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SOME ALTERNATIVE INTERPRETATIONS
OF STRONGLY STAR SEMI-ROTHBERGER AND
RELATED SPACES
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ABSTRACT. In this article, some under-appreciated characteristics of strongly
star-Rothberger subsets are explored. Additionally, with the aid of the SSI prop-
erty and MSSI property, semi-Rothberger and star semi-Rothberger spaces are
represented by families of closed sets. Finally, several selection principle like
attributes are produced that can reflect the previously mentioned sequential
covering features in an inverted form.

1. Introduction

Semi-open sets in topological spaces were first mentioned by Levine [17]
in 1963. Numerous mathematical theories about the topological characteristics
of semi-open sets have been developed. A subset A in the space X is said to be
semi-open if and only if there is an open set O in X such that O c A C O.
In other words, the set A is said to be semi-open if and only if A C Int(A),
where O signifies the closure of the set O and Int(A) denotes the interior
of the set A. Semi-closed [I0] is the name of the complement of a semi-open
set. While arbitrary union of a semi-open set is semi-open, finite intersection
of a semi-open set may or may not be semi-open. We think of the semi-Rothberger
property to be the most useful among a number of covering properties where
covers by semi-open sets are considered as the base.
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Let (X, 7) be a topological space and AC X. If for every sequence {U,,:n €N}
of semi-open covers of A there exists a sequence {U,, : n € N} such that

U,ecU, forall ne N and U U, D A,
neN
then A is called a semi-Rothberger subset [9I5]19]. If X C X is semi-Rothberger
subset, then X is called a semi-Rothberger space.

Another interesting generalization of semi-Rothberger space has been done
with the help of star operator which is call strongly star semi-Rothberger space.
The star operator is defined as for A C X, if U is a family of subsets of X, then

st AUy = J{Ueu: AnU £0} [

The star operator was introduced by Douwen in the year 1991 and he used it
for the generalization of compactness and Lindelofness [I1]. Later on, it has
been used by several researchers. Some recent uses of star operator can be found
in [TH3)5HS]2TL22].

A space X is called strongly star semi-Rothberger [19] if for each sequence
{U,, : n € N} of semi-open covers of X, there exists a sequence {U, : n € N}
such that

U, €U, foreach neN and U St(Up,U,) = X.
neN

Our main goal is to investigate the structure of strongly star semi-Rothberger
spaces by means of families of closed sets.

2. Preliminaries

Throughout the paper, a space X denotes a topological space X equipped
with the topology 7, no specific separation axioms is considered otherwise stated.
We adopt the following notions for this paper:

e SO(X) denotes collection of all semi-open covers of a space X.

e SC(X) denotes collection of all families of semi-closed set F for which

NF=0.

For other notations and terminology, we follow [13].

DEFINITION 2.1 ([I6,[18]). Let (X,7) be a topological space and A C X.
If for every sequence {U,, : n € N} of semi-open covers of A there exists
a sequence {V,, : n € N} such that V,, C U, is finite for all n € N and
Unen(UVn) D A, then A is called semi-Menger subset. If X C X is semi-Menger
subset, then X is called a semi-Menger space.
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DEerFINITION 2.2 ([I6,[18]). Let (X,7) be a topological space and A C X.
If for every sequence {U,, : n € N} of semi-open covers of A there exists
a sequence {V,, : n € N} such that V,, C U, is finite for all n € N and
Unen St((U vn),un) D A, then A is called strongly star semi-Menger subset.
If X C X is strongly star semi-Menger subset, then X is called a strongly star
semi-Menger space.

Another way to depict sequential coverings is to use selection principles.
Two of the very basic selection principles related to Rothberger type coverings

are S1(A, B) and S} (A, B).

DEFINITION 2.3 ([20]). The symbol S;(A, B) denotes the selection hypothesis
that for each sequence (U, : n € N) of elements of A there is a sequence (U, :
n € N) such that for each n € N, U,, € U,, and {U,, : n € N} is an element of B.

DEFINITION 2.4 ([I4]). The symbol S} (A, B) denotes the selection hypothesis
that for each sequence (U, : n € N) of elements of A there is a sequence (U, :
n € N) such that for each n € N, U,, €U, and {St(U,,,U,,) : n€N} is an element
of B.

This should be mentioned that selection principle type of characterization
for semi-Rothberger space and strongly star semi-Rothberger space are given
by S51(SO(X),SO(X)) and Sj(SO(X),SO(X)), respectively. Some recent
investigations in these direction can be found in [THSL[12]23].

In our investigation we search for some new selection principles which can
characterize semi-Rothberger space and strongly star semi-Rothberger space
through the family SC(X).

3. On semi-Rothberger spaces

PRrOPOSITION 3.1. The union of two semi-Rothberger sets is semi-Menger.

Proof. Let A, B be two semi-Rothberger sets and {U,, : n € N} is a sequence
of semi-open covers of AU B.

Therefore, {U,, : n € N} is a semi-open cover for both A and B. Since A and B
are semi-Rothberger sets, there exist sequences {U,, : n € N} and {V,, : n € N},
where U,,V,, € U,, for all n € N such that (J,.yUn D A and |,y Ve D B.
If we take W,, = {U,,V,,} for all n € N, then {W,, : n € N} is a sequence such
that W,, C U,, is finite for all n € N and

Uww) = Jw.uv,) = (U Un> U (U Vn> > AUB.

neN neN neN neN
Thus, AU B is a semi-Menger subset of X. O
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COROLLARY 3.2. The finite union of semi-Rothberger sets is semi-Menger.

DEFINITION 3.3 (Sequential singletonic intersection property(SSIP)). A sequen-
ce {F, : n € N} is said to have sequentially singletonic intersection property
if for every sequence {F,, : n € N} such that F,, € F, for all n € N and

ﬂnGNFn 7& @

THEOREM 3.4. The following statements are equivalent:

(1) X is semi-Rothberger space.

(2) For every sequence {F, : n € N} of the family of semi-closed sets in X
having SSI property, there exists ng € N such that (| Fn, # 0.
Proof.

(1) = (2): Let X be a semi-Rothberger space; {F,, : n € N} be a sequence
of family of semi-closed sets with SSI property and (| F, =0 for all n€N.

— X\ (NF)=x\0=x.
— J{x\F:Fer}=X

Since F' is semi-closed, X \ F' is semi-open, and therefore, G, = {G =
X\ F:F e F,}is asemi-open cover of X for alln € N - {G, : n € N}
is a sequence of semi-open covers of X. Therefore, there exists a sequence
{G,, : n € N} such that G € G,, for all n € N and |J G, =X.

- mn€N<X \ Gn) = 0.
Clearly, (X \ G,,) = F,, € F,, and NpenF,, = 0, which contradicts the SST
property. Thus, there exists a ng € N such that NF,, # 0.

(2) = (1): Let condition (2) hold and {U, : n € N} be a sequence
of semi-open covers of X. Suppose,

Fn={X\U:UcU,} forall neN.

So, {F, : n € N} is a sequence of the family of semi-closed sets such that
NF,, = 0 for all n € N. By the contrapositivity of (2), {F, : n € N} does
not have SSI property. Therefore, there exists a sequence {F, : n € N}
with F,, € F,, for all n € N such that N,enF), = 0.

= () X\U,=0, where F,=X\U,forallnecN.
neN

neN

= X\ |J U, =0.
neN
— UneNUn = X.
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Therefore, the sequence {U, : n € N} witnesses the semi-Rothberger
property of X. O
THEOREM 3.5. The following statements are equivalent :
(1) X is semi-Rothberger.

(2) The selection principle Sy (SO(X),SO(X)) holds for the space X.
(3) The selection principle Sy (SC(X),SC(X)) holds for the space X.

Proof. Here
(1) < (2): is obvious.

(2) = (3): Let the selection principle S; (SO(X),SO(X)) hold for the spa-
ce X and {F, : n € N} be a sequence such that F, € SC(X)
for all n € N. Consider U, = {U = X \ F : F € F,} for all n € N.
Then, {U,, : n € N} is a sequence such that U,, € SO(X) for all n € N.
However, S1(SO(X),SO(X)) holds for the space X. Then, there exists
a sequence {U,, : n € N} such that

U, €U, forall neN and {U,:neN}eSO(X)

= X\ (U Un> =0.
neN
= [ (X\U) =0
neN
Clearly, X \ U, = F, € F, for all n € N and (,.nFn = 0.
So, {F, : n € N} € SC(X). Therefore, X has the selection property

S1(SC(X),SC(X)).

(3) = (2): Let condition (3) hold and {U,, : n € N} be a sequence such
that U,, € SO(X) for all n € N. Suppose F,, = {F = X \U : U € U,}
for all n € N. Therefore, (| F, = 0, for all n € N Therefore, {F,, : n € N}
is a sequence such that F,, € SC(X) for all n € N. However, X has the
selection property Si(SC(X),SC(X)). Therefore, there exists F, € F,,
for all n € N such that N,y Fr = 0.

= Jx\Fm)=x.

neN
= |J U, =X, where U, =X\ F,.
neN
So, Uy, € U, for all n € N and {U,, : n € N} € SO(X). Therefore, (X, 1)
has the selection property S (SO(X),SO(X)). O
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4. On strongly star semi-Rothberger spaces

PROPOSITION 4.1. The union of two strongly star semi-Rothberger subset is
strongly star semi-Menger subset.

Proof. Let A and B be two strongly star semi-Rothberger sets and
let {4, : n € N} be a sequence of semi-open cover of AU B in a space X.
So, U,, is a semi-open cover for both A and B for all n € N. Since A and B
are strongly star semi-Rothberger sets, there exit sequences {U, : n € N} and
{Va : n € N}, where U,,V,, € U, for all n € N such that (J,, .y St(Un,U,) D A
and U,y St(Va,Un) D B. If we take W, = {U,,V,,} foralln € N, then
{W,, : n € N} is a sequence such that W,, C U,, is finite for all n € N and

U st (Uwnths) = (U St(UmUn)>

neN neN
U (U St(Vn,L{n)> > AUB.
neN
Therefore, AU B is a strongly star semi-Menger subset of X. O

COROLLARY 4.2. The finite union of strongly star semi-Rothberger sets is
strongly star semi-Menger.

DEFINITION 4.3 (Modified Sequential Singletonic Intersection Property (MSSI
Property)). A sequence {F, : n € N} of family of subsets of X is said to have
MSSIP if for all sequences {E,, : n € N} and {#,, : n € N} such that E,, € F,
and H, C F, for all n € N either I/, UF = X for some F € H, and for all
n € Nor (), cn(MHy) # 0.

THEOREM 4.4. The following conditions are equivalent:

(1) X is strongly star semi-Rothberger space.

(2) If a sequence of closed sets {Fy, : n € N} in X has MSSIP, then there exists
ang € N such that (| Fp, # 0.

Proof. Let (X,7) be a strongly star semi-Rothberger space; {F,, : n € N}
be a family of semi-closed sets having MSSIP and let () F, = 0 for all n € N.

Consider G, = {G = X\ F : F € F,}. Then, {G, : n € N} is a sequence
of semi-open covers of X. However, X is strongly star semi-Rothberger space.
Therefore, there exists a sequence {G,, : n € N} with G,, € G,, for all n € N and

UneN{St(Gnagn)} = X.
— U {U<Gn €G,:GaNG,y #@)} = X.

neN
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Now, let E, = X \ G, foralln € Nand W,, = {G € G, : GNG,, # (I} for all
n € N. So, &, € F,, W,, C G, for all n € N, and hence, we construct

Hp = {X\W:W eW,} C F.

N (N#) =N {NE W ew,}

Now,

neN neN
=N {\Uw:wew)
=N {x\Uteed.ana. 0}
:)(\{U{U{Gegn:GﬂGn#Q}}}
:X\{U{St(Gn,gn)}}
neN
— X\ X = 0.

Suppose,for all n € N, there exists a F' € H,, such that

E,UF=X

= (X\G)UX\W)=XWeW,.
— X\ (G, NW)=X, W eW,.
= G, NW =10,
which contradicts the structure of W, for all n € N. So, there must exit a

no € N such that () F,,, # 0. Conversely, let condition (2) hold and {4, : n € N}
be a family of semi-open covers of X, then

UZ/In:X for all neN.

We construct F,, = {F = X\U :U € U,} foralln € N, then {F, : n € N}
is a sequence of the family of semi-closed set such that (| F, = 0 for all n € N.

Now, due to the contrapositivity of condition (2), {F, : n € N} does not have
the MSSIP, i.e., there exist sequences {E,, : n € N} and {#,, : n € N} such that
E, € F, and H,, C F, and for which E,, UF # X for any F' € H,, foralln €N

and (,,en(NHn) =0 .
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Now, take W,, = {X \ F : F € H,} foralln € Nand G, = X \ E, for all
n € N. Clearly, G,, € U, and W,, C U, for all n € N. So, E,, U F # X for any
F e H, for all n € N.

= (X \Gp)U(X\G)#X for any G € W, for all n € N.
= G, NG #( for any G € W, for all n € N.

So, we have

X 2 | St(Gn,Un) € | St(Gn, Wh)

neN neN

= J{Gew,:GnG, # 0}
neN

= JUX\F:Fen,}
neN

=X\ (H).=X\0=X.

neN
= [ J{St(Gn,Un)} = X.
neN
So, (X, 7) is a strongly star semi-Rothberger space. ([l

ExAMPLE. There exists a Ty space in which
S7(SO(X),SO(X)) and S7(SC(X),SC(X)) are not equivalent.

Let X=10,1) and 7={0, X} U{[0, ) : «€]0,1]}. So, (X, 7) forms a T, space.
Let {U,, : n € N} be an arbitrary sequence of semi-open covers. Clearly, there
exists an U,, € U,, such that 0 € U,, for all n € N, then

St(Un,Un) = | JUn = X for all neN.

However, X is semi-open and open. Thus, {St(U,,U,):n €N} ={X} €SO(X).
Therefore, the space X follows the selection principle

S5 (SO(X),S0(X)).

Now, consider a sequence {F, : n € N} of a family of closed sets such that

1
Fn={F,, :meN} forall neN and an:{l—,1>.
m

Clearly,

N Fn = ﬁ F, = ﬁ {1%,1):@.
m=1 m=1

Therefore, F, € SC(X) for all n € N.
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Now, for every selection F, € F,,
St (F,, Fn) = [0,1) = X.
S ASE(F, Fr) in e N = {X}.

However,

({St(Fn, Fo) :n €N} = X #10),

S ASH(F,, Fn) :n €N} ¢ SC(X).
So, the space X does not follow the selection principle S (SC(X), SC(X)).
So, S7(SO(X),S0(X)) and S (SC(X),SC(X)) are not equivalent.

Now, we desire to have a selection principle that can act on SC(X) and
be equivalent to S; (SO(X ), SO(X )) So, we introduce the selection principle

SI,S(Aa B)

DEFINITION 4.5. The symbol S; s(A, B) denotes the selection hypothesis that
for each sequence (U, : n € N) of elements of A there exist sequences (E,, : n€N)
and (H, :n € N) such that F,, € U,, and H,, C U, for each n € N such that
E, UF # X for any F € H,, and {(\H, : n € N} € B.

COROLLARY 4.6. S} (SO(X),SO(X)) and S1,s(SC(X),SC(X)) are equivalent.
Proof. The proof is similar to the proof of Theorem 4] hence omitted.  [J
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