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ABSTRACT. In 2014, J. Borsik and J. Holos defined porouscontinuous func-
tions. Using the notion of density in the sense of O’Malley, new definitions
of porouscontinuity were introduced in 2021, namely MO, and SO,-continuity.
These kinds of porouscontinuity used upper porosity. We consider lower porous-
continuity in the sense of O’Malley, where lower porosity is used instead of stan-
dard (upper) porosity.

1. Preliminaries

In 2014, J. Borsik and J. Holos [I] defined classes of porouscontinuous func-
tions f: R — R. Porouscontinuity is an example of generalized continuity defined
by a family of sets that are “large” in some sense in the neighbourhood of the
point. Namely the function f is continuous at x if every preimage of the open
interval to which f(z) belongs contains a set from this family. J. Borsik and
J. Holos used a family of sets whose complements have a specific upper porosity
at a point in their definition. Porouscontinuity was studied in many papers (see,
for example, [BL[0]). It turned out that these classes of functions can be supple-
mented with porouscontinuous functions in the sense of O’Malley, which was
shown in [3]. The aim of the presented paper is to transfer these results to lower
porouscontinuous functions. Throughout the paper, we consider only functions
from R to R. In the first section, we recall the properties of the upper porosity,
the upper porouscontinuous functions and the O’Malley upper porouscontinuous
functions. These results are summarized in Theorem [[LTT1
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The second section is devoted to the lower porosity. An important result
is Theorem [2.3] showing that if = belongs to the closure of A, then the lower
porosity of A at z is not greater than a half. Theorem 2.10] and Corollary [2.]
show a method of constructing interval sets with a predetermined lower porosity.

In the last section, replacing the upper porosity with the lower porosity,
we define classes of lower porouscontinuous functions S,, P,., M, and N,.
Then, applying O’Malley’s ideas, we introduce O’Malley lower porouscontin-
uous functions SO, and MO, . In the last part of the paper, the relationships
between considered types of lower porouscontinuity are investigated. These rela-
tionships are summarized in Theorem showing a sequence of equalities and
proper inclusions.

C:Mlzz

Py C S, C SO, = Q"
for0<r<t<i.

Now, we present the basic notations and recall the necessary results from
previous research. Let N and R denote the set of all natural and the set of all
real numbers, respectively. By cl(A) and A? we denote a closure and a set of ac-
cumulation points of a set A C R, respectively. By fja we denote the restriction
of f to A C R. For aset A C R and an interval T C R, let A(A,T) denote the
length of the largest open subinterval of I having an empty intersection with A.
Then according to [ILOLI0], the right (upper) porosity of the set A at © € R is

defined as
A(A h
pT(A,z) = limsup M’
h—0+ h
the left (upper) porosity of the set A at = is defined as
ANA (z—h
p_(A,x) = limsup M7
h—0+ h

and the (upper) porosity of A at x is defined as
p(A, z) = max {p~(4,z),p*(4,2)}.

In 2014, J. Borsik and J. Holos defined the families of porouscontinuous func-
tions.

DEeFINITION 1.1 ([I]). Let » € [0,1). A point € R will be called a point
of m,-density of a set A C R if p(R\ A,z) > r.

DEFINITION 1.2 ([1]). Let r € (0,1]. A pomt z € R will be called a point
of pi,-density of a set A C Rif p(R\ A,z) >
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DEFINITION 1.3 ([I]). Let r € [0,1) and = € R. A function f: R — R will be
called

e P.-continuous at x if there exists a set A C R such that x € A, x is a point
of m.-density of A and f;4 is continuous at z;

e S,-continuous at z if for each € > 0 there exists a set A C R such that
z € A, x is a point of m,-density of A and f(A) C (f(z)—¢, f(z) +¢).

Let r € (0,1] and x € R. A function f: R — R will be called

e M,-continuous at z if there exists a set A C R such that z € A, z is
a point of p,-density of A and f)4 is continuous at x;

e MN,-continuous at z if for each € > 0 there exists a set A C R such that
x € A, xis a point of p,-density of A and f(A) C (f(z) —&, f(z) +e).

All these functions are called porouscontinuous functions.

The symbols P,(f), S-(f), M.(f) and N,(f) denote the set of all points
at which f: R — R is P,-continuous, S,-continuous, M,-continuous and N,.-
-continuous, respectively. In [I], the equality M,.(f) = N,.(f) for every f and
every r € (0,1] was proved. Observe that if f is right-hand continuous or left-
-hand continuous at some x, then f is porouscontinuous at x.

In [8], R. J. O’Malley modified the notion of preponderant continuity.
Preponderant continuity is an another type of generalized continuity similar
to porouscontinuity, in which a lower density of a Lebesgue measurable set
at a point is used instead of porosity. R. J. O’'Malley showed that one can replace
the density of a set with another condition involving the Lebesgue measure, [4/§].
Combining the notion of porouscontinuity defined by J. Borsik and J. Holos and
using the concept of R. J. O’'Malley, we obtained other types of porousconti-
nuity. O’Malley’s idea is that instead of examining porosity or density, we de-
mand that the ratio of the measure of a given set intersected with (z,z + h) or
A(A, (z,2 + h)) to the value h is specified.

DEFINITION 1.4 ([3]). Let r € [0,1), x € R and A C R. A point z will be called
a point of 7O,-density of a set A if for each n > 0 there exist 6 € (0,n) and
an open interval (a,b) C AN ((z — 6,2 +6) \ {z}) such that 22 > r.

DEFINITION 1.5 ([3]). Let » € (0,1], z € R, A C R. A point z will be called
a point of pO,-density of a set A if for each n > 0 there exist § € (0,n) and
(a,b) C AN ((x — 8,2 +6)\ {z}) such that 252 > .

Directly from the above definitions and Definitions [[LT]and [[.2] we obtain the
following remarks.

Remark 1.6 ([3]). Let r € (0,1), z € Rand A C R. If z is a point of 7O, -density
of A, then x is a point of uO,-density of A.
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Remark 1.7 ([3]). Let r € [0,1), z € Rand A C R. If z is a point of 7,-density
of A, then x is a point of 7O,-density of A.

Remark 1.8 ([3]). Let r € (0,1], z € Rand A C R. If z is a point of O, -density
of A, then x is a point of u,-density of A.

DEFINITION 1.9 ([3]). Let » € [0,1), x € R and f: R — R. We will say that f
is SO,-continuous at x if for each € > 0, the point z is a point of 7O,-density

of aset f71((f(z) —e, flz)+e)).

DEFINITION 1.10 ([3]). Let » € (0,1], z € R and f: R — R. We will say that f
is MQO,.-continuous at x if for each £ > 0, the point x is a point of pO,-density

of aset f71((f(z) —e, f(z)+¢)).

The symbols SO..(f) and MO.,.(f) denote the set of all points at which f is
SO,.-continuous, MO.,.-continuous, respectively, for corresponding 7.

We say that f: R — R is quasicontinuous at = € R if for every e > 0 and 6 > 0
there exists an open interval (a,b) C (z — d,x + 0) such that |f(z) — f(y)| < e
for every y € (a,b). Some properties of quasicontinuity can be found, for example,

in [2[7].
Q(f) and C(f) denote the set of points at which f is quasicontinuous and
continuous, respectively.

We introduce the following notations:

e C={f:C(f) =R}, Q={f: Q(f) =R} and C* is the set of all functions
f: R — Rsuch that at every x € R, f is right-hand continuous or left-hand
continuous (obviously C & C*),

o for r € (0,1], let M, = {f: M,(f) =R}, MO, = {f: MO,(f) =R},

o for r € [0,1), let P, = {f: P-(f) = R}, S, = {f: S:(f) = R} and
SO, ={f: SO,(f) =R}.

THEOREM 1.11 ([3]). Let 0 < r <t < 1. Then,
Ct=MO, Cc M; C
PSSO, Cc MO, Cc My CPrCS,C SO, Cc MO, C M, C

Py C So C SOO =Q
and all inclusions are proper.
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2. Lower porosity in R

By replacing the upper limit with the lower limit in the definition of porosity,
we obtain the right lower porosity of the set A C R at z € R as

.. NA (2 + b))
+(A =1 | St Sl R A
A
the left lower porosity as
_ .. AA (x—h,x))
Azx)=1 f——m—
p(4z)=tmh E
and the lower porosity as

p (A, z) = min {]_9_ (A, x),]_ﬁ'(A, x)} .
Remark 2.1. Obviously, if a set A C R is symmetric about z, then p(A,z) =
P (A z)=p (4 1)

Clearly, p*(A,z) < p*(A,z) and p~(A,z) < p~ (A, z) for every A C R and
r € R.

EXAMPLE 2.2. We construct a set ACR such that p*(A4,0)=0and p*(A4,0)=1.
Let z, = &, A= {0} UU,_; (z2n41, T2,). Clearly,

A4 n n . 1
B+ (A,0) < lim inf M lim Tant+1 _

n—00 Ton n—00  Top, n—oo 2n + 1

A(A, (0, l‘gn_1))

and

p*(A,0) > limsup > i 2not T Ten
n—oo Tan—1 n—00 Tom—1
2n—1
N LI TR U S

THEOREM 2.3. Let A C R and x € R. If there exists a decreasing sequence
(Zp)nen with the terms belonging to A converging to x, then for every e > 0
there exists h € (0,¢) such that w <3

Proof. Take any € > 0. Let n € N be such that z, —x < § and let a =
A(A, (z,xn)) Clearly, o < z,, —x and A(A, (x,xn—l—oz)) =oa.Puth=a,+a—ux.

Then,2a<h<2(xnfx)<5andM:%<%. O

COROLLARY 2.4. Let A C R and = € R. If there exists a decreasing sequence
(#n)nen with terms belonging to A converging to x, then p*(A,z) < %
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Similarly, we can show that if there exists an increasing sequence (z,)nen
with terms belonging to A converging to x, then p~(A,z) < %

COROLLARY 2.5. For every A C R and x € R we have
1
p(A,x) < 3 if ve€cl(A) and p(A,x)=1 if x¢cl(A).

Now, we prove a number of technical theorems that allow us to construct sets
with the desired porosity. These theorems are the main tool in proofs of relation-
ships between classes of lower porouscontinuous functions, which are the main
topic of the paper.

LEMMA 2.6. For every [a,b) there exist two sequences (an)n>1, (bp)n>1 such
thata < -+ <bpy1 < ap <bp <---<b, limy_o0ap, =a and

pt (R\ U(an,bn),a> = %

Proof. Without loss of generality we assume that b—a > 1. Let a,, = a+ m
and b, = a+ ;- m forn > 1andlet A =R\ 2, (an,b,). Choose n > 2.
Clearly, A(A, (a,y)) =b, —a, = (nfl)! — ((n+11)!)2 for y € [b, an—1 + by — ay)
and A(A, (a, y)) =y —ap_ fory € [ap—1 + by — an, by_1]. Hence,

A4, (a,y)) > bn — an

Yy—a _an—1+bn_an_a

for y € [by, an—1 + by, — ay,] and

A(A, (a,y)) _ Y= ano1 by, — an
y—a y—a = Gp1+b,—a,—a

for y € [apn—1 + by — an, by—1]. Therefore, for every y € [by,, b,—1] we have

A(A7 ((I, y)) > bn — Gn
y—a T bh—antan-1—a
1 1 — 1 1+ -1
- n! (n+1)! ((n+1)1)2 - n+1 (n+1)!(n+1)
o1 1 _ 1 + 1 = 91 1 -
n! (n+1)! ((n+1)h)2 n! n+1 (n+1)!(n+1)
Finally,

1

1+t -1
.. n+1 (n+1)(n+1)

pt(Aa) = hnrggf — T =
n+1 (n+1)(n+1)

DN | —

We can show the following lemma in a similar way.
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LEMMA 2.7. For every (a,b] there exist two sequences (an)n>1, (bp)n>1 such
thata < --- < ap <bp < apt1 <---<b, limy,00ay, =0 and

_ > 1
Q<R%£mmmm>:5

LEMMA 2.8. Let v < -+ < bpp1 < ap < by < --- < a1 < by be such that
Gpa1 — bpao < ap — bpay for everyn > 1 and let A = Uzozl[an, bn]. Then,
A(A7 (.’IJ, T+ h)) An+1 — bn+2

inf = .
h€lant1—z,an,—x) h bn+1 — X+ Qpy1 — bn+2

Proof. Ifr € [ant1,bnt1 + ant1 — gz, then A(A, (z, 7')) = apt1 — bpio and
A(A7 (.’IJ, T+ (T B .’IJ))) > A(A7 (.’IJ, bn-l—l + Ap+1 — bn+2))

r—x bpi1 — 2+ Gpy1 — bnyo

If r € [bpt1 + @nt1 — buya, ap), then
A(A, (z,7)) =7 = bpia
= A(A7 (,bpt1 + ang1 — bn+2)) + (7" - (bn+1 + nt1 — bn+2))~

Therefore,
A(A, (2,7))  A(A, (2, b1 + angr — bnga)) + (7 = (bngr + ang1 — bnyo))
r—x bn+1 — T+ Ap4+1 — bn+2 + (T - (bn+1 + Ap4+1 — bn+2))

> A<Aa (l‘, bn+1 + Ap4+1 — bn+2))

o bn-l—l —x+ Qp4+1 — bn+2 .
Hence,

inf A<Aa (l‘, T+ h)) _ A(A> (xa bnt1 + ang1 — bn+2))
h€lant1—x,an—1] h bn+1 — X+ Qpy1 — bn+2
o Up4+1 — bn+2
bnt1 — &+ Ang1 — bngo’

which completed the proof. (]

COROLLARY 2.9. Let A=J,[an,bn], where x < -+ <bpy1 < an <b, <---
coe<ay < by, limg, oo an = T be such that any1 — bpyo < ap — byi1 for every
n > 1. Then,

—-b
pT (A, x) = lim inf Gl = On-2 .
- n—=00 bpy1 — T+ apg1 — bpyo
THEOREM 2.10. For every x € R and for every sequence (cy)n>1 from (0, 3)
there exist two sequences (ap)n>1 and (by)n>1 such that lim, o a, = x,
T < <bpy1 < ap <by <---<ap <bi, Gpnr1 — bpra < ap — bpy1 for every
n>1 andinfrepa,,,—2a,—a] M = ¢p, where A=~ (an,by).
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Proof. Take any z € R and (c,)n>1 from (0,%). We construct the sequences

(an)n>1 and (bn)n>1 inductively. Let by > z be arbitrary. We can find

~v1 € (0,b; —x) such that m = ¢1. Define bg,a; such that z < by <
a1 < by, ay — by = v and by — x < 1. Then, % = ¢1. Assume
that a1,a9,...,a, and by, ba, ..., by, bytq satisfying © < bp1 < ap < by < ---
e < ap < by, % =c¢ and bjy1 —x < a; —bjpqy fori =1,2,....n
are chosen. We can find 7,11 € (0,b,+1 — ) such that m = Cpt1-

Define b,+2, apt1 such that © < byyo < apgr1 < bpgi, Gni1 — bpgras = Yna1

an+1_bn+2
and bpy2 — & < Yp+1. Then, S —

(an)n>1 and (by)p>1 satisfying oz < -+ < bpt1 < ap, < by, < -+ < ay < by and
Gnto < Apy1 — bpyo < @y — by for every n > 1 are defined. Then, the equality

infrefa, 1 —z,a,—a M = ¢, for n > 1 follows from Lemma 2.8 O

= cp+1. Thus, the sequences

THEOREM 2.11. For every © € R and for every sequence (cy)n>1 from (0, 3)
there exist two sequences (0u)n>0 and (Bn)p>1 such that lim, o o, = x,
<< B <ap <Bp < <ar <P <, Barl—Qng1 < P —ay for ev-
eryn >1 and infhe[gnﬂ_mﬁn_m] w = ¢y, where B = Uzozl(@mﬁn)-

Proof. Take any z € R and (c,),>1 from (0, 3). By Theorem 210, there exist
two sequences (a,)n>1 and (by),>1 such that lim,, o a, =2, 2 < -+ < by <
n < bp < -+ < a1 < b1, Gpe1 — bparo < ap — bpy1 for every n > 1 and
infrefa,,q—z,an—a] w = ¢y, where A = |J,_,(an,by,). Define two new
sequences (ay)p>0 and (Bp)n>1 by oy = bpyq for n >0 and 3, = a,, for n > 1.
Then, Bhi1 — Opt1 = apt1 — bpro < ap — bpe1 = Bn — apy and

A(A, (z,x + h))

C he[an+igm7an_m] h

= AU (@b, @2 4 h))
h€lant+1—T,an—x] A

= inf AMUnZi (Bs 0n-1), (@, + 1)
he[ﬁn+1_z76n—1‘] h/

= inf AUnZi[Bns an-1], (z, 2 + h))
he[ﬁn+1_z76n—1‘] h/

= inf A(R\Un:1<an’5n)’<x’x+h)> |:|
he[ﬁn+1_z76n—1‘] h/

COROLLARY 2.12. For every c,d € [0,%] and x € R there exists A C R such
that p*(A,x) = ¢ and p~ (A, z) = d.
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Proof. For every n > 1 let us take ¢, = 5= +1 ifc=0,¢, = cif ce€e
(0,3) and ¢, = 3 — + if ¢ = 4. By Theorem m there exist two se-
quences (an)p>1 and ( n)n>1 Such that lim, yootp = x, x < -+ < bpy1 <
Ap < by < -+ < a1 < by, Ape1 — bpro < ap — by for every n > 1 and
infr,cia, i —o,an—a] M—cn, where A = [J>7,(an,b,). By Lemma

and Corollary 29, p* (A, z) = lim, s ¢y = c.

Clearly, for every z € R and for every sequence (dn)n>1 from (0, 1) there
exist two sequences (al,)n>1 and (b),),>1 such that lim, . al, =z, a] < b} <

c<ay, < b <an g << mpan ., — b <ang— b foreverynZl
A(A (z—h, L
and infpefp—py 0p) ) w =d,,, where A’ =0, (al,,b},). This is just

a theorem analogous to Theorem 210 for the left hand nelghbourhood of x.
Again,takingdn—2+11fd—0 d, =difd € (0, )andd 5 2+1 fd—§
and applying the mentioned fact, we obtain p~ (A’ x) = lim, 00 dy = d. O

THEOREM 2.13. Let A C R and x € R. Assume that
z e (AN (z, oo))d and A(A,(z,x+h)) >0 for every h > 0.

Then, there exist a sequence of open intervals ((an,byn))n>1 from the set
(x,00) \ A and 6 > 0 such that lim, ,oca, = x, x < -+ < bpp1 < an <
by < -+ < a1 < by and A(A, (z,z 4+ h)) = AR\ Up—1(an,bp), (z,z + h))
for every h € (0,0).

Proof. Let
A={(a,b)C(z,00)\A: (a—e,b) N (AU {z})#0+# (a,b+e) N A for every e >0}.

Since A (A, (2, z+h)) >0 for every h>0, there exists a sequence ((cx, dk))k>1 cA
such that * < -+ < djy1 < cp < d, < --- < ¢1 < dy and limp_,o cp = .
For every k > 1 let

By = {(a,b) C [ckt1,ck]: (a,b) € A and b—a > dgi1 — Cry1}-

Certainly, every By is finite and consists of pairwise disjoint intervals. Let B =
Uje; Bk Obviously, B can be represented in the form B = (J;~, (an, by ), where
< <bppr <ap <b, <---<band (an,by) € Aforn>1.Let §=0b; —x
and take any h € (0,9) and (a,b) C (z,z + h) \ A. Then, (a,b) C (Cry+1,Cky)
for some ko > 1.

e If (a,b) C (ckot1,dry+1), then

b—a<b— cry+1 <A<R\ U(an,bn),(x,x+h)>.

n=1
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o If (a,b) N (cky+1,drg+1) = 0, then (cxyt1,dry+1) C (z,2 + h) and either
b—a <dgy+1— Crot1 < A(]R \ UZO:1(an> bn)a (xa T+ h)) or <a> b) c (am bn)
for some n such that (a,,b,) € By,, and again

b—aﬁA(R\ G(an,bn),(x,x—i—h)).

n=1

Since (a,b) C (x,x + h) \ A is arbitrary, we obtain an inequality

A(A, (z,z+h)) <A (R\ G(an,bn),(x,x—i—h)) :

n=1

The opposite inequality

(R\ U ap, bn), (2 x+h)> < A(A, (z,z + h))

is obvious, because A C R\ U7~ (an, by). The proof is completed. O

COROLLARY 2.14. For every A C R and x € R there exists an open set
G C (x,00) N (R\ A) such that pt(A,z) = p™(R\ G, ), and for ¢ > x

the set (c,00) intersects only a finite number of components of G.

3. Lower O’Malley porouscontinuous function

Applying lower porosity and O’Malley concept of preponderant continuity,
we can define other types of porouscontinuity. We define these types of porous-
continuity only for r € [0, —} and r = 1, because of Corollary 2.5

DEFINITION 3.1. Let 7 € [0, 1]. A point # € R will be called a point of 7,-density
of aset ACRIifp(R\ A, x)>r

DEFINITION 3.2. Let r € (0,4] U{1}. A point € R will be called a point
of p -density of a set A CRif p(R\ A,z) > 7.

DEFINITION 3.3. Let 7 € [0,1], 2 € R and A C R. A point z will be called
a point of 7O, -density of a set A if there exists n > 0 such that for every § € (0,7)
we can find open intervals (a1,b1) C AN (z — 6, x) and (az,bs) C AN (z,z+9)
for which blg‘“ > r and b2_a2 > r.

DEFINITION 3.4. Let 7 € (0,3]U {1}, z € R, A C R. A point z will be called
a point of 1O -density of a set A if there exists n > 0 such that for every ¢ € (0,7)
we can find open intervals (a1,b1) C AN (z — 6, x) and (az,bs) C AN (z,z+9)
for which bl_T‘“ > r and Z’QTT‘” > .
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Directly from the above definitions, we obtain the following remark.

Remark 3.5. Let x € R and A C R.
e If x is a point of m -density of A, then x is a point of 7O, -density of A
for r € [0, 3].
e If x is a point of O, -density of A, then z is a point of pO -density of A
for r € (0, 1]. —
e If x is a point of puO -density of A, then x is a point of p -density of A
for r € (0,3] U {1}._T -
DEFINITION 3.6. Let r € [0,3], 2 € R and f: R — R. We will say that f is

e SO, -continuous at x if for each € > 0, the point z is a point of 7O,.-density
of aset f71((f(z) —e, flz)+e));

e S -continuous at z if for each € > 0, the point z is a point of x .-density
of aset f~1((f(z) —e, flz)+e));

e P -continuous at z if there exists A C R such that z € A, z is a point
of ,-density of A and f;4 is continuous at x.

DEFINITION 3.7. Let 7€ (0,4]U{1}, € R and f: R—R. We will say that f is
o MO, -continuous at x if for each € > 0, the point z is a point of gr—density
of a set f~1 ((f(x) —e, f(zx)+ 5));
e M, -continuous at z if for each € > 0, the point z is a point of Er—density
of a set f~1 ((f(x) —¢&, flz)+ 5));
e N, -continuous at x if there exists A C R such that € A, z is a point

of p_-density of A and f}4 is continuous at x.

The symbols
&T(f)7 w’l”(f)’ §T’(f)7 MT(f)? ET(f) and '/\—/’T(f)
denote the set of all points at which f is

SO, -continuous, MO, -continuous, &, -continuous,
M., -continuous, P,-continuous, N -continuous,

respectively, for the corresponding r.

Similarly, the symbols
&7‘ ) —M Or bl ﬁr ) M’r ) 2’/‘ and M’I‘

denote the set of all functions f: R — R, which are

SO, -continuous, MO, -continuous, §,-continuous,
M., -continuous, P,-continuous, N -continuous,

respectively, for the corresponding r.
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ProOPOSITION 3.8. For every f: R — R and © € R the following properties
hold:

(1) f is N,.-continuous at x if and only if f is M,.-continuous at x for every
re (0,5]U{1};

(2) iffis S,.-continuous at x, then f is SO, -continuous at x for every

rel0,3);

(3) if f is SO, -continuous at x, then f is MO, -continuous at x for every
1y.
re (0, 5),

(4) if f is 1./\/l(’)T—coni,‘muous at x, then f is M, -continuous at x for every
re (07 5];

(5) if f is P,-continuous at z, then f is S,-continuous at x for everyr € [0, 3);
(6) if f is M,-continuous at xz, then f is P,-continuous at x for every

0<r<t<js.

Proof.
(1) Choose r € (0, 2] U {1}. First, assume that f is A/, -continuous at z. Then,
there exists £ C R such that x € E, f,g is continuous at x and x is a point
of p, -density of E. Take ¢ > 0. By continuity of f;g at x, there exists . > 0 such
that [f(t) — f(z)| <e foreach t € EN (z — dc,z + d-). Since z is a point of p -
~density of E, p(R\{y: |f(z)— f(y)| < e}, z) > p(R\ (EN(z—6,246)),z) >r.
By arbitrary of ¢, f is M, -continuous at z.

Now, assume that f is M, -continuous at z. Let E, = {y: |f(z) — f(y)| < 1}
for n > 1. By assumption, p(R\ E,,z) > r for every n. Therefore, we can find
a decreasing sequence of po_sitive reals (0p,)n>1 such that

AR\ E, (2 4m) 7

n n+1
and
AR\ E,, (x —n,x)) T
>r——-:
n n+1
for every n € (0,6,) and n > 1. Let
E={z}U U <Enﬂ ((x—dn,xf i"_tll) U (x+ i"_:117x+5n)>>.
n=1

Obviously, € E and f;g is continuous at z. Take any h € (0,41, d,]. Then,

AR\E (@mz ¥ h) A<R\(E“m(“”fi"ﬁv$+h]>’(x,x+h)> >
! - h >
AR\ E,, (z,2 + h)) — 221

n+1 r__ _Ony1 _r_ 1
h 2= n+1 h(n+1) = r n+1 n+1
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and
_ RIS _
A(R\E,(z—h,x))>A(R\(Enm[x h,x n+1)>v($ hvx)> -
h - h =
Ont1
A(R\En7(x7h’x))7 7'7/':1 > T 6n+1 is 1
h o D O o) B T R O
Hence,

. AR\E, (z,x+h) _ . |
+ > ) ) > R | —
p (R\E’x)_l}lni(lﬁf - _lgr_l}gf (T ) r
and

Q_(R\E,x)ZlimianGR\E’(x_h’x))Zliminf(r— - —L):r.

h—0* h n—o00

That is why p(R\ E,z) > r, which completes the proof of (1).

Conditions (2), (3) and (4) follow directly from the definitions of different types
of porouscontinuity and Remark 3.5

(5) Choose r € [0,%). Assume that f is P,-continuous at x. There exists
E C R such that € E, f;g is continuous at « and z is a point of m,-density
of E. Take ¢ > 0. By continuity of f;r at x, there exists 6. > 0 such that
|f(t)— f(x)| < e foreacht € EN(x—0de,x+d.). Since x is a point of x,-density
of E, p(R\ {y: [f(z) — f(y)| < e},z) = p(R\ (EN(z— b,z +d.)),z) > r.

By arbitrarily of €, f is §,-continuous at x.

(6) Choose 0 < r < t < %. Assume that f is M,-continuous at z. By (1),
there exists & C R such that x € E, f;g is continuous at  and x is a point
of p,-density of E. Obviously, = is a point of m, .-density of E. Hence, f is
P,-continuous at x.

The proof is completed. O

THEOREM 3.9. Letr € [0,1), z € R and f: R — R. Then, f is P,-continuous
at x if and only if lim,_, o+ Q(R\ {yeR: |f(z)— fly)| < 5},96) > 7.

Proof. First, assume that x € P (f) and let E be a set witnessing this fact.
For every e >0, EN(z—h,z+h) C {y € R: |f(z) — f(y)| < €} for some h > 0.
Therefore,

p(R\{y € R: |f(z) - f(y)| <e},2) > p(R\ E, z).

lim p(R\ {y € R: |f(z) — f0)] < },w) 2 p(R\ E,z) > 1.

Thus,

Assume that lim._o+ p(R\ {y € R: |f(z) — f(y)| < e},z) > r. We will
construct £ = E_ U E, U{z} C R such E; C (z,00), E_ C (—o0,x), z is
a point of 7,-density of I/ and fg is continuous at x.
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Let E, = {y € R: |f(y) — f(z)| < 1} for every n > 1. By assumption,
lim p"(R\ E,,z) =5y >r and lim p (R\ E,,z) = sy > 1.
n—oo — n—oo —

If f is right-hand continuous at x, then we can take F; = (x,00). Otherwise,
z € ((z,00) \En)d for almost all n. Without loss of generality we may assume

that z € ((z, oo)\En)d for every n > 1. By assumptions, we can find a decreasing
sequence (x,,),>1 tending to x such that for every n > 1 and for every d € (z, z,,]
we can find an open interval (a,b) C E,, N (z,d) for which

b—a s;+r

0—w ~ 2
Therefore, for every n > 1 and for every § € [z,41,%,] we can find (a,b) C
E, N (z,6) for which b —a > (x4 — x). For every n > 1 choose y, €
(x,x + r(Tpe1 — x)) \ E,. Then, for every ¢ € (z,+1,T,] we can find an open

interval (a,b) C Ey N (yy,8) for which =2 > it

Let By = U1 (EnN(Yn,n)). Obviously, fig, uis} is continuous at z. More-
over, for every ¢ € [z,4+1,2y] there exists (a,b) C E,, N (yn,d) C E4 such that
bma > 51" Hence, p*(R\ E4,z) > SLE.

In the same way, we can find £ C (—o0,z) such that f;g_yy,) is continuous
at  and p~ (R\ E_,z) > 2 > 7.

It means that x is a point of m,-density of £ = {z} U Ey U E_ and fg is
continuous at x. O

THEOREM 3.10. Letr € [0, 3], v € R. A function f: R — R is SO, -continuous
at x if and only if there exists a set E C R such that x € E, x is a point
of O, -density of E and fig is continuous at .

Proof. Assume that f is SO,-continuous at x. Let

E, = {t eR:|f(t)— f(z)| < %} for n > 1.
We will construct
E=FE_UFE,U{z} CR suchthat E, C(z,00), FE_ C(—o0,z),
2 is a point of 7O, -density of E and f}g is continuous at z.
If f is right-hand continuous at z, then we can take Ey = (x, 00). Otherwise,
z € ((z,00)\ En)d for almost every n. Without loss of generality we may as-

sume that z € ((z,00) \ En)d for every n > 1. By assumptions, we can find
a decreasing sequence (x,),>1 tending to x such that for every n > 1 and
for every ¢ € (z,x,] we can find an open interval (a,b) C E, N (x,0) for which
g:; > r. Therefore, for every n > 1 and for every § € [z,4+1,%,] we can find
(a,b) C E, N (x,6) for which b — a > r(zn+1 — x). For every n > 1 choose
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Yn € (x,x + r(Tpye1 — x)) \ E,. Then, for every 6 € (x,41,%n] we can find
b—
S >

Let By = Uy",(En N (yn, x,)). Obviously, f1E,u{ey is continuous at .
Moreover, for every 0 € [z,41,%,] there exists (a,b) C E, N (yn,0) C E4 such
that g_—“ > 7.

—XT

an open interval (a,b) C E,, N (yn,d) for which

In the same way, we can find £ C (—o0,z) such that f;g_yy,} is continuous
at = and there exists 7 > 0 such that for every § € (0,n) there exists (a,b) C
E_ N (z — 6,x) for which 222 > r. It means that z is a point of 7O, -density
of E={2}UE, UE_ and fg is continuous at z.

Now, assume that there exists £ C R such that € E, f;g is continuous at z
and z is a point of O, -density of E. Take ¢ > 0. By continuity of fig at z,
there exists d. > 0 such that |f(t) — f(x)| < e for each t € EN (x — 0,z + ;).
Since z is a point of 7O,.-density of E, there exists 6 € (0, d.) such that for every
n € (0,6) we can find intervals (a1,b1) C EN(z—n,x), (az2,b2) C EN(x,x+n)
such that Z”_T‘“ > r and Z’Q_Ta? > r. Therefore, f is SO, -continuous at x. O

In a similar way, we can proof the following theorem.

THEOREM 3.11. Let r € (0,3] U {1}, z € R. A function f: R — R is MO, -
-continuous at x if and only if there exists a set E C R such that x € E, x is
a point of gr—density of E and fig is continuous at x.
By Corollary 23] we obtain the following proposition.
PROPOSITION 3.12. For every f: R — R and x € R the following conditions
are equivalent:
(1) f is M, -continuous at x;
2) fis MO%—continuous at x;
3) fis &%—continuous at x;
)
)

4) f s ﬁ% -continuous at x;

(
(
(
(5) f is B%—continuous at x;
(6) f is continuous at x.

ProrosITION 3.13. A function f: R — R is SO,-continuous at x € R if and
only if f is bilaterally quasicontinuous at x. In particular, Q D Q" = SO,
where Q" denotes the family of functions which are bilaterally quasicontinu-
ous at every point (f: R — R is bilaterally quasicontinuous at x if for every
e>0 and 0 > 0 there exist (a,b) C (z — d,x) and (¢,d) C (x,x + 0) such that
f(la,b) U(e,d)) € (f(z) =&, f(z) +¢)).

Directly from Proposition and Propositin B.12, we obtain the following
theorem.
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THEOREM 3.14. Let r € (0,3]. Then, P, C S, C SO, C MO, C M,..

By Proposition B.12] and Proposition B.I3] we get the following equalities and
inclusions.

THEOREM 3.15. C = M, = MO and S, C SO, = QYL

Finally, we can obtain the full chain of equalities and inclusions between
different kinds of lower porouscontinuity.

THEOREM 3.16. Let 0 <r <t < +. Then,

C=M,=P; =8 =80, = MO; C M, C

2

P,CcS, CcSO, c MO, c M, CcP.CS.CcSO, Cc MO, CcM,C
Bocé()c&ongil

and all inclusions are proper.

Proof. All inclusions and equalities follow directly from Theorem [B.14] Theo-
rem [3.15] and Proposition B.8(6). We just have to prove that all inclusions are
proper. We do this by constructing examples of appropriate functions.
Ideas of constructing some of these examples are analogous to those from [3].

(1) First, we show M 1 \C # (. Applying Lemma[2.6] we can find two sequences
of open intervals

((@n;bn))n>1, ((cn»dn))n>1

0< - <dppm1 <cp<ap<b,<d,<---, lima,=0

n—oo
ot (R G(an ba),0] = L.
L7 n:1 b b 2

such that

and

Define f1: R — R by
0, € {0}tU(—o0,—di]U[d1,00) UU,Z; ([an, bu] U [=by, —an]),

f1<l') = 1? T e U?:1([dn+1acn] U [_Cna _dn+1])>
affine in every interval [—d,,, —by], [—an, —cn], [cn, an], [bn, dn],n > 1.

Obviously, f1 is not continuous at 0 and f; is continuous at every point x # 0.
Moreover,

p(R\ {z: fi(z) =0},0) =p (R\ U ([an, bn] U [~bn, an]),0> = %
Therefore, f; € M% \C. "

80



ON O'MALLEY LOWER POROUSCONTINUOUS FUNCTIONS

(2) Now, we show P, \ M, #0 for 0 <r <t < 3.
Fix0<r<t< % Let s = TTH By Theorem 2.I1], we can find two sequences

(an>n21 and (bn>n21

such that
0< <bpy1<ap <b, <---<ap <by, lim a, =0
n—oo
and
inf (4,(0, 1)) =3
he[bpni1,bn] h

for every n, where

A=R\ | (an,bn).

n=1

Obviously, we can find sequences

(Cn)n21 and (dn)n21

such that
0< - <dpy1 <cp<an<b, <d, < - <d
and A
B, (0,h
inf AB, (0, 1) <s4 — for every n,
RE[bpi1,bn] h n
where

B=R\ J(cn dn).

Define fo: R — R by

0, z € {0} U (—o0,—di] U [dy,00) U U2, ([an, by] U [=by, —an)),
B =31 e U ([t el Ulen —dusa)),

affine in every interval [—d,,, —b,], [—an, —¢n], [cn, an), [bn, dn], n> 1.

Obviously, f5 is continuous at every point, except at 0. Moreover,

n—oo

Q(R\{x f2(9€)=0}70)22_? (R\ U ([an, bp] U [~bn, an])v()) = lim s=s>r.
n=1
Hence, fa € P,.. On the other hand,
]_)(]R \ {z: fa(z) < 1},0) =p (R\ U ([en, dn]) U [—dn, —cn]),0>
n=1
< lim <s—|—l> =s<t.
n—00 n
It follows, fo ¢ M,. Finally, fo € P, \ M,.
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(3) Next, we prove S, \ P, # 0 for every r € (0, 3).
Choose any r € (0, 3). Let

1 1+rn
an:a and bn:m for TLZl
Then,
b 1+ —14+7r r f
o, =b, —a = = or every n.
n T T T DI =) nl(l—r) Y
Hence, o
0<--<apy1 <b,<a,<--- and —— =7 forevery n.

Next, let ¢, = Wr#“” and (3, = ‘I"T_b" for n > 1. Observe that

14rn

Bn 7$_W B n(l—2r)—r

= = = for n > 1.
Hence, Ly
1—2 _ pr—er 1 -2
Bn > n( ) -n = " for sufficiently large n
o, dnr &r
and
1H)(1-2 1-2 1-2
ﬁ—n (n 4+ 1)( T): r:4~ " for all n.
an 2(n+1)r 2r 8r

Let A\ = 1§—f’" > 0. Then, B, > Aa, for almost all n and 3, < 4)\a,, for all n.
Define f3: R — R by

0, S {0} U (—OO, _al] U [ala OO) U U?:l([an-i-l) bn] U [_bm _an-i-l]))
17 UIS UZO:1{C”’ _cn}>

affine in every interval [—a,, —cy], [—Cn, —=bp], [bn, cnl, [cn, an],n > 1.

f3(z)=

Obviously, f3 is continuous at every point, except at 0. Let

E. ={z eR:|fs3(x)] <e} forevery €>0.

Then, o
E. = {0} U U ((an-i-l —&Bng1,bn + Eﬂn) U (*bn —&Bn, —Ant1 + Eﬁn-l-l))-
n=1
Thus,

]_?(R\EE,O) :Q+(R\E5,O) :B_(R\E&O)

and

. bn — Qp+1 + E(ﬁn + Bn—i-l)
R\ E.,0) = lim inf
Z_)( \ : ) n—0oo Up — Eﬂn + bn — Qpt1 + E(Bn + Bn—i—l)

IR T o2 +5(ﬁn +Bn+1)
= lim inf
n—oo  Gp + p + 6Bn—i—l

for every ¢ > 0.
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Obviously,
Qpp1 < n Z il for all n > 3.
Therefore,
p(R\ E,0) = liminf — fg: in% — >l fgjfignanﬂ
> lim inf om(l +€A) i LEEA _om

n—00 an+an+€2>‘(an+an) n—00 1+% an +

1+5/\
1_|_ 5)\
and + 228 (14 8e)
p(R\ E.,0) < liminf Gn T 250n < lim inf Sl r(1+ 8Xe).
n—oo  Q, + ay n—0o0 Op + an

Hence, p(R \ E.,0) > r for every ¢ > 0 and limsup, o+ pT(R\ E.,0) < 7
By Theorem B9 f5 € S, \ P,.

(4) We show SO, \ S, # 0 for every r € [0, 3).
Fix r € [0, ) Applying Theorem [ZT1] we can find two sequences

(an)n21 and (bn)n21
such that 0 < -+ < bp41 < ap < by < -+ < a1 < by, limy 00 a, = 0 and
infrepm, 1 bn] w =r+ 2(571—::1) for every n, where A = R\ U,—,(an,by).
Obviously, we can find sequences

(Cn)n21 and (dn)n21
such that 0 < --- < dpq1 <cp <an <b, <d, <---<d; and

A(B7 (07 h)) —
hEbni1,bn] h +1

for every n, where B =R\ |J,2,(cn,dy,). Define f4: R — R by

1
<r4 22—
n

0, z€{0}U(—o0,—di]U]dy,00)U UZO::[([O“WJ bp] U [—bn, —an)),
Ja(r)=S1, z¢€ Uzo:1([dn+1vcn] U [—cn, —dn+1]),

affine in every interval [—d,,, —b,], [—an, —¢n], [Cn, an], [bn, dn], n> 1.

Obviously, f4 is continuous at every point, except at 0. Moreover,

p(R\ {z: fi(z) <1},0) = (R\U ([ens dn] U [—dn, Cn]),0>=7'.

Hence, f4 ¢ S,.. On the other hand, 0 is a point of 7O, density of {x: fs4(x) = 0}.
Therefore, fy, € SO,.. Finally, f4 € SO, \ S,.
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(5) We prove S, \ P, # 0.

Let an:%, bn:‘“‘zﬂ and a, = =" = b, — apq1 =a, —by, for n>1.
Then, 171 1 "
anp==-(—— = for every n > 1.
2\n (n+1)! 2(n+1)!
Define f5: R — R by
0, x € {0} U (ar,00)U{a,: n>1},
f5(l‘)= 1, xE{bninzl},

affine in every interval [a,41,b,], [bn, an],n > 1
and fs5(z) = f5(—=x) for x € (—00,0).
Obviously, fs5 is continuous at every point, except at 0. Let
E.={zeR: |fs(x) <e} for e>0.

Then,
E. ={0}U(—00,—aj +a1)U (a1 — ag,00)U
U ((an — ey, Gy +eap_1) U (—ap — E0tp_1, —an + san)).
n=2

Thus, p(R\ E.,0) =p"(R\ E-,0) = p~(R\ E.,0) and

p(R\ E,0) = liminf e(an + ant1)
£ n—0oo @y — EQy + 6<an + an+1)

n n+1 n 1
L (2(n+1)! + 2(n+2)!) Lt (2(n—+1) + —2(n+2)) £
= lim inf T ] = lim inf - = —
nee T €3ty nreo L+ 5559 2

for every € > 0. Therefore, p(R \ E.,0) > 0 for every ¢ > 0 and finally,
lim._,o+ p(R\ E,,0) = 0. By Theorem B9, f5 € Sy \ Py.

(6) Next, we prove MO, \ M, # 0 for every r € (0, 3).
Choose r € (0, %) By Theorem 211 we can find two sequences

(an)n21 and (bn)n21
such that
0<~-~<bn+1<an<bn<~-~<a1<b1, 1i_>man:0
and

A(A,(0,h)) r

11
heEbni1,bn] h n +

for every n, where A=R)\ U (@n,bp).
n=1
Obviously, we can find sequences (¢y,)n>1 and (dy,),>1 such that

A(B, (0, h
he[b"+17bn] h/

for every n, where B =R\ ;2 (¢n,dn).
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Define fs: R — R by
0, e{0}U(—o0,=di]Uld1,00) UU;Z,([an, bu] U [=bn, —an)),
1 S U?:l([dn-i-la Cn] ) [_Cna _dn—i-l])a

affine in every interval [—d,, —b,], [—an, —cnl, [cn, an], [bn, dn], n > 1.

fo(z)=

Obviously, fs is continuous at every point, except at 0. Moreover,

B(R\{x €R: fo(x) =0},0) = (R\ U an; bp) na_an])a()) =T

Therefore, fs ¢ M,. On the other hand, 0 is a point of &r—density
of {z € R: fs(x) < 1}. It follows, fs € MO,.. Finally, fo € MO, \ M,..

(7) Finally, we show MO, \ SO, # 0 for every r € (0, 3).
Let r € (0, %) By Theorem 211l we can find two sequences
(an>n21 and (bn>n21

such that 0 < -+ < bpy1 < ap < by < -+ < a; < by, limy, 50 a, =0 and

A(A,(0,h))
h

infrem, 1,0 = r for every n, where

A=R\ J(an,bn)

Fix any sequences (¢, )n>1 and (dy,)n>1 such that
0< - <dpp1 <cpn<ap<by, <d, <---<d.

Applying Lemma 26 for every n > 1 we can find g, : [cs,a,] — R such that
gnl(cn) = 1, gn(a,) = 0, g, is discontinuous only at a,, a, € M%(gn) and
gn(x) = 1 for every point of a sequence (xj)r>1 tending to a, from the left.
Similarly, by Lemma 27 for every n > 1 we can find h,: [b,,d,] — R such
that hy,(dy,) =1, hy(b,) = 0, hy, is discontinuous only at by, b, € M%(hn) and
hn(yr) = 1 for every point of a sequence (y)r>1 tending to b, from the right.
Define f7: R — R by

0, we{0} UL ([an, ba] U [~bn, —ay)),
1, 2 € (—00,—d1)U(d1, 00) UL ([dn+1; el U[=n, —dnia]),

gn(x), xTE€lCH,an], n>1,

by di), 1> 1,

—x), TE[—ap,—cyl, n>1,
S
el

dp, —bp], n > 1.
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Obviously, f7 is M %—continuous at every point, except at 0. Moreover,

for every h > 0, ¢ > 0 and inf, ¢,

AR\ {z € R: |fr(z)| <e},(0,h)) = A({z € R: | fz(z)| > 0}, (—h,0))

AR\{zeR: |f7(w)\<€} (0,h))

i 1sbn] = r for every

n. Hence, 0 is a point of O -density of the set {x € R: |f7(x)| < e} for every
€ > 0 and is not a point of 7TO ,~density of this set for every € > 0. Thus,

f7 € —MOT\&'I .

The proof is completed. O
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