (A!HB)% > 2 det (Atp B — A!TB)%. (3.13)
T

Proof Let T = A"2BA~%,a =1and b= s;(T) in the first inequality of 1)),
we have
1ﬁp71}8i (T) — ].j:lez (T)
U r5i (T) = Ursi (T)

>Y s (M) £1, i=1,2,...,n
.
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1
det (It ,T)" = (Hw,ﬂ,sz T)>
=1

1

> (H (1p.r5i (T) = 1rsi (T)) + Loss (T)Dn
= H Uy rsi (T) = s (T)) " + [] (1uss (1))

=1
(by Lemma [3-4])
- 3 det (It T — I4,T)" + det (I#,T)

3=

Then, multiply the both sides of the above inequalities by (det Az ) we can get
the desired results. Using the same method, we can obtain ([B.I3)) easily. O

THEOREM 3.8. Let A, B € M, (C), A< B, 0<v<7<0,p#1 and
m € N1, we have that

m
n

det (AV,B)™ — det (A, . B)" >

— T det (AV,B — A, ,B)".  (3.14)
— v

Proof. We have s;(A"2BA"2) > 1for 0 < A < B. Let T = A"2BA™3,
a=1and b=s;(T) > 1 in inequality (24]), then
(AVys; (T)™ — (108 (T)™ - 1—w

(Vs (1) = (s (M) 1= D #AL i=12.n

det (IV,T) % = ((1Vs; (T))™) "
=1 E - Z ((stz (1)) = (Lp.0si (T))m) (1 -si (T))m] !

by Lemma [3.6))
1 - T - m 7’L m
2 1—wv H (lvvsz (T) = 1p,0si (T>) "t H (wp,TSi (T)) "
=1 i=1

1-— m m
=1 L det (IV, T — Ity o T) " + det (I, T)".

Since a > b > 0and m € NT, a™ — b™ > (a — b)"™, we can get the last inequality.
Then, multiply the both sides of the above inequalities by (det A%)W, we can
obtain the desired results. O
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THEOREM 3.9. Let A, B € M, (C), A>B, 0<v<7<0,p>1and
m € N1, we have that

det (At, ,B)

" " det (A, ;B — A, B) " (3.15)

— det (AﬁvB) >

and

det (A#, ,B)™ — det (A!,B)"™ > — det (A, B — Al,B)". (3.16)

Al 9

Proof. We have si(A_%BA_%) <lforA>B>0.LetT = A_%BA_%, a=1
and b = s; (T') <1 in inequality (2.3]), then

~—

(1p.08i (T)™ — (1ys; (T))™ _ v -
Uﬂz,fsi TN = (s (T))" = 77 5 (T)#1, i=1,2,...,n.

m

1p, 08 (T)>

~—

det (I, ,7T)

F
I
—

@
Il
=

1

(i ()™ = (187 (0)™) + (Lo <T>)m]>;

Y
N

@
Il
—

[2 (s (1) = (s (1)) " L (s (1)

-
(by Lemma [3.6))

v n

- 1 T9% 17'1 ” 1111
TH fp.rSi frsi( +i1;[1 fvs

- 3 det (It . T — I, T) " + det (I, T)™ .

v

<
Il
A
.
Il
=

3\3

v

Since @ > b > 0 and m € NT, a™ — b™ > (a — b)"", we can get the last inequality.

Then, multiply the both sides of the above inequalities by (det A%)%, we can

obtain the desired results. Inequality (3.I6]) can be proved analogously as above.
O
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