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ABSTRACT. We define and study a Banach-space-valued Nemytskii operator
and we find vector measure solutions for associated non-linear initial value prob-
lems.

1. Introduction

We develop and study in detail a vector-valued Nemytskii operator that is
an operator with values in a Banach space. Then, we solve an associated non-
-linear initial value problem in the context of vector measures, that is, measures
that take values in a Banach space. Our work extends [2] to vector measures
and it includes an expanded treatment of results already considered in an un-
published manuscript [J.

The Nemytskii operator, let us recall, is a variable-coefficient composition
operator of the form f(t) — G(t, f(t)). Defined by V. V. Nemytskil [28], it has
been studied and used, among others, by M. M. Vainberg ( [29], [30]), Ne-
mytskii’s student at Moscow State University, and M. A. Krasnosel’kii [20].
More recently, the Nemytskil operator has been extensively studied in ( [16,
Chapters 6 and 7]), and has been used in the context of various problems in-
volving non-linear, functional, integral and differential equations, (see, for in-

stance, [5HO,12,18/2T23-27]).
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In some applications, the need arises to study the Fréchet and Géateaux dif-
ferentiability of particular Nemytskil operators (see, for instance, [13, p.267];
[14, pp. 318, 342]; [19, pp.96-97]; [29]). Other results on differentiability can be
formulated using Sobolev spaces ([14] p.342]). A detailed treatment of the dif-
ferentiability of a general Nemytskii operator is found in ([4, Chapter 1], [16]
Chapter 6]), while continuity properties in various functional spaces are studied
in ([I6, Chapter 7]).

By necessity, we use a number of definitions and results pertaining to the the-
ory of vector measures. This background material can be found, for instance,
in the expository article [3], which provides a fairly detailed study of vector
measures, including numerous examples and plenty of commentary, some of a his-
torical nature, as well as a comprehensive list of references. We will cite this
article often.

2. The Nemytskii operator

We fix a complete and o-finite measure space (5,3, u). With X and Y we
indicate real Banach spaces with norms || - ||x and || - ||y, respectively.

We begin with a definition (see [20, p.20] and [2, p.73,] for the real-valued
case).

DEFINITION 2.1. A function G : S x X — Y is called a vector-valued Cara-
théodory function when it satisfies the following conditions, called Carathéodory
conditions:

(1) For each w € X, the function ¢t — G(¢,u) is strongly measurable (for the
definition, see [3, p. 27, Definition 12]).

(2) The function u — G(t,u) is continuous for p-a.a. ¢ € S. That is to say,
there is a p-null set N € ¥ such that for each t € S\N, the function
u — g(t,u) is continuous.

PrROPOSITION 2.2. Given a Carathéodory function G, the following statements
hold:
(1) The application f — G(-, f) maps B°(S, X) into B°(S,Y) (for the defini-
tion, see [3, p.45, Definition 22]).

(2) If u is finite, the application f — G(-, f) is continuous from B°(S, X)
into BY(S,Y).

Proof. To prove 1), we begin with an X-valued simple function ¢ = ij]—XMj.
Then, if we fix an open set O C Y,
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{te S:G(t,p(t) €0} = {t e S\UM; : G(t,0) € 0}
j

U (Ult e M, : Gt 2) € O} |,

thus, it belongs to X, according to Definition 2]l Furthermore, the image of the
function G (-, ¢(-)) is the set {O}U((UJ){J}]}]) Thus, G(-,¢(+)) is separably
valued (for the definition, see [3, p. 28, Definition 14]). So, according to [3] p. 30,
Remark 20], G(-, ¢(-)) € B%(S,Y).

Now, if f € BY(S, X) and {¢;};>1 is a sequence of X-valued simple functions,
converging pointwise to f on S\N’, for some N’ € ¥ p-null set, the sequence
{G(t,0;(t)) }jzl converges to G (¢, f(t)) in Y, for each t € S\(NUN'), where N
is the p-null set in 2) of Definition 211 Thus, the function G(-, f(-)) € B%(S,Y).
So, we have proved 1).

As for the proof of 2), let us assume that the application f — G(-, f) is
not continuous from BY(S, X) into B°(S,Y). That is to say, for some sequence
{fi};>, converging to a function f in BY(S, X), the sequence {G(-,fj(~))}j>1
does not converge to G(-, f(-)) in B%(S,Y). In other words, there is £ > 0, so
for each k > 1, we can select ji > 1, with ji41 > jg, for which

Ay (G £3() = G i) > & 1)

Since the subsequence {fj, }x>1 converges to f in B°(S, X), that is, it con-
verges to f in p-measure, according to [3, p.45, Proposition 19|, there is a
subsubsequence {fj, }i>1 that converges to f, p-a.e. on S. Then, as in 1),
{G('7fﬂ'kl('))}l>1 converges to G(-,f(-)), p-a.e. on S. Since the measure pu is
finite, {G/(, fﬂkz_()) }l21 also converges to G(-,f(+)), in p-measure. However, this
conclusion contradicts ().

This proves 2) and completes the proof of the proposition. O

DEFINITION 2.3. A function G:SxX —Y is called bi-measurable if it satisfies 1)
in Proposition According to Proposition 22, a Carathéodory function is
bi-measurable. For more general conditions on G that imply bi-measurability,
we refer to ([16], p. 336]), where the notion of Shragin function is presented.

Remark 1. When the function G only depends on u, the operator N¢ is called
autonomous. In this case, Ng reduces to a simple composition G o f.

It was C. Carathéodory who studied the measurability of this composition
in the real valued case [I1]. He observed that the composition of two measurable
functions might not be measurable and proved that G o f is measurable if f is
measurable and G is continuous, thus suggesting the correct assumptions, as
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stated in Definition [ZI], on a general function G. This is the reason for the name
Carathéodory function and for the two conditions formulated in Definition 2.1
which are referred to as Carathéodory conditions.

The map f — G(-, f) established in Proposition is called, in the real-
valued case, a Nemytskii operator, usually denoted Ng. For this reason, the
function G introduced in Definition 1] is sometimes called, in the real-valued
case, an N-function. We will sometimes use this name in the vector-valued case
as well.

Besides the differentiability properties already mentioned in the introduction,
the real-valued Nemytskii operator has other interesting continuity and bound-
edness properties, for which bi-measurability is a necessary condition. As an
example, we mention the following result (see [30, p. 154, Theorem 19.1]).

THEOREM 2.4. Let (R™, L, \) be the Lebesgue measure space. If we fix 1 < pq,
p2 < 00, the following statements are equivalent:

(1) The Nemytskii operator Ng is continuous and bounded from LP*(R™)
into LP2(R™).
(2) There is a non-negative function a € LP*(R™) and a real number b > 0,

so that
|G(t,u)] < alt) + b|u|p1/p2.

Remark 2. According to a footnote inserted by the translator in [30} p.155],
the proof of Theorem 24 as presented in [30], is due to M. A. Krasnosel’skil
(see [20, p.20]) and differs considerably from the original proof by Vainberg].
The translator, M. Feinstein, also points out that the result applies as well to
the case 0 < p1,ps < 1.

For an extension of Theorem 24 to the vector-valued case, we refer to ([22]
Theorem 3.1]). Let us observe that, in the vector-valued case, the spaces X and Y’
are assumed to be separable and the measure space (S, %, u) is atomless (for the
definition, see [3, p. 19, Definition 6]).

Theorem[2.4]suggests the following non-autonomous example of a Carathéodo-
ry function:

EXAMPLE. Let us consider the finite sum:
G(t,u) =Y a;(t)|dju—b;(t)]|x + T(u), (2)
J

under the following assumptions:
(1) For each j, aj : S — Y and b; : S — X, are strongly measurable.
(2) For each j, d; € R.
(3) T € L(X,Y) (see in [3| p.40 the statement of Theorem 5]).
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Then, it should be clear that G satisfies Definition 21l By analogy with
the real-valued case (for the real case, see [2, p. 77, Definition 13]), we call (2))
a piecewise linear vector-valued N-function.

The proof of the following result is quite straightforward, so we will omit it.

PROPOSITION 2.5. Given a piecewise linear vector-valued N -function G, the as-
sociated Nemytskii operator Ng is well defined, continuous, and bounded, from

BY(S,X) into BY(S,Y), if a; € B>=(S,Y) and b; € BY(S,X), for every j
(for the definitions, see [3, Section4]).

In the next few sections, we define natural extensions of the Nemytskii oper-
ator N¢g to vector measures. As expected, there will be a balance between how
general the operator can be and how general the vector measure can be.

3. First extension of the Nemytskii operator
to vector measures

We fix a complete and o-finite measure space (S, %, ).

We begin by assuming that the Banach space X has the Radon-Nikodym
property with respect to the measure space (S, %, 1) (see [3], p. 54, Definition 24)).
Then,

ProOPOSITION 3.1. Let G be an N-function satisfying the growth condition
1G(t,u)lly < a(t) +bl|ullx, (3)

p-a.e. on S with a € LY(S) and b > 0. Then, the associated Nemytskii opera-
tor Ng is bounded and continuous from B*(S, X) into B*(S,Y).

Furthermore, there exists a unique operator Ng : Mya(X) — M;a(Y)
such that _
Ay o Ng(f) = Na o Ax(f), (4)

for all f € BY(S,X). Let us recall that the space M and the operator A,
were defined in the statement [3, p. 54, Proposition 24).

The equality @) is equivalent to the commutativity of the diagram

BY(s,x) Y& BYSY)

Axd LAy . (5)
Mpa(X) TS Mo (Y)
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Proof. We propose
Ne(fdp) = G(-, () dp- (6)
The Radon-Nikodym property determines the function f in (@) only p-a.e.in S,

so, we need to verify that Ng is well defined. Let h € B'(S, X) be so that h = f
on S\U, where U € ¥ is a p-null set. Then, given A € ¥,

No(hd(4) = [ G(h0)di = [G(, )

(S\U)nA

A
Z/G(-,f(~))du

= Ne(fdu)(A),
where we have used the completeness of the measure space (S, %, u).

Next, we show that NG makes the diagram in (B)) commutative. In fact,

Ay o Na(f) = G( f(-))dn = Na(fdp) = N o Ax(f),

for all f € BY(S, X).
As for the uniqueness, let H : M¢ ,(X) = My ,(Y) be another operator that
also makes the diagram in (B commutative. That is to say,

Ay o Na(f) = H o Ax(f),
for all f € BY(S, X). Then,
H(fdp) = H o Ax(f) = Ay o Na(f) = N o Ax(f) = Ne(fdu).

This completes the proof of the proposition. O

4. Properties of the map G — NG

Once again, we fix a complete and o-finite measure space (S, %, p).

Although it is not necessary, to avoid notational complications, we assume
now that X = Y. Still, we suppose that the Banach space X has the Radon-
Nikodym property with respect to the measure space (S, %, i).

We begin with a definition.

DEFINITION 4.1. Let us call A the family of those vector-valued N-functions
G that satisfy the growth condition (B]). Moreover, let

N ={Ng:GeN}.
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In the theorem that follows, we show that the map G — NG has quite a few
properties resembling those of a functional calculus. By the way, it might have
been M. Fréchet who first used the words “functional calculus”in his doctoral
thesis presented at the Faculté des Sciences de Paris on April 2, 1906 [I7].

THEOREM 4.2. The following statements hold:

(1) The spaces N and N are real linear spaces and the map G — NG from N
into N is linear.

(2) The space B'(S) is contained in N. In fact, each function g € B'(S)
defines an N -function g that satisfies ). Furthermore, given g € B* (S),

Ny(fdp) = gdp.
(3) The space N is closed under the composition operation

(G2 e} G1)<t,u) == Gg(t, G1<t,u)).

Moreover, _ _ ~
NG20G1 = NG2 o) NGl-

Proof. It should be clear that A" and N are real linear spaces.
Ifa,3€R and G1,G2 €N,

= (aGr (- £()) + BG2(, £())) du

= Nac,+56. (fdp).-
This proves 1).

As for 2), it should be clear that functions in B!(S) define N-functions.
Moreover, given

g€B'(X), Ny(f)=g and Ny(fdu)= gdp
for all f € BY(S), according to Proposition Bl

To prove 3), let us recall that there are p-null sets U and V in X, so that
the function u — G1(t,u) is continuous for each t € S\U, and the function
v — G4 (t,v) is continuous for each t € S\ V.

So, the function u — G2 (t, G1(t,u)) is continuous for each t € S\ (UUV).

If we fix u € X, the function t — G (¢, u) is strongly measurable. So, according
to 1) in Proposition 2:2] the function ¢ — G4 (t, G1(t, u)) is strongly measurable.
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Thus, G2 o G; is an N-function. As for the growth condition,
|Ga(t, Ga(t,u))|| < as(t) +ba | Ga(t,u)|

< ag(t) + b (ar(t) + by [|ul))

= (Iz(t) + b2a1 (t) + b2b1HUH
SO, Gyo0Gy € N.

Finally,
(Ne, o Ne, ) (i) = Ne, (Ne, (£)du) = Ne, (G (- £())dpr) =

G2 ('7 Gl ('a f()))d:u = NG2OG1 (fdy}
This completes the proof of the proposition. O

Remark 3. If G(-) : S — R is the real-valued and autonomous N-function
defined as G (u) = |Jul|, then

Nea(H)C) =1FO1-
Thus, according to [3], p. 47, Theorem 6, 3]

Ne (fdp) = |||l du = | fdp. (7)

5. Second extension of the Nemytskil operator
to vector measures

As before, we fix a complete and o-finite measure space (5, %, ). However,
this time we do not assume that X has the Radon-Nikodym property with
respect to (5,3, u). Moreover, we take X =Y.

Our goal is to extend the Nemytskii operator associated with a particular kind
of piecewise linear N-function (see Example 2)) to the space M (see the state-
ment in [3, p.21, Proposition 7]).

More precisely
DEFINITION 5.1. We consider N-functions of the form
G(t,u) =Y a;(t) ldju — b; ()] + T(w),
J

assuming that
dj €R, a; € B*(S), bjeB'(S) forall j, and T € L(X),

that is to say, T is a linear and continuous operator from X into itself.

LeEMMA 5.2. The following statements are true:
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(1) Given m € My, the set function T o m defined as
(T om)(A) =T (m(A))

for all A € X, is a vector measure.
(2) Moreover,

[T om|(A) < [T 1(x) Im|(A) (8)
forall A e X.
3) The map m — T om is a linear and continuous function from M into
(3) P f f f
itself.

Proof. Let us prove 1):
For starters, (T om) (&) =T (0) = 0.
Next, if {A4;},-, is a countable family of disjoint sets in 3,

k
(T'om) UAj =T | lim Zm(Aj)

j>1 j=1

= lim T(m(A4;))

Jj—o0 4
j
= Z(T om)(A;).
j=>1
So, T' o m is a vector measure.

As for 2), given A € ¥ and ¢ > 0, there exists a finite partition {4;}, € ¥
of the set A for which

ITOW@®—6<§:MT0mH&N

J

< ATy Y llm (A7)l
J

< HTHL(X) Im|(A).

So, (@) holds. In particular, 7o m € My .
Finally, it should be clear that 3) is an immediate consequence of 1) and 2).
This completes the proof of the lemma. O

The following definition is justified by Theorem and the properties
of the variation discussed in [3] Section 2].
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DEFINITION 5.3. For each j, we denote b;u the vector measure defined as

(bju) (A) = [bjdp
/

for each A € ¥, while given m € My, a;|djm—>bju| is the vector measure
defined as

[ostdidsm—t;u )
for each A € X. A
Let us observe that b;ju, d;m, and |djm — b;pu|, all have finite variation
(see 3l Section 2]).

Then, given m € My, we denote Ne (m) the vector measure defined as
(Na(m))(A) =D (asldym = bjul)(A) + (T o m) (A) (10)
for all A € 3. !

Remark 4. Since p(A) = [, du for all A € X, we can write dy as in 2) of The-
orem L2 or p as in ().

PROPOSITION 5.4. The map N¢ defined by ([IQ) is bounded from My into itself.

Proof. First, let us recall that M is a linear normed space with the total
variation as norm (see [3, p. 21, Proposition 7]).

It should be clear from Lemma and Definition that Ng maps My
into itself. For simplicity, we will work with one term in (I0). Moreover, since
the map m — T om is bounded from M into itself, it suffices to assume that

No(m) = aldm — by,
with
acL>®(S), beB'Y(S) and deR.

If B is a bounded subset of M and m € B,
|Na(m)|(S) < llallp=(s)(|delm[(S) + bl 51(s))

which shows that {HNG(m)HM‘f}meB is bounded in M. To avoid confusion,
we have denoted |d|p the absolute value of the real number d.
This completes the proof of the proposition. O

We now want to establish the relationship between the Lebesgue decomposi-
tion of ]\7(;(m) and the Lebesgue decomposition of m, assuming that the measure
space (S,%, u) is complete and finite. To attain this goal fully, we also assume
that X has the Radon-Nikodym property with respect to (S, %, u).

According to 3], p. 26, Theorem 1 and p. 54, Definition 24|, given m € My,

m = fdu + ms,
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where f€ B!(S) and m4 L u (for the definition, see [3] p. 21, Definition 7]). Then,
THEOREM 5.5.

Na(m) =G f())du + | D a; | [ms| + T omy,
J
where

Do as | Imal + T oma L G( £())dp.
J
Proof. We begin by writing
Ne (m) =Y aj|d (fdp +my) — bjdu| + T(f(-))dp+ T om,.
J
It should be clear that m, L p implies that the measures m, and (f —b;)dp
are also mutually singular. Moreover, according to [3, p.22, Lemma 6],

Zaﬂ bi)p| + Zaj Ims| +T(f(:))p+ T omsg

J

c (fdp) + Zaj Ims| + T oms.
J
By definition, |mg| and p are mutually singular. So, in [3, p.22, Lemma 5],
tells us that there is a partition S = A|JB, A, B € ¥, such that
Ims[(A’) = 0 forall A’ CA, A ek,
uw(B) = 0 forall B'CB, B eX.
Then,

Zaj || A’)—/ Zaj dlms| = 0.

J e
So, the measures (Y., a;)|m,| and p are also mutually singular. It remains
to prove that the measures T o mg and p are mutually singular, as well.

Since |mgs| L p, there is a partition S = A|UB, A,B € X, such that
|ms|(A) = 0 and p(B) = 0. Then, (8) implies that |[T'omg|(A) = 0 and, therefore,

n
(Zaz> Ims| + T oms

=1

and p are mutually singular.

97



J. ALVAREZ—M. GUZMAN-PARTIDA

According to Proposition B}, G(-, f(-))€ B*(S). Thus Ne(fdp)= G( f()dp
is absolutely continuous with respect to p.

Finally, (3>°1" , a;)|ms| + T o my and N (fdp) are mutually singular.

This completes the proof of the theorem. O

Remark 5. The operator Ng given by (I0) makes the following diagram com-

mutative: Ne

B(S) =% B!(9)
Al LA . (11)
My 25 My
Let us observe that, this time, A is an isometric isomorphism between B(SS)
and the proper closed subspace My, of My, introduced in [3| p. 54, Proposi-

tion 24]. Let us recall that My, consists of those vector measures of the form
fdu, for f € BY(S). Therefore, unlike the case in Proposition Bl the operator
Ng in () is not uniquely determined.

Actually, there are interesting vector measures that have finite variation and
are mutually singular with respect to a measure . We present the following
example:

For n > 2, let us consider the Lebesgue measure spaces

(Rna‘cna/\n) and (Rn_laﬁn—la/\n—l)

and let us fix a real Banach space X.
Given f € B! (R"™1), we define a set function m : £,, — X as

m() = [ Fat0dn,
Rnfl
where x4 denotes the characteristic function of A.

It should be clear that m is a vector measure of finite variation that is con-
tinuous (see [3, p.19, Definition5 and Remark 12]). Moreover, m and \,, are
mutually singular. In fact, if

Xpo1 = {(@,0): 2’ e R" '},
we have
A (Xp—1) =0 and m(A) =0,
for every
A c Rn, A g Rn\xn—L

Thus, we conclude our presentation of the Nemytskii operator in the context
of vector measures.

In the next and last section, we will put to use most of the material presented
so far.
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6. A non-linear initial value problem

We fix a complete and o-finite measure space (S,%, ) and a real Banach
space X that has the Radon-Nikodym property with respect to (S,%,u).
In what follows, B'(S) will be the Banach space of equivalence classes as de-
fined in [3, p.37, Remark 25]. We will now use [|f|/p1(s) to denote the norm
in the Banach space B!(S) of the equivalence class f.

DEFINITION 6.1. For T' > 0 fixed, C' [0, T'; M ,] is the linear space of continuous
functions m : [0,7] — My ,.
The space C'[0,T; My ,] becomes a Banach space with the norm

[m[| = sup [[m()[r,,, -
0<t<T &

Likewise, the space C![0,T; M ,a) of continuously differentiable functions
m :[0,T] — Mjy, is a Banach space with the norm ||m|| + ||[m/|.

Let us observe that in the previous sections, ¢ has indicated a variable taking
value in S. In this section, that variable will be denoted x, while ¢ will be
a variable taking value in the interval [0, T].

Remark 6. According to [3, p. 54, Proposition 24 and p. 37, Remark 25],
C[0,T; My,] is isometrically isomorphic to C[0, T;B*(S)] endowed with the norm

1l = sup [If(O)llp1cs) -
0<t<T

Given mg € My 4, we consider the initial value problem

dm m = or
{ b A(m)(t) 0 for 0<t<T, )

m(0) = my.
We want to formulate conditions on the operator A so that (I2) has a unique
solution m € C [0, T; My o).

LEMMA 6.2. Let G : [0,T] x S x X—=X be a function G(t,x,u) satisfying the
following conditions:

(1) The function G (-,x,-) is continuous from [0,T] x X into X, for u-a.a.
reSs.

(2) For some non-negative a € L'(S) and b > 0,
1G(t, z,u)|lx < alz) +blluly
forallt €[0,T],u € X, and for u-a.a. x € S.
(3) The function x— G(t,x,u) is strongly measurable for each t€[0,T|,uec X.
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(4) There exists C > 0 such that
IG(t,2,u1) = G (t @, u2) || x < Cllur —usg|x,
for allt € 0,T] and uy,us € X, and for p-a.a. x € S.
Then, the following properties hold:
a) The function Gy = G (t,-,) is an N-function for each t € [0,T].
b) The Nemystkii operator Ng, maps B (S) into itself for each t € [0,T].
c) The operator f(t,-) — Neg,(f(t,-))(-) maps C[0,T; BX(S)] continuously

into itself.

Proof. Condition a) is a direct application of 1) and 3), while b) follows from 2).

To prove c), we begin by observing that given f € C[0,T; B1(S)], the function
Ne, (f(t,-))(x) belongs to B'(S) for each t € [0, T, as a consequence of b).

Moreover, we claim that N (f(t,-)) belongs to C[0,T; B'(S)]. Indeed, if the
sequence {t;},-, converges to t in [0,7], the sequence {f (t;,)};5, converges
to f(t,-) in BY(S). Hence, according to 4),

No, (4(t1,) 2 Vo (£ 15,9)

in BY(S).

Finally, if the sequence {f,},~, converges to f in C[0,T; B'(S)], we use 4)
to write

HNGt (fn(ta )) - NGt (f(ta '))HBI(S) < C an(t) ) - f(ta ')HBl(S)

Thus,
N, n(t,-)) — Ng, (f(t,- L 0.
o [N, (fu (t.) = Na, (F(t )] i s e
This completes the proof of the lemma. O

We are now ready to define the operator A in (I2)).

DEFINITION 6.3. Given a function G satisfying the hypotheses of Lemma [6.2]
we define, for m € C'[0,T; My ],

A(m)(t) = Ng, (m(t)), (13)
where Ng, , for each t € [0,T7, is given by (@). That is to say,

LEMMA 6.4. The operator A is well defined and continuous from C'[0,T; My ,]
into itself.
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Proof. According to b) in Lemma [6.2] G(t, “ fm(t)(-)) € Bl(S) for each
t€[0, T). Therefore, for each &[0, T], the function Ng, (m(t)) belongs to M q.
Condition c¢) in Lemma [6:2] implies that
G(t, . fm(t)(')) S C[O, T, Bl(S)].
So,
Ng, (m(t)) € C[0,T; My ).

That is to say, the operator A is well defined from C[0,T; My ,] into itself.
As for the continuity, if the sequence {mj}j>1 converges to m in C'[0,T; My 4],
according to Remark [6] -

sup [l A(m;)(t) = A(m)(8)]lmy,.

0<t<T
= sup [[G (L, fin,)() = Gt Fnity ()| s,

0<t<T
and { f,, (1) }j>1 converges to f,,y in C[0,T; B'(S)]. Finally,
sup HG(ta *y fmj(t) ()) -G (ta *y fm(t) ()) HBl — 0

0<t<T (8) j—oo

as a consequence of ¢) in Lemma [6.2
This completes the proof of the lemma. O

Remark 7. According to 4) in Lemmal6.2land (I3]), given mq, ma € C[0,T; My,],

| (Am) 0 = Ama) D) | ., = [| (G Fini () = G »fmz<t><'>>)d“HMf,a

(G Fr) = Gl ()]

B'(S)
< Cllfamw = Fna) |l prs)
= Cllma(t) = ma®) o,

for all ¢t € [0, T], where C'is the positive constant appearing in 4) of Lemma [6.2]

In each of the following two examples, we define a function G that satisfies
the hypothesis of Lemma [6.2

ExaMPLE. To begin with, we fix a function H : X — X satisfying the following
two conditions:

1. There exists C; > 0 such that ||[H(r)||y < Cy||r| y for all r € X.
2. H is a Lipschitz function; that is to say, there exists Cs > 0 such that

HH(TI) _H<T2)HX < 02 H’I“l —TQHX for all r1,Tre € X.
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Then, given b € B(S), we define G : [0,T] x S x X — X as
Gi(z,u) = G(t,z,u) = H(b(z) + tu). (14)

We claim that G satisfies conditions 1)—4) in Lemma [6
In fact, if {t;},,, converges to ¢ in [0,7] and {u;};>1 converges to u in X,
the product {t;u; }j>1 will converge to tu in X. Hence,

||H( )+t uj) —H(b(x)—i—tu)HX < Oy ||tjuj — tul| j:))OO
for p-a.a. x € S.

So, condition 1) is satisfied.
1G(E 2, u)llx = [[H(b(z) + tu)||
< C1 |Ib(a) + tull

< Ci(|lb(@)lx + Tullx)

forallt € [0,T],u € X, and for p-a.a. x € S. Therefore, 2) holds.

If we fix t € [0,7] and v € X, the function z — H(b(x) + tu) is strongly
measurable, because it is the composition, in the required order, of the strongly
measurable function z — b(x) and the continuous function r — H(r + tu).
So, condition 3) holds.

We can write

IG(t,x,u1) — G(t, z,u2)||x = ||H( (x) + tul) H(b(x) + tuz) ||X
< Cytf|ur — uz| x
< CoT|Jur — usl| x,

which is condition 4).
Therefore, Lemma implies that

A(m)(t) = Ne, (m(t)) = H(b() + (2, ))dp

is a well-defined and continuous operator from C'[0,T; My ,| into itself.

ExaMpPLE. This time, we consider a function g: S x X — X defined as a fi-
nite sum,

Z% ldju— bj ()|l + A(u),

dj € R, ajEBOO(S), b € BY(S) and A€ L(X),

where

meaning that A is a linear and continuous operator from X into itself.
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Next, we define the function G : [0,7] x S x X — X as
Gi(z,u) = G(t, z,u) = g(z, tu).

We claim that G satisfies conditions 1) —4) in Lemma [62 Indeed, if {t},~,
converges to t in [0, 7] and {us},~, converges to u in X, the product {txuy},~,
will converge to tu in X. Hence, -

lg(z; trur) — g(z, tu)| x

<D llagll oo s Hediteun = b (@) = lldstu = by ()| x|
j

+ |A (trur, — tu)| 5
for p-a.a. x € S.
If we recall that
lvllx = lwlx| < [[v—wllx,

we can write
Hg (xvtkuk) - g(w,tu)HX

<D Mgl oo sy s 1+ 1A x| ltws—tull x — 0.

Thus, 1) holds.
1G(t, 2, u)l|x

< lagll po sy (11 tlullx + 1165 ()1 )
j

+ LAl L x) llullx

< T [ S gl s 1451+ 140 | llullx

J

| D sl sy | s s @l

J

for p-a.a. x € S, which shows that 2) holds.
Condition 3) is true as well, since for each t € [0,T] and u € X, the function

x = aj(x) [|djtu — bj(2)] x + 1A (u)
is strongly measurable for each j.
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To prove 4), we fix uy,us in X. Then,

Gt z,u1) = Gt 2, u9) | x <D llaj (@)l djtur — b ()| x + tA(ur)
i

— a;(v) ||djtuz — bj () x — tA <u2)HX

<D la (@)l [lldjtus —b; (@) |y~ lldjtuz —b; ()l |
j

T T Al x) llua — w2l x

< T S a5l sy 15l + 1A | Nl = w2l
J
for p-a.a. x € S, which is 4).

Then, we can define the operator A as in Example [6l

THEOREM 6.5. The initial value problem ([I2) has one and only one solution
in C1[0,T; My ), if we assume that mg € My, and the operator A is given
by [I3), where the function G satisfies 1)—4) in Lemma 6.2

We will give two proofs of this theorem. The first proof relies on the following
extension of the Banach fixed point theorem:

PROPOSITION 6.6. (For the proof see, for instance, [13, p. 286, Corollary 4]),
Let (M,d) be a complete metric space and let f be a map from M into M.
If there is k > 1, so that the composite map f*) is a contraction, then the map f
has a unique fized point.

The first proof of Theorem We begin by observing that the solu-
tions in C[0,T; My,,] of the initial value problem (I2)) are exactly the functions
m(t) that are solutions of the integral equation
t
m(t) = mgo + [A(m)(s)ds. (15)
0
We will show that (I5) has one and only one solution in C*[0,7; My ,]
by proving that the operator 7 defined on C[0,T; My ,] as
t
T(m) =mg + [ A(m)(s)ds (16)
0

has a unique fixed point. According to Proposition [6.0] it suffices to show
that 7 is a contraction from C [0, T; M 4] to itself, for some k > 1.
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We claim that, for some C' > 0,
thk

HT(k)(ml)() TH) (ma)( H lm1 —ms||, (17)

for
€1[0,7], mi,mg € Cl0,T; My,] and k>1.

In fact, when k =1, if m;(t) = f; (¢,-) dp for i = 1,2 and ¢ € [0, T], we have
1T (ma) () =T (ma2) ()l my,
t

< [ 1A )~ Ama) )], ds
0

:/||G(~,f1(s,- G (5, £2(5,) || 1 ) B3

<C’t sup || f1(s, )= f2(s, )l B1(s)
0<s<T

—Ct sup_[[ma(s)=ma(s)|aay., = Ctllmy—mal|,
0<s<T

where C' is the positive constant in 3) of Lemma [6.21 Therefore,
[7(m1) = T(mz)|| < CT[jmy —my]|.

We prove now that (I7) holds for k = n+1, assuming that it holds for £ = n.
According to Remark [7]

[T m @) =T @,

= || [T m) ) = AT ma)) (s))ds

0 My,

c / 17 (ma)(5) — T (ma) ()|, . ds
0

< C/C Hml m2Hd8
n!

0
Cn+1tn+1
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Hence, if we pick k > 1, so that % < 1, the composite operator T*) will
be a contraction in C'[0,T; My ,]. According to Proposition [6.6, the operator T
has a unique fixed point m in C'[0,T; M 4], which implies that m is the unique
solution in C [0, T; My ,] of [@2).

This completes the first proof of Theorem O

The second proof relies on a “trick” mentioned in [I0} p. 267], in the real-valued
case.

Let B be a real Banach space and, for T' > 0 fixed, let ¢ : [0,7] x B — B
be a continuous function ¢ (¢,u) that is Lipschitz in u, uniformly on t € [0, T].
That is to say,

g (t,u1) — g (t,u2)|lp < Llui(t) —ua(t)| 5,

for some L > 0 and all ¢ € [0, T.

We consider the following two norms on C[0,T’; B]:

Jul = sup Jlu(®)|p
t€[0,7]
and

lull, = sup (e [lu(t)ll5)-
te[0,T

These norms are equivalent. In fact, given u € C[0,T; B] and ¢ € [0,T7,

e u(®)|p < e Hlu®)llz < [lu®)llp -

Therefore
’ eI | < [Jull, < [lull-

Now, if we fix ug € B, we consider the operator G defined on C[0,7’; B|
t

ﬂ@@%ﬂm+/ﬂ&%@ﬂ&
[0}
for t € [0,T]. We claim that

1G(u1) =G (ua)l, < (1= e *) [Jur — ual|, , (18)
for all uy,us € C[0,T; B] .
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Indeed, if we fix ¢t € [0, T,

(6w} ® ~ 6 e O] = [ lls1(6) ~ g(ssma(s) | s

< / s () — wn(s)]]  ds
[0}

t

= Ll||lu; — u2|*/eLsd5
0

= (e — 1) [Jur — ua|s.

Hence,
e HH[(G(u)) (1) = (G(u2)) ()| 5 < (1 =€) flur — wal, -

Since
O<l-et<1-—etT<1
for every t € [0,T], we conclude that (I8) holds and therefore, the operator G
is a contraction.

If we invoke the Banach fixed point theorem (see, for instance, [I5, p. 284,
Theorem 1]), we conclude that there is a unique w € C'[0,7;B] so that
G(u) = u. Equivalently, there is a unique u € C'[0,T; B] that solves the ini-
tial value problem

U tg(t,u) = 0 for 0<t<T,
u(0) = wuo.
The second proof of Theorem follows quite easily from this discussion.
Indeed,

The second proof of Theorem Remark [0 implies that the opera-
tor A is Lipschitz with constant C. Therefore, we only need to use the “trick”
with B = My,, G =T in ([8) and L = C, to conclude that (I2)) has one and
only one solution in C'[0,T; M 4.

This completes the second proof of Theorem O

Remark 8. When the space X is R", the equation dd—’f + A(m)(t) = 0 becomes
a system of non-linear real equations.

We will end with a very simple example of a different nature, where measures
are not assumed to be absolutely continuous with respect to pu.
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Remark 9. If the space X is R, we claim that the initial value problem (I2])
has a unique solution when, for m € C(0,T; Mg),

A(m)(t) = (ctm(t) —b(-)u), (19)
where t € [0,T],c € R,b € BY(S5).
Let us recall that, according to [3, p.21, Proposition 7 and p. 55, Proposi-
tion 25], My is the Banach space consisting of the signed measures m : ¥ — R
with the norm Cr, = |m|(S), where |m| denotes the variation of m.

It should be clear that given m € Mg, A(m)(t) € Mg for each t € [0,T].
Moreover,

(1) A is continuous as a function from [0,7] x Mg into Mg.
(2) There exists C' > 0 such that

[A (m1) () = A (m2) ()| pg, < C llma —ma| o,
for all ¢ € [0,T] and mq, ms € Mg.

As a consequence, A is continuous from C[0,T; Mp] into itself.

The proof of these statements involve calculations similar to those performed
in previous examples, so we will omit it.

From these statements we can conclude, as in both proofs of Theorem [6.5]
that (I2) has a unique solution in C* (0,7; Mg) when mg € Mg and A is given

by ([@9).
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