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ABSTRACT. We define and study a Banach-space-valued Nemytskĭı operator
and we find vector measure solutions for associated non-linear initial value prob-
lems.

1. Introduction

We develop and study in detail a vector-valued Nemytskĭı operator that is
an operator with values in a Banach space. Then, we solve an associated non-
-linear initial value problem in the context of vector measures, that is, measures
that take values in a Banach space. Our work extends [2] to vector measures
and it includes an expanded treatment of results already considered in an un-
published manuscript [1].

The Nemytskĭı operator, let us recall, is a variable-coefficient composition
operator of the form f(t)→G

(
t, f(t)

)
. Defined by V. V. Nemytskĭı [28], it has

been studied and used, among others, by M. M. Vainberg ( [29], [30]), Ne-
mytskĭı’s student at Moscow State University, and M. A. Krasnosel’kĭı [20].
More recently, the Nemytskĭı operator has been extensively studied in ( [16,
Chapters 6 and 7]), and has been used in the context of various problems in-
volving non-linear, functional, integral and differential equations, (see, for in-
stance, [5–9,12,18,21,23–27]).
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In some applications, the need arises to study the Fréchet and Gâteaux dif-
ferentiability of particular Nemytskĭı operators (see, for instance, [13, p. 267];
[14, pp. 318, 342]; [19, pp. 96–97]; [29]). Other results on differentiability can be
formulated using Sobolev spaces ([14, p. 342]). A detailed treatment of the dif-
ferentiability of a general Nemytskĭı operator is found in ([4, Chapter 1], [16,
Chapter 6]), while continuity properties in various functional spaces are studied
in ([16, Chapter 7]).

By necessity, we use a number of definitions and results pertaining to the the-
ory of vector measures. This background material can be found, for instance,
in the expository article [3], which provides a fairly detailed study of vector
measures, including numerous examples and plenty of commentary, some of a his-
torical nature, as well as a comprehensive list of references. We will cite this
article often.

2. The Nemytskĭı operator

We fix a complete and σ-finite measure space (S,Σ, μ). With X and Y we
indicate real Banach spaces with norms ‖ · ‖X and ‖ · ‖Y , respectively.

We begin with a definition (see [20, p. 20] and [2, p. 73,] for the real-valued
case).

���������� 2.1� A function G : S × X → Y is called a vector-valued Cara-
théodory function when it satisfies the following conditions, called Carathéodory
conditions:

(1) For each u ∈ X, the function t → G(t, u) is strongly measurable (for the
definition, see [3, p. 27, Definition 12]).

(2) The function u → G(t, u) is continuous for μ-a.a. t ∈ S. That is to say,
there is a μ-null set N ∈ Σ such that for each t ∈ S\N , the function
u → g(t, u) is continuous.

	
��������� 2.2� Given a Carathéodory function G, the following statements
hold:

(1) The application f → G(·, f) maps B0(S,X) into B0(S, Y ) (for the defini-
tion, see [3, p. 45, Definition 22]).

(2) If μ is finite, the application f → G(·, f) is continuous from B0(S,X)
into B0(S, Y ).

P r o o f. To prove 1), we begin with an X-valued simple function ϕ =
∑

jxjχMj
.

Then, if we fix an open set O ⊆ Y,
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{
t ∈ S : G

(
t, ϕ(t)

)
∈ O

}
=

{
t ∈ S \

⋃
j
Mj : G(t, 0) ∈ O

}
⋃⎛⎝⋃

j

{t ∈ Mj : G(t, xj) ∈ O}

⎞⎠ ,

thus, it belongs to Σ, according to Definition 2.1. Furthermore, the image of the
function G

(
·, ϕ(·)

)
is the set {0}

⋃(
(
⋃

j){xj}j
)
. Thus, G

(
·, ϕ(·)

)
is separably

valued (for the definition, see [3, p. 28, Definition 14]). So, according to [3, p. 30,
Remark 20], G

(
·, ϕ(·)

)
∈ B0(S, Y ).

Now, if f ∈ B0(S,X) and {ϕj}j≥1 is a sequence of X-valued simple functions,
converging pointwise to f on S\N ′, for some N ′ ∈ Σ μ-null set, the sequence{
G
(
t, ϕj(t)

)}
j≥1

converges to G
(
t, f(t)

)
in Y , for each t ∈ S\(N

⋃
N ′), where N

is the μ-null set in 2) of Definition 2.1. Thus, the function G
(
·, f(·)

)
∈ B0(S, Y ).

So, we have proved 1).

As for the proof of 2), let us assume that the application f → G(·, f) is
not continuous from B0(S,X) into B0(S, Y ). That is to say, for some sequence
{fj}j≥1 converging to a function f in B0(S,X), the sequence

{
G
(
·, fj(·)

)}
j≥1

does not converge to G
(
·, f(·)

)
in B0(S, Y ). In other words, there is ε > 0, so

for each k ≥ 1, we can select jk ≥ 1, with jk+1 ≥ jk, for which

dB0(Y )

(
G
(
·, fjk(·)

)
−G

(
·, fk(·)

))
> ε. (1)

Since the subsequence {fjk}k≥1 converges to f in B0(S,X), that is, it con-
verges to f in μ-measure, according to [3, p. 45, Proposition 19], there is a
subsubsequence {fjkl

}l≥1 that converges to f , μ-a.e. on S. Then, as in 1),{
G
(
·, fjkl

(·)
)}

l≥1
converges to G

(
·,f(·)

)
, μ-a.e. on S. Since the measure μ is

finite,
{
G
(
·, fjkl

(·)
)}

l≥1
also converges to G

(
·,f(·)

)
, in μ-measure. However, this

conclusion contradicts (1).

This proves 2) and completes the proof of the proposition. �

���������� 2.3� A function G :S×X→Y is called bi-measurable if it satisfies 1)
in Proposition 2.2. According to Proposition 2.2, a Carathéodory function is
bi-measurable. For more general conditions on G that imply bi-measurability,
we refer to ([16, p. 336]), where the notion of Shragin function is presented.

Remark 1� When the function G only depends on u, the operator NG is called
autonomous. In this case, NG reduces to a simple composition G ◦ f .

It was C. Carathéodory who studied the measurability of this composition
in the real valued case [11]. He observed that the composition of two measurable
functions might not be measurable and proved that G ◦ f is measurable if f is
measurable and G is continuous, thus suggesting the correct assumptions, as
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stated in Definition 2.1, on a general function G. This is the reason for the name
Carathéodory function and for the two conditions formulated in Definition 2.1,
which are referred to as Carathéodory conditions.

The map f → G(·, f) established in Proposition 2.2 is called, in the real-
valued case, a Nemytskĭı operator, usually denoted NG. For this reason, the
function G introduced in Definition 2.1 is sometimes called, in the real-valued
case, an N -function. We will sometimes use this name in the vector-valued case
as well.

Besides the differentiability properties already mentioned in the introduction,
the real-valued Nemytskĭı operator has other interesting continuity and bound-
edness properties, for which bi-measurability is a necessary condition. As an
example, we mention the following result (see [30, p. 154, Theorem 19.1]).


���
�� 2.4� Let (Rn,L, λ) be the Lebesgue measure space. If we fix 1 ≤ p1,
p2 < ∞, the following statements are equivalent:

(1) The Nemytskĭı operator NG is continuous and bounded from Lp1(Rn)
into Lp2(Rn).

(2) There is a non-negative function a ∈ Lp2(Rn) and a real number b ≥ 0,
so that

|G(t, u)| ≤ a(t) + b|u|p1/p2 .

Remark 2� According to a footnote inserted by the translator in [30, p. 155],
the proof of Theorem 2.4, as presented in [30], is due to M. A. Krasnosel’skĭı
(see [20, p. 20]) and differs considerably from the original proof by Vainberg].
The translator, M. Feinstein, also points out that the result applies as well to
the case 0 < p1, p2 < 1.

For an extension of Theorem 2.4 to the vector-valued case, we refer to ([22,
Theorem 3.1]). Let us observe that, in the vector-valued case, the spacesX and Y
are assumed to be separable and the measure space (S,Σ, μ) is atomless (for the
definition, see [3, p. 19, Definition 6]).

Theorem 2.4 suggests the following non-autonomous example of a Carathéodo-
ry function:

Example. Let us consider the finite sum:

G(t, u) =
∑
j

aj(t)‖dju− bj(t)‖X + T (u), (2)

under the following assumptions:

(1) For each j, aj : S → Y and bj : S → X, are strongly measurable.

(2) For each j, dj ∈ R.

(3) T ∈ L(X, Y ) (see in [3, p. 40 the statement of Theorem 5]).
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Then, it should be clear that G satisfies Definition 2.1. By analogy with
the real-valued case (for the real case, see [2, p. 77, Definition 13]), we call (2)
a piecewise linear vector-valued N -function.

The proof of the following result is quite straightforward, so we will omit it.

	
��������� 2.5� Given a piecewise linear vector-valued N -function G, the as-
sociated Nemytskĭı operator NG is well defined, continuous, and bounded, from
B1(S,X) into B1(S, Y ), if aj ∈ B∞(S, Y ) and bj ∈ B1(S,X), for every j
(for the definitions, see [3, Section4]).

In the next few sections, we define natural extensions of the Nemytskĭı oper-
ator NG to vector measures. As expected, there will be a balance between how
general the operator can be and how general the vector measure can be.

3. First extension of the Nemytskĭı operator
to vector measures

We fix a complete and σ-finite measure space (S,Σ, μ).

We begin by assuming that the Banach space X has the Radon-Nikodým
property with respect to the measure space (S,Σ, μ) (see [3, p. 54, Definition 24]).
Then,

	
��������� 3.1� Let G be an N -function satisfying the growth condition

‖G(t, u)‖Y ≤ a(t) + b||u||X , (3)

μ-a.e. on S with a ∈ L1(S) and b ≥ 0. Then, the associated Nemytskĭı opera-
tor NG is bounded and continuous from B1(S,X) into B1(S, Y ).

Furthermore, there exists a unique operator ÑG : Mf,a(X) → Mf,a(Y )
such that

ΛY ◦NG(f) = ÑG ◦ ΛX(f), (4)

for all f ∈ B1(S,X). Let us recall that the space Mf,a and the operator Λ,
were defined in the statement [3, p. 54, Proposition24].

The equality (4) is equivalent to the commutativity of the diagram

B1(S,X)
NG−→ B1(S, Y )

ΛX ↓ ↓ ΛY

Mf,a(X)
˜NG−→ Mf,a(Y )

. (5)
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P r o o f. We propose

ÑG(fdμ) = G
(
·, f(·)

)
dμ. (6)

The Radon-Nikodým property determines the function f in (6) only μ-a.e. in S,

so, we need to verify that ÑG is well defined. Let h ∈ B1(S,X) be so that h = f
on S\U , where U ∈ Σ is a μ-null set. Then, given A ∈ Σ,

ÑG(hdμ)(A) =

∫
A

G
(
·, h(·)

)
dμ =

∫
(S\U)∩A

G
(
·, f(·)

)
dμ

=

∫
A

G
(
·, f(·)

)
dμ

= ÑG(fdμ)(A),

where we have used the completeness of the measure space (S,Σ, μ).

Next, we show that ÑG makes the diagram in (5) commutative. In fact,

ΛY ◦NG(f) = G
(
·, f(·)

)
dμ = ÑG

(
fdμ

)
= ÑG ◦ ΛX(f),

for all f ∈ B1(S,X).

As for the uniqueness, let H : Mf,a(X) → Mf,a(Y ) be another operator that
also makes the diagram in (5) commutative. That is to say,

ΛY ◦NG(f) = H ◦ ΛX(f),

for all f ∈ B1(S,X). Then,

H(fdμ) = H ◦ ΛX(f) = ΛY ◦NG(f) = ÑG ◦ ΛX(f) = ÑG(fdμ).

This completes the proof of the proposition. �

4. Properties of the map G → ÑG

Once again, we fix a complete and σ-finite measure space (S,Σ, μ).

Although it is not necessary, to avoid notational complications, we assume
now that X = Y. Still, we suppose that the Banach space X has the Radon-
Nikodým property with respect to the measure space (S,Σ, μ).

We begin with a definition.

���������� 4.1� Let us call N the family of those vector-valued N -functions
G that satisfy the growth condition (3). Moreover, let

Ñ = {ÑG : G ∈ N}.
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In the theorem that follows, we show that the map G → ÑG has quite a few
properties resembling those of a functional calculus. By the way, it might have
been M. Fréchet who first used the words “functional calculus”in his doctoral
thesis presented at the Faculté des Sciences de Paris on April 2, 1906 [17].


���
�� 4.2� The following statements hold:

(1) The spaces N and Ñ are real linear spaces and the map G → ÑG from N
into Ñ is linear.

(2) The space B1(S) is contained in N. In fact, each function g ∈ B1(S)
defines an N -function g that satisfies (3). Furthermore, given g ∈ B1 (S),

Ñg(fdμ) = gdμ.

(3) The space N is closed under the composition operation

(G2 ◦G1)(t, u) = G2

(
t, G1(t, u)

)
.

Moreover,
ÑG2◦G1

= ÑG2
◦ ÑG1

.

P r o o f. It should be clear that N and Ñ are real linear spaces.

If α, β ∈ R and G1, G2 ∈ N ,

αÑG1
(fdμ) + βÑG2

(fdμ) = α
(
G1

(
·, f(·)

)
dμ+ βG2

(
·, f(·)

)
dμ
)

=
(
αG1

(
·, f(·)

)
+ βG2

(
·, f(·)

))
dμ

= ÑαG1+βG2
(fdμ).

This proves 1).

As for 2), it should be clear that functions in B1(S) define N -functions.
Moreover, given

g ∈ B1(X), Ng(f) = g and Ñg(fdμ) = gdμ

for all f ∈ B1(S), according to Proposition 3.1.

To prove 3), let us recall that there are μ-null sets U and V in Σ, so that
the function u → G1(t, u) is continuous for each t ∈ S\U , and the function
v → G2 (t, v) is continuous for each t ∈ S\V .

So, the function u → G2

(
t, G1(t, u)

)
is continuous for each t ∈ S\ (U

⋃
V ).

If we fix u ∈ X, the function t → G1(t, u) is strongly measurable. So, according
to 1) in Proposition 2.2, the function t → G2

(
t, G1(t, u)

)
is strongly measurable.

93



J. ÁLVAREZ—M. GUZMÁN-PARTIDA

Thus, G2 ◦G1 is an N -function. As for the growth condition,∥∥G2

(
t, G2(t, u)

)∥∥ ≤ a2(t) + b2 ‖G2(t, u)‖

≤ a2(t) + b2
(
a1(t) + b1‖u‖

)
= a2(t) + b2a1(t) + b2b1‖u‖.

So, G2 ◦G1 ∈ N .

Finally,(
ÑG2

◦ ÑG1

)
(fdμ) = ÑG2

(
ÑG1

(f)dμ
)
= ÑG2

(
G1

(
·, f(·)

)
dμ
)
=

G2

(
·, G1

(
·, f(·)

))
dμ = ÑG2◦G1

(fdμ).

This completes the proof of the proposition. �

Remark 3� If G(·) : S → R is the real-valued and autonomous N -function
defined as G (u) = ‖u‖, then

NG(f)(·) = ‖f(·)‖ .
Thus, according to [3, p. 47, Theorem 6, 3]

ÑG (fdμ) = ‖f‖dμ = |fdμ| . (7)

5. Second extension of the Nemytskĭı operator
to vector measures

As before, we fix a complete and σ-finite measure space (S,Σ, μ). However,
this time we do not assume that X has the Radon-Nikodým property with
respect to (S,Σ, μ). Moreover, we take X = Y .

Our goal is to extend the Nemytskĭı operator associated with a particular kind
of piecewise linear N -function (see Example 2) to the space Mf (see the state-
ment in [3, p. 21, Proposition 7]).

More precisely

���������� 5.1� We consider N -functions of the form

G(t, u) =
∑
j

aj(t) ‖dju− bj(t)‖+ T (u),

assuming that

dj ∈ R, aj ∈ B∞(S), bj ∈ B1(S) for all j, and T ∈ L(X),

that is to say, T is a linear and continuous operator from X into itself.

����� 5.2� The following statements are true:
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(1) Given m ∈ Mf , the set function T ◦m defined as

(T ◦m)(A) = T
(
m(A)

)
for all A ∈ Σ, is a vector measure.

(2) Moreover,
|T ◦m| (A) ≤ ‖T‖L(X) |m|(A) (8)

for all A ∈ Σ.

(3) The map m → T ◦ m is a linear and continuous function from Mf into
itself.

P r o o f. Let us prove 1):

For starters, (T ◦m) (∅) = T (0) = 0.

Next, if {Aj}j≥1 is a countable family of disjoint sets in Σ,

(T ◦m)

⎛⎝⋃
j≥1

Aj

⎞⎠ = T

⎛⎝ lim
k→∞

k∑
j=1

m(Aj)

⎞⎠
= lim

j→∞

k∑
j=1

T
(
m(Aj)

)
=
∑
j≥1

(T ◦m)(Aj).

So, T ◦m is a vector measure.

As for 2), given A ∈ Σ and ε > 0, there exists a finite partition {Aj}j ⊆ Σ

of the set A for which

|T ◦m| (A)− ε <
∑
j

‖(T ◦m) (Aj)‖

≤ ‖T‖L(X)

∑
j

‖m (Aj)‖

≤ ‖T‖L(X) |m|(A).

So, (8) holds. In particular, T ◦m ∈ Mf .

Finally, it should be clear that 3) is an immediate consequence of 1) and 2).
This completes the proof of the lemma. �

The following definition is justified by Theorem 4.2 and the properties
of the variation discussed in [3, Section 2].
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���������� 5.3� For each j, we denote bjμ the vector measure defined as

(bjμ) (A) =

∫
A

bjdμ

for each A ∈ Σ, while given m ∈ Mf , aj |djm−bjμ| is the vector measure
defined as ∫

A

aj(t)d |djm− bjμ| (9)

for each A ∈ Σ.

Let us observe that bjμ, djm, and |djm− bjμ|, all have finite variation
(see [3, Section 2]).

Then, given m ∈ Mf , we denote ÑG (m) the vector measure defined as(
ÑG(m)

)
(A) =

∑
j

(aj|djm− bjμ|)(A) + (T ◦m) (A) (10)

for all A ∈ Σ.

Remark 4� Since μ(A) =
∫
A
dμ for all A ∈ Σ, we can write dμ as in 2) of The-

orem 4.2 or μ as in (9).

	
��������� 5.4� The map ÑG defined by (10) is bounded from Mf into itself.

P r o o f. First, let us recall that Mf is a linear normed space with the total
variation as norm (see [3, p. 21, Proposition 7]).

It should be clear from Lemma 5.2 and Definition 5.3 that ÑG maps Mf

into itself. For simplicity, we will work with one term in (10). Moreover, since
the map m → T ◦m is bounded from Mf into itself, it suffices to assume that

ÑG(m) = a|dm− bμ|,
with

a ∈ L∞(S), b ∈ B1(S) and d ∈ R.

If B is a bounded subset of Mf and m ∈ B,
|ÑG(m)|(S) ≤ ‖a‖B∞(S)

(
|d|R|m|(S) + ‖b‖B1(S)

)
,

which shows that {‖ÑG(m)‖Mf
}m∈B is bounded in Mf . To avoid confusion,

we have denoted |d|
R
the absolute value of the real number d.

This completes the proof of the proposition. �

We now want to establish the relationship between the Lebesgue decomposi-

tion of ÑG(m) and the Lebesgue decomposition ofm, assuming that the measure
space (S,Σ, μ) is complete and finite. To attain this goal fully, we also assume
that X has the Radon-Nikodým property with respect to (S,Σ, μ).

According to [3, p. 26, Theorem 1 and p. 54, Definition 24], given m ∈ Mf ,

m = fdμ+ms,
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where f ∈B1(S) and ms⊥μ (for the definition, see [3, p. 21, Definition 7]). Then,


���
�� 5.5�

ÑG(m) = G
(
·, f(·)

)
dμ +

⎛⎝∑
j

aj

⎞⎠ |ms|+ T ◦ms,

where ⎛⎝∑
j

aj

⎞⎠ |ms|+ T ◦ms ⊥ G
(
·, f(·)

)
dμ.

P r o o f. We begin by writing

ÑG (m) =
∑
j

aj |d (fdμ +ms)− bjdμ|+ T
(
f(·)

)
dμ+ T ◦ms.

It should be clear that ms ⊥ μ implies that the measures ms and (f − bj) dμ
are also mutually singular. Moreover, according to [3, p. 22, Lemma 6],

ÑG(m) =
∑
j

aj |(f − bj)μ|+

⎛⎝∑
j

aj

⎞⎠ |ms|+ T
(
f(·)

)
μ+ T ◦ms

= ÑG (fdμ) +

⎛⎝∑
j

aj

⎞⎠ |ms|+ T ◦ms.

By definition, |ms| and μ are mutually singular. So, in [3, p. 22, Lemma 5],
tells us that there is a partition S = A

⋃
B, A,B ∈ Σ, such that

|ms|(A′) = 0 for all A′ ⊆ A, A′ ∈ Σ,

μ(B′) = 0 for all B′ ⊆ B, B′ ∈ Σ.

Then, ⎡⎣⎛⎝∑
j

aj

⎞⎠ |ms|

⎤⎦ (A′) =
∫
A′

⎛⎝∑
j

aj

⎞⎠ d|ms| = 0.

So, the measures (
∑n

i=1 ai)|ms| and μ are also mutually singular. It remains
to prove that the measures T ◦ms and μ are mutually singular, as well.

Since |ms| ⊥ μ, there is a partition S = A
⋃
B, A,B ∈ Σ, such that

|ms|(A) = 0 and μ(B) = 0. Then, (8) implies that |T ◦ms|(A) = 0 and, therefore,(
n∑

i=1

ai

)
|ms|+ T ◦ms

and μ are mutually singular.
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According to Proposition 3.1, G
(
·, f(·)

)
∈B1(S). Thus ÑG(fdμ)=G

(
·, f(·)

)
dμ

is absolutely continuous with respect to μ.

Finally, (
∑n

i=1 ai)|ms|+ T ◦ms and ÑG(fdμ) are mutually singular.

This completes the proof of the theorem. �

Remark 5� The operator ÑG given by (10) makes the following diagram com-
mutative:

B1(S)
NG−→ B1(S)

Λ ↓ ↓ Λ

Mf

˜NG−→ Mf

. (11)

Let us observe that, this time, Λ is an isometric isomorphism between B1(S)
and the proper closed subspace Mf,a of Mf , introduced in [3, p. 54, Proposi-
tion 24]. Let us recall that Mf,a consists of those vector measures of the form
fdμ, for f ∈ B1(S). Therefore, unlike the case in Proposition 3.1, the operator

ÑG in (11) is not uniquely determined.

Actually, there are interesting vector measures that have finite variation and
are mutually singular with respect to a measure μ. We present the following
example:

For n ≥ 2, let us consider the Lebesgue measure spaces

(Rn,Ln, λn) and
(
R

n−1,Ln−1, λn−1

)
and let us fix a real Banach space X.

Given f ∈ B1
(
R

n−1
)
, we define a set function m : Ln → X as

m(A) =

∫
Rn−1

fχA(·, 0)dλn−1,

where χA denotes the characteristic function of A.

It should be clear that m is a vector measure of finite variation that is con-
tinuous (see [3, p. 19, Definition 5 and Remark 12]). Moreover, m and λn are
mutually singular. In fact, if

Xn−1 =
{
(x′, 0) : x′ ∈ R

n−1
}
,

we have
λn (Xn−1) = 0 and m(A) = 0,

for every

A ∈ R
n, A ⊆ R

n\Xn−1.

Thus, we conclude our presentation of the Nemytskĭı operator in the context
of vector measures.

In the next and last section, we will put to use most of the material presented
so far.
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6. A non-linear initial value problem

We fix a complete and σ-finite measure space (S,Σ, μ) and a real Banach
space X that has the Radon-Nikodým property with respect to (S,Σ, μ).
In what follows, B1(S) will be the Banach space of equivalence classes as de-
fined in [3, p. 37, Remark 25]. We will now use ‖f‖B1(S) to denote the norm

in the Banach space B1(S) of the equivalence class f.

���������� 6.1� For T > 0 fixed, C [0, T ;Mf,a] is the linear space of continuous
functions m : [0, T ] → Mf,a.

The space C [0, T ;Mf,a] becomes a Banach space with the norm

‖m‖ = sup
0≤t≤T

‖m(t)‖Mf,a
.

Likewise, the space C1 [0, T ;Mf,a] of continuously differentiable functions
m : [0, T ] → Mf,a is a Banach space with the norm ‖m‖+ ‖m′‖.

Let us observe that in the previous sections, t has indicated a variable taking
value in S. In this section, that variable will be denoted x, while t will be
a variable taking value in the interval [0, T ].

Remark 6� According to [3, p. 54, Proposition 24 and p. 37, Remark 25],
C[0, T ;Mf,a] is isometrically isomorphic to C[0, T ;B1(S)] endowed with the norm

‖f‖ = sup
0≤t≤T

‖f(t)‖B1(S) .

Given m0 ∈ Mf,a, we consider the initial value problem{
dm
dt +A(m)(t) = 0 for 0 < t < T,

m(0) = m0.
(12)

We want to formulate conditions on the operator A so that (12) has a unique
solution m ∈ C1 [0, T ;Mf,a].

����� 6.2� Let G : [0, T ] × S × X→X be a function G(t, x, u) satisfying the
following conditions:

(1) The function G (·, x, ·) is continuous from [0, T ] × X into X, for μ-a.a.
x ∈ S.

(2) For some non-negative a ∈ L1(S) and b ≥ 0,

‖G(t, x, u)‖X ≤ a(x) + b ‖u‖X
for all t ∈ [0, T ], u ∈ X, and for μ-a.a. x ∈ S.

(3) The function x→G(t, x, u) is strongly measurable for each t∈ [0, T ], u∈X.
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(4) There exists C > 0 such that

‖G(t, x, u1)−G (t, x, u2)‖X ≤ C‖u1 − u2‖X ,

for all t ∈ [0, T ] and u1, u2 ∈ X, and for μ-a.a. x ∈ S.

Then, the following properties hold:

a) The function Gt = G (t, ·, ·) is an N -function for each t ∈ [0, T ].

b) The Nemystkĭı operator NGt
maps B1 (S) into itself for each t ∈ [0, T ].

c) The operator f(t, ·) → NGt

(
f(t, ·)

)
(·) maps C[0, T ;B1(S)] continuously

into itself.

P r o o f. Condition a) is a direct application of 1) and 3), while b) follows from 2).

To prove c), we begin by observing that given f ∈ C[0, T ;B1(S)], the function
NGt

(
f(t, ·)

)
(x) belongs to B1(S) for each t ∈ [0, T ], as a consequence of b).

Moreover, we claim that NG

(
f(t, ·)

)
belongs to C[0, T ;B1(S)]. Indeed, if the

sequence {tj}j≥1 converges to t in [0, T ], the sequence {f (tj , ·)}j≥1 converges

to f (t, ·) in B1(S). Hence, according to 4),

NGt

(
f(tj , ·)

)
−→
j→∞

NGt

(
f (tj , ·)

)
in B1(S).

Finally, if the sequence {fn}n≥1 converges to f in C[0, T ;B1(S)], we use 4)
to write ∥∥NGt

(
fn(t, ·)

)
−NGt

(
f(t, ·)

)∥∥
B1(S)

≤ C ‖fn(t, ·)− f(t, ·)‖B1(S)

≤ C ‖fn − f‖ .
Thus,

sup
0≤t≤T

∥∥NGt

(
fn (t, ·)

)
−NGt

(
f(t, ·)

)∥∥
B1(S)

−→
n→∞ 0.

This completes the proof of the lemma. �

We are now ready to define the operator A in (12).

���������� 6.3� Given a function G satisfying the hypotheses of Lemma 6.2,
we define, for m ∈ C [0, T ;Mf,a],

A(m)(t) = ÑGt

(
m(t)

)
, (13)

where ÑGt
, for each t ∈ [0, T ], is given by (6). That is to say,

ÑGt

(
m(t)

)
= G

(
t, ·, fm(t)(·)

)
dμ.

����� 6.4� The operator A is well defined and continuous from C [0, T ;Mf,a]
into itself.
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P r o o f. According to b) in Lemma 6.2, G
(
t, ·, fm(t)(·)

)
∈ B1(S) for each

t∈ [0, T ]. Therefore, for each t∈ [0, T ], the function ÑGt

(
m(t)

)
belongs to Mf,a.

Condition c) in Lemma 6.2 implies that

G
(
t, ·, fm(t)(·)

)
∈ C[0, T ;B1(S)].

So,
ÑGt

(
m(t)

)
∈ C[0, T ;Mf,a].

That is to say, the operator A is well defined from C[0, T ;Mf,a] into itself.
As for the continuity, if the sequence {mj}j≥1 converges to m in C [0, T ;Mf,a],

according to Remark 6,

sup
0≤t≤T

‖A(mj)(t)−A(m)(t)‖Mf,a

= sup
0≤t≤T

∥∥G(t, ·, fmj(t)(·)
)
−G

(
t, ·, fm(t)(·)

)∥∥
B1(S)

and {fmj(t)}j≥1 converges to fm(t) in C[0, T ;B1(S)]. Finally,

sup
0≤t≤T

∥∥G(t, ·, fmj(t)(·)
)
−G

(
t, ·, fm(t)(·)

)∥∥
B1(S)

−→
j→∞

0

as a consequence of c) in Lemma 6.2.

This completes the proof of the lemma. �

Remark 7� According to 4) in Lemma 6.2 and (13), givenm1,m2∈C[0, T ;Mf,a],∥∥(A(m1)(t)−A(m2)(t)
)∥∥

Mf,a
=
∥∥∥(G(t, ·, fm1(t)(·)

)
−G

(
t, ·, fm2(t)(·)

))
dμ
∥∥∥
Mf,a

=
∥∥∥(G(t, ·, fm1(t)(·)

)
−G

(
t, ·, fm2(t)(·)

))∥∥∥
B1(S)

≤ C
∥∥fm1(t) − fm2(t)

∥∥
B1(S)

= C ‖m1(t)−m2(t)‖Mf,a

for all t ∈ [0, T ], where C is the positive constant appearing in 4) of Lemma 6.2.

In each of the following two examples, we define a function G that satisfies
the hypothesis of Lemma 6.2.

Example. To begin with, we fix a function H : X → X satisfying the following
two conditions:

1. There exists C1 > 0 such that ‖H(r)‖X ≤ C1 ‖r‖X for all r ∈ X.

2. H is a Lipschitz function; that is to say, there exists C2 > 0 such that

‖H(r1)−H(r2)‖X ≤ C2 ‖r1 − r2‖X for all r1, r2 ∈ X.
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Then, given b ∈ B1(S), we define G : [0, T ]× S ×X → X as

Gt(x, u) = G(t, x, u) = H
(
b(x) + tu

)
. (14)

We claim that G satisfies conditions 1) – 4) in Lemma 6.2.

In fact, if {tj}j≥1 converges to t in [0, T ] and {uj}j≥1 converges to u in X,

the product {tjuj}j≥1 will converge to tu in X. Hence,∥∥H(b(x) + tjuj

)
−H

(
b(x) + tu

)∥∥
X

≤ C2 ‖tjuj − tu‖X −→
j→∞

0

for μ-a.a. x ∈ S.

So, condition 1) is satisfied.

‖G(t, x, u)‖X = ‖H(b(x) + tu)‖X
≤ C1 ‖b(x) + tu‖X
≤ C1

(
‖b(x)‖X + T‖u‖X

)
for all t ∈ [0, T ], u ∈ X, and for μ-a.a. x ∈ S. Therefore, 2) holds.

If we fix t ∈ [0, T ] and u ∈ X, the function x → H(b(x) + tu) is strongly
measurable, because it is the composition, in the required order, of the strongly
measurable function x → b(x) and the continuous function r → H(r + tu).
So, condition 3) holds.

We can write

‖G(t, x, u1)−G(t, x, u2)‖X =
∥∥H(b(x) + tu1

)
−H

(
b(x) + tu2

)∥∥
X

≤ C2t‖u1 − u2‖X

≤ C2T‖u1 − u2‖X ,

which is condition 4).

Therefore, Lemma 6.4 implies that

A(m)(t) = ÑGt

(
m(t)

)
= H

(
b(·) + tf(t, ·)

)
dμ

is a well-defined and continuous operator from C [0, T ;Mf,a] into itself.

Example. This time, we consider a function g : S×X → X defined as a fi-
nite sum,

g(x, u) =
∑
j

aj(x) ‖dju− bj(x)‖X +A(u),

where
dj ∈ R, aj ∈ B∞(S), bj ∈ B1(S) and A ∈ L(X),

meaning that A is a linear and continuous operator from X into itself.
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Next, we define the function G : [0, T ]× S ×X → X as

Gt(x, u) = G(t, x, u) = g(x, tu).

We claim that G satisfies conditions 1) – 4) in Lemma 6.2. Indeed, if {tk}k≥1

converges to t in [0, T ] and {uk}k≥1 converges to u in X, the product {tkuk}k≥1

will converge to tu in X. Hence,

‖g(x, tkuk)− g(x, tu)‖X

≤
∑
j

‖aj‖B∞(S)

∣∣‖djtkuk − bj(x)‖X − ‖djtu− bj(x)‖X
∣∣

+ ‖A (tkuk − tu)‖X
for μ-a.a. x ∈ S.

If we recall that

|‖v‖X − ‖w‖X | ≤ ‖v − w‖X ,

we can write
‖g (x, tkuk)− g(x, tu)‖X

≤

⎛⎝∑
j

‖aj‖B∞(S) |dj |+‖A‖L(X)

⎞⎠‖tkuk−tu‖X −→
k→∞

0.

Thus, 1) holds.

‖G(t, x, u)‖X
≤
∑
j

‖aj‖B∞(S)

(
|dj | t‖u‖X + ‖bj (x)‖X

)
+ t ‖A‖L(X) ‖u‖X

≤ T

⎛⎝∑
j

‖aj‖B∞(S) |dj |+ ‖A‖L(X)

⎞⎠ ‖u‖X

+

⎛⎝∑
j

‖aj‖B∞(S)

⎞⎠ sup
j

‖bj(x)‖X ,

for μ-a.a. x ∈ S, which shows that 2) holds.

Condition 3) is true as well, since for each t ∈ [0, T ] and u ∈ X, the function

x → aj(x) ‖djtu− bj(x)‖X + tA (u)

is strongly measurable for each j.
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To prove 4), we fix u1, u2 in X. Then,

‖G(t, x, u1)−G(t, x, u2)‖X ≤
∑
j

‖aj(x)‖djtu1 − bj(x)‖X + tA(u1)

− aj(x) ‖djtu2 − bj (x)‖X − tA (u2)
∥∥
X

≤
∑
j

‖aj(x)‖X
∣∣‖djtu1−bj(x)‖X−‖djtu2−bj(x)‖X

∣∣
+ T ‖A‖L(X) ‖u1 − u2‖X

≤ T

⎛⎝∑
j

‖aj‖B∞(S) |dj |+ ‖A‖L(X)

⎞⎠ ‖u1 − u2‖X ,

for μ-a.a. x ∈ S, which is 4).

Then, we can define the operator A as in Example 6.


���
�� 6.5� The initial value problem (12) has one and only one solution
in C1 [0, T ;Mf,a], if we assume that m0 ∈ Mf,a and the operator A is given
by (13), where the function G satisfies 1) – 4) in Lemma 6.2.

We will give two proofs of this theorem. The first proof relies on the following
extension of the Banach fixed point theorem:

	
��������� 6.6� (For the proof see, for instance, [15, p. 286, Corollary 4]),
Let (M,d) be a complete metric space and let f be a map from M into M .
If there is k ≥ 1, so that the composite map f (k) is a contraction, then the map f
has a unique fixed point.

T h e f i r s t p r o o f o f T h e o r e m 6.5. We begin by observing that the solu-
tions in C1[0, T ;Mf,a] of the initial value problem (12) are exactly the functions
m(t) that are solutions of the integral equation

m(t) = m0 +

t∫
0

A(m)(s)ds. (15)

We will show that (15) has one and only one solution in C1[0, T ;Mf,a]
by proving that the operator T defined on C[0, T ;Mf,a] as

T (m) = m0 +

t∫
0

A(m)(s)ds (16)

has a unique fixed point. According to Proposition 6.6, it suffices to show
that T (k) is a contraction from C [0, T ;Mf,a] to itself, for some k ≥ 1.
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We claim that, for some C > 0,∥∥∥T (k)(m1)(t)− T (k)(m2)(t)
∥∥∥ ≤ Cktk

k!
‖m1 −m2‖, (17)

for

t ∈ [0, T ], m1,m2 ∈ C[0, T ;Mf,a] and k ≥ 1.

In fact, when k = 1, if mi(t) = fi (t, ·) dμ for i = 1, 2 and t ∈ [0, T ], we have

‖T (m1)(t)−T (m2)(t)‖Mf,a

≤
t∫

0

‖A(m1)(s)−A(m2)(s)‖Mf,a
ds

=

t∫
0

∥∥G(·, f1(s, ·))−G
(
s, ·, f2(s, ·)

)∥∥
B1(S)

ds

≤ Ct sup
0≤s≤T

‖f1(s, ·)−f2(s, ·)‖B1(S)

= Ct sup
0≤s≤T

‖m1(s)−m2(s)‖Mf,a
= Ct‖m1−m2‖,

where C is the positive constant in 3) of Lemma 6.2. Therefore,

‖T (m1)− T (m2)‖ ≤ CT‖m1 −m2‖.

We prove now that (17) holds for k = n+1, assuming that it holds for k = n.
According to Remark 7,∥∥∥T (n+1)(m1)(t)− T (n+1)(m2)(t)

∥∥∥
Mf,a

=

∥∥∥∥∥∥
t∫

0

(A
(
T (n)(m1)

)
(s)−A

(
T (n)(m2)

)
(s))ds

∥∥∥∥∥∥
Mf,a

≤ C

t∫
0

‖T (n)(m1)(s)− T (n)(m2)(s)‖Mf,a
ds

≤ C

t∫
0

Cnsn

n!
‖m1 −m2‖ds

=
Cn+1tn+1

(n+ 1)!
‖m1 −m2‖.
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Hence, if we pick k ≥ 1, so that CkTk

k! < 1, the composite operator T (k) will
be a contraction in C [0, T ;Mf,a]. According to Proposition 6.6, the operator T
has a unique fixed point m in C [0, T ;Mf,a], which implies that m is the unique
solution in C1 [0, T ;Mf,a] of (12).

This completes the first proof of Theorem 6.5. �

The second proof relies on a “trick”mentioned in [10, p. 267], in the real-valued
case.

Let B be a real Banach space and, for T > 0 fixed, let g : [0, T ] × B → B
be a continuous function g (t, u) that is Lipschitz in u, uniformly on t ∈ [0, T ].
That is to say,

‖g (t, u1)− g (t, u2)‖B ≤ L ‖u1(t)− u2(t)‖B ,

for some L > 0 and all t ∈ [0, T ].

We consider the following two norms on C[0, T ;B]:

‖u‖ = sup
t∈[0,T ]

‖u (t)‖B
and

‖u‖∗ = sup
t∈[0,T ]

(
e−Lt‖u(t)‖B

)
.

These norms are equivalent. In fact, given u ∈ C[0, T ;B] and t ∈ [0, T ],

e−LT ‖u(t)‖B ≤ e−Lt‖u(t)‖B ≤ ‖u(t)‖B .

Therefore,
e−LT ‖u‖ ≤ ‖u‖∗ ≤ ‖u‖ .

Now, if we fix u0 ∈ B, we consider the operator G defined on C[0, T ;B]

G(u)(t) = u0 +

t∫
0

g
(
s, u(s)

)
ds,

for t ∈ [0, T ]. We claim that

‖G(u1)− G (u2)‖∗ ≤
(
1− e−LT

)
‖u1 − u2‖∗ , (18)

for all u1, u2 ∈ C[0, T ;B] .
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Indeed, if we fix t ∈ [0, T ],

∥∥(G(u1)
)
(t)−

(
G (u2)

)
(t)
∥∥
B

≤
t∫

0

∥∥g(s, u1(s)
)
− g
(
s, u2(s)

)∥∥
B
ds

≤ L

t∫
0

‖u1(s)− u2(s)‖B ds

= L‖u1 − u2‖∗
t∫

0

eLsds

=
(
eLt − 1

)
‖u1 − u2‖∗.

Hence,

e−Lt
∥∥(G(u1)

)
(t)−

(
G(u2)

)
(t)
∥∥
B
≤
(
1− e−Lt

)
‖u1 − u2‖∗ .

Since

0 < 1− e−Lt ≤ 1− e−LT < 1

for every t ∈ [0, T ], we conclude that (18) holds and therefore, the operator G
is a contraction.

If we invoke the Banach fixed point theorem (see, for instance, [15, p. 284,
Theorem 1]), we conclude that there is a unique u ∈ C [0, T ;B] so that
G(u) = u. Equivalently, there is a unique u ∈ C1[0, T ;B] that solves the ini-
tial value problem {

du
dt + g(t, u) = 0 for 0 < t < T,

u(0) = u0.

The second proof of Theorem 6.5 follows quite easily from this discussion.
Indeed,

T h e s e c o n d p r o o f o f T h e o r e m 6.5. Remark 7 implies that the opera-
tor A is Lipschitz with constant C. Therefore, we only need to use the “trick”
with B = Mf,a, G = T in (16) and L = C, to conclude that (12) has one and
only one solution in C1[0, T ;Mf,a].

This completes the second proof of Theorem 6.5. �

Remark 8� When the space X is Rn, the equation dm
dt

+A(m)(t) = 0 becomes
a system of non-linear real equations.

We will end with a very simple example of a different nature, where measures
are not assumed to be absolutely continuous with respect to μ.
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Remark 9� If the space X is R, we claim that the initial value problem (12)
has a unique solution when, for m ∈ C(0, T ;MR),

A(m)(t) =
(
ctm(t)− b(·)μ

)
, (19)

where t ∈ [0, T ], c ∈ R, b ∈ B1(S).

Let us recall that, according to [3, p. 21, Proposition 7 and p. 55, Proposi-
tion 25], MR is the Banach space consisting of the signed measures m : Σ → R

with the norm CMR
= |m|(S), where |m| denotes the variation of m.

It should be clear that given m ∈ MR, A(m)(t) ∈ MR for each t ∈ [0, T ].
Moreover,

(1) A is continuous as a function from [0, T ]×MR into MR.

(2) There exists C > 0 such that

‖A (m1) (t)−A (m2) (t)‖MR
≤ C ‖m1 −m2‖MR

,

for all t ∈ [0, T ] and m1,m2 ∈ MR.

As a consequence, A is continuous from C[0, T ;MR] into itself.

The proof of these statements involve calculations similar to those performed
in previous examples, so we will omit it.

From these statements we can conclude, as in both proofs of Theorem 6.5,
that (12) has a unique solution in C1 (0, T ;MR) when m0 ∈ MR and A is given
by (19).
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