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ABSTRACT. In this paper, we define and study the notion of hereditary class
on nearly p-Lindel6f space. Moreover, we study the effects of some types of conti-
nuity of hereditary class on nearly p-Lindel6f space by properties of the function.
Also, more variations between these spaces and some known spaces are investi-
gated.

1. Introduction

There are many generalizations of the ordinary notion of topological spaces.
Among them, the most important and the best-known are in Csdszar space [I]
which are studied in this paper, infra-topological spaces [2], per-topologies [3],
minimal spaces [4], weak structures [5] and, finally, generalized weak struc-
tures [6] (which are just arbitrary collections of sets). Some other generalizations
have been done on covering properties in different ways as [S8HI3].

By the definition, generalized topology p on a non-empty set X is a collection
of subsets of X where ) € p and |J,, Ay € p for all A, € p.

In this paper, we consider X € pu. A subset B is p-open if B € u, and B
is p-closed if X\B € p. In particular, the concept of nearly p-Lindelof spaces
has been introduced as an analogous work of nearly countably p-compact which
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means that Uy € p for all A € A and A is a countable index set, then there is
a finite sub-collection
{Ux: A€ Ao C A} suchthat X = | Int CI(U,),
AEAy e

which is presented in [I0]. Some prescriptions of the new definition, under dif-
ferent kinds of continuity, have been examined in a section of the current paper.
Moreover, the concept of nearly p-Lindelofness has been implemented to define
soft nearly p-Lindeldf spaces. Similar applications can be studied in fuzzy set
theory as an future work. The interior of B in pu is

Int,(B) = U O, for all O, € pu,
0.CB
and the closure is

Cl,(B) = () Sa forall X\S, € p.
BCS,

Also, a subset B is called p-regular open, whenever Int, Cl,(B) = B, and it is
called p-regular closed, whenever Cl, Int,(B) = B.

In this paper, the notation X, stands for the pair (X, p). Recall that H
is a hereditary class if # € P(X) and ) € H and whenever A € H and B C A,
then B € H [14].

DEFINITION 1.1 ([I5]). Let X be a set. The space X, is said to be N p-Lindelof
whenever X = xen Un, where Uy € p for all A € A, then there is a countable
sub-collection {Uy : A € Ag € A} such that X = [Jc, Int, CL,(Uy).

DEFINITION 1.2 ([16]). Let (X,,H) be a space with respect to H. The pair
(X,,H) is said to be pH-Lindelof whenever X = (J, o, Ux, where Uy € p for all
A € A, then there is a countable sub-collection {Uy : A € Ag € A} such that

X\U)\EAD Uy € H.

DEFINITION 1.3 ([I7]). Let X be a set. The space X, is said to be p-regular
whenever, for each p-open subset U of X and for each x € U, there exist a py-open
subset V' of X and a p-closed subset F' of X such that x € V C F C U.

DEFINITION 1.4. [I7] If C C X, and = € X, then z is called 6,,-cluster point
of C'if Cl,(V)NC # 0 forall V e pand xz € V. The set (Cl,)g(C) ={xr e X :x
is 0,,-cluster point of C'} if (Cl,)g(C) = C, then C is called pg-closed. The set C
is pg-open if X\C' is pg-closed.

DEFINITION 1.5. [I8] Let (X,,?) be a space with respect to H. The pair
(X, H) is said to be weakly pH-Lindel6f (denoted by WpH-Lindelof) whenever
X = Uxea Un, where Uy € p for all X € A, then there is a countable sub-
-collection {Uy : A € Ag € A} such that X\ [y, CLu(Ux) € H.
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A. Csdszar introduced the notions of continues function in generalized topo-
logical spaces in 2002 [I]. Let p and /3 be generalized on X, and Y}, respectively.
Then, a function f : X,, — Y from a p-space X,, into a B-space Yz is called
(p, B)-continuous if and only if U € 38 implies that f~1(U) € u. Let f:X,—Yp
be said to be open if image of every p-open set is S-open set.

LeMMA 1.6 ([I7]). Let X, be p-space and Yg be B-space, and f : X,, — Yz be
a function. Then, the following are equivalent:
(1) f is (u, B)-continuous;

(2) For every x € X and for every B-open set V' containing f(x), there exists
a p-open set U containing x such that f(U) C V;

(3) f(Cl.(A)) C Clg(f(A)) for every subset A of X ;
(4) Cl, f~H(B) € f~*(Clg(B)) for every subset B of Y.

LemMMmA 1.7 ([19)). Let f : X,, — Yp be a function. If H is a hereditary class
on X, then f(H) ={f(E): E € H} is a hereditary class on Y.

LEMMA 1.8. Let f: X, = Y3 be a function. If for each t€ X and f(t)eV €p,
there exists U € p containing t such that:
(1) f(CL(U)) CV, then f is said to be strongly O(p, B)-continuous [20].
(2) f(Int, Cl,(U)) CV, then f is said to be super (u,3)- continuous [20].
(3) f(Int, Cl,(U)) C Intg Clg(V), then f is said to be (6,8 )- continuous [21].
(4) f(U) C Int5 Clg(V), then f is said to be almost (i, 5)- continuous [22).

2. Nearly pH-Lindelofness

DEFINITION 2.1. Let X, be a p-space. A subset A of X is said to be a N puH-
-Lindelof set whenever X = J,., Ux, where Uy € p for all A € A and A is
index set, then there is a countable sub-collection {Uy : A € Ag C A} such that
X\ Uxea, Int,, CL,(Uy) € H.

THEOREM 2.2. If X is a N uH-Lindelof space, then X is a WuH-Lindelof space.
Proof. Suppose p-space (X,,H) with respect to H is a N pH-Lindelof.
Then for every p-open cover {Uy : A € A} of X, there exists a countable
sub-collection {Uy : A € Ag € A} such that X\ [J,c,, Int, Cl,(Us) € H.
However, X\Uycp, Clu(Ux) © X\Ujep, Int, Cl(Ux) € H. So, (X, H)
is a WuH-Lindelof. (]

In Example 21l we show that the converse of Theorem 2.2]is not always true.
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ExXAMPLE 2.1. Let ¥ be the smallest uncountable ordinal number and A =
[0,%), see that for each @ € A the set A = [0,«) is countable. Let X =
{aij,bij,ci,a,b} where i € A and j € N, and the generalized topology p is given
by taking {a;;}, {bi;} are isolated, and the local base of the points {c;}, {a} and
{b} are B = {ci, a5, bijtisn, BY = {a,aij}iza,jen and By = {b,bij}i>a,jen,
respectively, and H. is the set of all countable subsets. Thus, (X, u,H.) is
WuH-Lindelof, but it is not M u#H.-Lindelof. For more details, see Example 3.5
of Cammaroto paper [23].

COROLLARY 2.3. If X is a pH-Lindelof space, then X is a N uH-Lindelof space.

Proof. Suppose (X,,H) is a pH-Lindelof. Then for every p-open cover {U} :
A € A} of X, there exists a countable sub-collection {Uy : A € Ag € A} such
that X\ Uyecp, Ux € H. However, X\ Uycp, Inty CL.(Ux) € X\Uyep, Un € H.
Hence, (X, H) is a N ppH-Lindelof. O

In Example 2221 we show that the converse of Corollary [2Z3]is not always true.

ExXAMPLE 2.2. Let X = R and choose n € R, B = {{n,t} : t € X,a # t},
and a hereditary class H = {0,R}. If the GT p(B) is generated on X by the
p-base B. Thus, only {X} is p-regular open cover of itself, so a GTS (X, u(B))
is N uH-Lindeldf since X\ J({X}) € H. However, it is not pH-Lindeldf, since if
{{1, th:te X, 1# t} is p-open cover, then there exists a countable sub-collection
such that {{1,¢,}:t € X,n € N}, but X\U{{1,t,} : t € X,n e N} ¢ H.

THEOREM 2.4. Let X, be a u-regular space. Then, the following are equivalent:
(1) (X, H) is NuH-Lindeldf;
(2) (Xu,H) is wH-Lindelof;
(3) (Xu,H) is WuH-Lindeldf.
Proof.
(1) = (2) : Suppose X is p-regular, N uH-Lindelof and {Uy: A€ A} are p-open
cover of X. Then for each # € X, there exists A\, € A such that z € U, . Thus,
there exists pi-open set M, such that z € M, CInt,, (Cl,(M,)) CCl,(M,) CU,,.
Then, the sub-collection { M, :x € X} is p-open cover of X. Slnce X is N pH-
-Lindeldf, so X\ ¢y Int,, Cl,(M,, ) € H. However,

X\UUAI CX\UIntCl ) € H.

kEN keN
Thus, X\ Upen U, € H. That means, (X, H) is pH-Lindeldf.

(2) = (3): X\Upen Clu(Ma, ) € X\Upeny May € H. Thus, X\ Uyen Clu (M) €H.
That means, (X, H) is WuH-Lindeldf.
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(1) = (3): Notice that X\ Uy Clu(Mz,) € X\ Upey Int, Cl (M) € H.
Thus, X\ U,ey Clu(M,, ) €H. That means, (X, H) is WuH-Lindelof.

(2) = (1) : X\ Upen Int, Cl,(M,,) € X\ Upeny Mo, € H. That means, (X, H)
is N uH-Lindelof.

(3)—(2) : X\ Upen Ux,, X\ Upen Clu(My,,) € H. Thus, X\ U,en Ux,, €H.
That means, (X,,H) is pH-Lindeldf.

(3) = (1) : It is clear that X\ ey Inty CL,(Un,, ) © X\ Ugen Clu((Mz,) € H.
Thus, X\ Uyey Int, Cl,(Uy,, ) € H. That means, (X, H) is NpH-Lindelsf. O

THEOREM 2.5. Let X, be a u-space. Then, the following are equivalent:
1. (X, M) is nearly pH-Lindeldf;

2. For any set {Ux : A € A} of p-closed subsets of X such that (Vo) Ux =0,
there exists countable sub-set {Ux:\ € Ag €A} such that

() ClInt(Ux) € H;
Moo

Ao

3. For any collection {Uy : X € A} of u-regular closed subsets of X such that
Naca Ux = 0, there exists countable sub-collection {Uy : A € Ag € A}

such that
(] Clint(Uy) € H.

AEAQ e

Proof.

(1) = (2) : Let {Ux: A€ A} be a collection of p-closed sets of X such that
Naca Ur = 0. Then, {X\U) : A € A} is a p-open cover of X. Since (X, H) is
nearly pH-Lindeldf, there exists a countable sub-collection {Uy : A € Ag € A}
such that X\ Jycp, Int,, Cl, (X\Uy) € H. So, we get the following

X\ U mecix\vs) = N X\Irl}tgl(X\UA)

AEAo A€
- N X\Int (X\Int(U,\))
AEAg : :
= () Clint (U») € H
AEAo e
(1) = (3) : Let {Ux : A € A} be a collection of u-regular closed sets of X such
that (,ca Ux = 0. Then,

{X Int CI(Uy) : A € A}
Hop
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is a pi-regular open cover of X. Since (X, ) is nearly p7{-Lindelof, there exists
a countable sub-collection

{X\Int(]l Uy):t A€ A € A}

h that
suc a X\ U IntCl (X\IntCl UA)> cH.

Then, we get A€Ao
N X\IntCl <X IntCl(U,\)>
noop

\Ag Int Cl (X\Int CI( U/\)> n
N x\x\cl (X\Cl(x Igt(il(U,Q))

AEA

- ) cx X\01<X Iﬂt(il(UA))

AEAg

= ) < X\X\ Int Int CI(U»)
A€Ag

= () ClintInt CI(Uy)

L2 A
AEA

=N Clint CI(Uy) € H.
AEA o

However,

() Clint(Uy) € (1) Clnt CI(U,).
/\EAQM 13 )\erﬂ Hop

Hence,

(] Clint(Uy) € H.

AEAy e

(3) = (1): Let {Int,, C1,(Ux) : A € A} be a cover of X by p-regular open sets.
Now, the set {X\ Int, Cl, (Ux): A € A} is a collection of p-regular closed sets
and (ycp X\ Int, Cl, (Ux) = Nyea ClyInt, (X\Uy) = 0. Thus by the above
assumption, there exists a countable subset {Int, Cl, (Uy)) : A € A} such that
Maea, Clu Int,, (Cl, Int, (X\Us)) € H. Thus, we have the following

N ClInt (x\U») < Clint <ClInt (X\UA)>
AEA, aeho M
and hence, we get

N Clint (X\U)) = \ U Int Cl(U)) € H,
N

XeAo XeAo
which means that N p#H-Lindelof.
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(2) & (3): It is obvious since p-regular closed is p-closed.
(2) = (1): It is similar to (3) = (1) : since p-regular closed is p-closed. O

THEOREM 2.6. Let (X, H) be a pu-space with respect to H. The pair (X, H) is
N uH-Lindelof space if and only if for any collection {Uy : X € A} of u-reqular
closed sets of X having the property that (o, CluInt,(Ux) & H for every
countable sub-collection {Uy : X € Ay € A}, then ﬂ/\eA Uy # 0.

Proof. Assume that (X,,H) is a N pH-Lindelof space and {Uy : A € A} is any
collection of p-closed sets of X having the property that (), Cl, Int,(Ux) ¢ H.
Now, if (N, cp Ux = 0, then {X\Uy : A € A} is a p-open cover of X. Since (X, H)
is a N pH-Lindelof space, then X\ (J,c,, Int,, CL(X\Ux) € H . Then,

\ U Int CI(X\U))

AEAQ
- N X\ Int CI(X\U>)
AEAg

_ OX\Int (X\Int U»)

AEA
= ) Clnt(Ux) € H, but [ ClInt(Uy) ¢ A,

nop
AEAg )\EAQ

which contradicts the assumption. Thus,
ﬂ Ux # 0.
AEA

Conversely, let {Uy : A € A} be a p-open cover of X. Assume that for any
countable sub-collection {Uy:A€Ag € A} we have X\ J,cy, Int, CL,(Uy) ¢ H.
Then,

X\ U meciwy = ) X\IntCl Uy)

AEAg AEAy

- X\Int (X\Int X\U,\)>

AEA
= () ClInt(X\U,) ¢ H.
AEAQ :

However, {X\U, : A € A} is a collection of p-closed subsets of X, and by the
assumption {X\Uy : A € A} # (), this is a contradiction to the fact that {U, :
A € A} is a cover of X. Thus, (X,,H) is a N uH-lindelof space. O

7
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THEOREM 2.7. Let A be a subset of X,,. The following statements are equivalent:
(1) A is N uH-Lindelof;
(2) For any collection F = {Ux : X € A} of a p-closed subset of X such

that [NY{Ux : X € A}JN A = 0, there exists a countable sub-collection
{Uxr: A€ Ao C A} of F such that

NAeH;

() Clint(Uy)

AEAQ ron

(3) For any collection F = {Uy : A € A} of p-regular closed subsets of X
such that [{Ux : X € A} N A =10, there exists a countable sub-collection
{Ux: X € Ao C A} of F such that

l N (ilhﬁt(UA)

AEAg

ﬂAeH

Proof. (1) = (2) : Suppose A is NuH-Lindelof set and F = {Uy : A € A} is
a p-closed collection of X such that ({Ux : A € A} N A = 0. Then,
A C X\NF = |UX\F. Since A is NyuH-Lindelof, there exists a countable
sub-collection {Uy : A € Ag C A} cover of A such that {X\Uy : A € Ag € A}
Thus, A\ Uy, Inty CL,(X\Uy). Hence,

A\ U mecix\vs) = N A\ Int C1(X\U>)

AEAy AEAy

- N A\ Int <X\ Ir;t(U,Q)

AEA

- N A\X\ ClInt (Uy) € H.
nop
AEAy
It is clear that

l N ClInt(U))

A€Ag

nA= A\X\ ClInt (Uy) € H.

A€Ag

(2) = (1): Suppose A C [Jyep Un, where Uy € p for all X € A and A is
index set. Thus, {X\U, : A € A} is a p-closed subset of X. By the assumption
that X\ Uyea(Ux) NA = N, ea(X\Ux) N A = 0, so, there exists a countable
sub-collection {Uy : A € Ag C A} of F such that

Clint ( N (X\UA)> NAcH.

m
AEAg
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Hence,

N ClInt(X\U))| N A =

AEAO

|

N A\X\ ClInt (X\Uy)

AEAQ

N A\ Int (X\ Tnt (U ))

AEAQ

N A\ Int C1(X\U>)

AEAQ

— A\ U It (/31 (X\Uy) € H

Therefore, A is N uH-Lindelof set.

A€Ag

(3) = (1): Suppose A C [Jycp Ux, where Uy € p for all X € A and A is index set,

so, Uy C Int, (Cl,(Uy)). Thus, {X\ Int,

Cl,(Ux) : X € A} is a p-regular closed

subset of X. From the assumption, we have the following

<\

U Int CI(U,) N A =
AEA

N ClInt(X\U») N A =,
>\€A

so, there exists a countable sub-collection {Uy : A € Ay C A} of F such that

ClInt
boop

M c Int(X\U>)

AEA

NA=

(0 greoves)

(] Cllnt ClInt(X\U»)

2
AEAo

Hence,

NAD

It is clear that A is N uH-Lindelof set.

(] ClintCl Int (X\U>)

[ 2
LAEAQ

NAecH.

(] Clint(X\Uy)| N A

L AEAQ e

N A\X\ ClInt (X\U»)

AEAo

N A\ Int( X\Int (Uy)

AEA

N A\ Int C1 (X\Uy)

AEAo "

\ U Int CL(X\U,) €

A€Ag
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(2) & (3): Tt is obvious, since p-regular closed is p-closed.
(1) = (3): It is similar to (1) = (2), since p-regular closed is p-closed. O

THEOREM 2.8. Let (X,,H) be a p-space with respect to H. The pair (X, H)
is NuH-Lindeldf space if and only if for any family {Ux : X € A} of p-regular
closed sets of X having the property that

( N Int (31(U,Q> NAd¢H

AEAo
for every countable sub-collection {Uy : A € Ag C A}, then ((Nycp Urx) NA# 0.

Proof. Assume that A is a N uH-Lindelof set and {U) : A € A} is any collection
of p-closed sets of X having the property that

() ClInt(U») ¢ H.
AEAy e

Now, if ((ycp Ux = 0, then {X\Uy : A € A} is a p-open cover of X. Since A is
a N pH-Lindeldf set, then A\ (J, ., Int, CL,(X\Uy) € H. Then, we get

A\ | Wt cux\vy) =" A\ Int CL(X\Uy)
N noop noop

€No AEAQ
— () A\Int (X\Int(U,\))
i i
AEA
=| [ ClInt(Ux) [NA€H, but | () ClInt(Ux)|NAEH,
nop w
AEAQ Mo

which contradicts the assumption. Thus,

() U #0.

AEA

Conversely, let {Uy : A € A} be a p-open cover of A. Assume that for any
countable sub-collection {Uy : A € Ag € A} we have A\ [J,¢,, Int, CL.(Uy) ¢ H.

Then,
A l l Int CI(U,) = A\ Int CI(U
\\ “w /L( A> \\[L u< A>

AEAy AEAg

= ﬂ A\ Igt (X\ Igt(X \UA))

AEAQ

= l N ClInt(X\U»)

A€Ag

NA¢™HN.

10
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However, {X\U, : A € A} is a collection of p-closed subsets of X, and by the
assumption {X\Uy: A€ A} #£0, this is a contradiction to the fact that {Uy: A€ A}
is a cover of A. Thus, A is a N uH-Lindelof set. O

THEOREM 2.9. If a p-space X, is N puH-Lindelof, then for every cover of X
by pg-open sets {Uy : X € A} there exists a countable sub-collection

{Ux: A€ ANy}

X\ U oxen

A€Ag

such that

Proof. Suppose (X,,H) is NpH-Lindelof and let F = {Uy : A € A} be pp-
-open cover of X. Then for each x € X, there exists A, € A such that x€U,,.
Thus, there exists a p-open set M, such that

x € M, CIntCl( )CCI( z) C Ux,.

Then, the sub-collection {M,, : = € X} is a countable p-open cover of X.
Since, X is N puH-Lindelof

X\UIntCl ) €H.
keny O F
However,

X\ U(UAI)CX\ Ulgt(gl 2) €H.

EEN
Hence,

X\ Jws,) en O

keN

THEOREM 2.10. Let p-spaceX, be Np-Lindeldf if and only if (X,p, He) is
N pH.-Lindelsf.
Proof.

= It is straightforward and therefore omitted.

< Suppose (X, p, H.) is NuH-Lindelof. Let {Uy: A € A} be a p-open cover
of X. Then, there exists a countable sub-collection {U)y : A € Ag € A} such that

\ U meCiwy) e #e.

AEAg

11
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Suppose {Ux : A € Ag € A} such that X\ A € AgInt, Cl,(Uy,) = {z;:i e N},
choose Uy, such that x; € Uy,. Thus,

X = Int CI(U) U ( U Int CI(U), ))
N

AEAg
It is clear that X is A u-Lindelof. O

The following figure is a diagram showing the relationship between most
types of generalizations of spaces regarding Lindel6fness in generalized topol-
ogy. Moreover, these are some counterexamples to the diagram pH-Lindelof 4
p-Lindelof [16, Ex 3.5], M p-Lindelof 4 p-Lindelof [24, Ex 2.1], N uH-Lindelof 4
puH-Lindelof Ex 2.2, WuH-Lindelof 4 N pH-Lindelof Ex 2.1, and Wy-Lindelof
+ N p-Lindelof [23, Ex 3.5].

uH — Lindelof +—— u — Lindelof

~ -

NuH — Lindelof +— N u — Lindelof

~ ~

WuH — Lindelof +— Wy — Lindelof

Fi1GURE 1. The relationship between most types of generalization
of p-Lindelof spaces.

3. Function properties on N u-Lindelofness

THEOREM 3.1. Let f : (X,,H) = Y be a (i, B)-continuous surjective, and
(X, H) is a NuH-Lindeldf, then Yz is N8 f(H)-Lindelof.

Proof. Suppose f(X) = Uycp Vi, where V) € 3 for all A € A, and A is
index set. Since f is (u, 8)-continuous, X ={J, ., f~'(Va), where f~1(V)) € p
for all A € A and A is index and X is N puH-Lindelof. Thus, there exist
A2, A, € A, where X\ UyeyInt, CL,(f71(Va,)) € H. Since f is
(11, B)-continuous and the Int, (Cl,(f~*(B))) C f~'(Intg(Clg(B))) for all B C
Y, then we have that

X\U( IntClV)\k CX\UInt CUs (V) ))))e’H
keN

keN

12
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Since,
£ (I CL(F 1 (Va,)) € It CLF(F7 (VA,) € Int CI(VA, ).
Thus,

X\ hﬁm (m(vM)) € f(H).

keN

Since f is surjective, then f(X) =Y. This means, Y is NG f(H)-Lindelof. O

THEOREM 3.2. Let f : (Yg,H) — X, be a (p, 5)-open bijective function and
N BH-Lindeléf, then X,, is N'puf = (H)-Lindeldf.

Proof. Since f: X, — (Y3, H) is a (i, 8)-open bijective, then f~1: (Y, H)— X,
is a (B, p)-continuous surjective. So, (Yz, H) is a N H-Lindelof, then X, is
N f~1(H)-Lindelsf. O

THEOREM 3.3. Let [ : (X,,H) — Yg be strongly O(u, B)-continuous surjective,
and (X, H) is a N puH-Lindelof, then Yg is also N5 f(H)-Lindeldf.

Proof. Suppose Y = [J ) Vi, where V) € 3 for all A € A and A is index set.
Since f is a strongly ((u, 8)-continuous, then f~*(Clg(Vy)) € p. Thus,

x=Jr\ ch forall AeA
AEA

is the index set, then there exist

M2 oo Ans... €A where X IntCl(Uf m(vAk)) eH.

ror keN

Since

glf_l(VAk) cft gum

X\%f <IntClV)\k>CX\IntCl< (kLGJNCWAk )) €H.

Thus,
X\Uf (IntCl VM)) H,
keN

then

13
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A (Y o))
— 0\ (f (f‘1 <kUN (1t gl(vw))))
= f(X)\ (kg <I%t ([331(ka)>> € f(H).

Hence, Y is a N3 f(H)-Lindelof. O

it is clear that

THEOREM 3.4. Let f : (X,,H) — Yz be (0, 6/)—continu0us surjective, and
(X, H) is a NuH-Lindelof, then Yz is also N3 f(H)-Lindelof.

THEOREM 3.5. Let f : (X, ") — Yp be super (u,5)- continuous surjective,
and (X, H) is a N puH-Lindelof, then Yg is also NS f(H)-Lindeldf.

Proof. Suppose Y = J,cp Vi, where Vi € 3 for all A € A and A is the
index set. Since f is an super (u,3)-continuous, then f~!(V\) € p. Thus,

X=[Jf'(va) forall XeA
AEA

is an index set, then there exist values of lambdas

M2y A, ... €A, where X\IntCl(Uf VA,C)> EH.

keN

Since

Int CI(f~'(Va,)) C (f_l(hgt (;1(ka))),

[

then we have the following

X\%f (m Cl (cheJNWM))) C X\Int Cl (f (kEJN(V/\k)>> EH.

Thus,

X\Uf (IntCl V,\k))> €H.

keN

14
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It is clear that

R G )

= \U It Cl(Va,) € f(H).

keN
Hence, Y is a N3 f(H)-Lindelof. O

THEOREM 3.6. Let f : (X, H) — Yz be almost (p, 3)- continuous surjective,
and (X, H) is a N uH-Lindelof, then Yg is also N3 f(H)-Lindeldf.

Proof. Suppose Y:U,\e/\ Vi, where V) € 8 for all A€ A and A is the index set.
Since f is an almost (p,)-continuous, then f~!(IntgClg(Vy)) € p. Thus,

x=r IntClV)\)) forall €A
AEA

is a index set, then there exist

A, A2, An, ... €A where X IntCl(

U (Igt (;1(1@))) €H.

keN

Since

It CI(f™(Va,) € <f‘1 (1ot gl%))) :

then

X\IgN s (m cl (;cLGJN(VM)» X \IntCl (f—l (gN(I%t %I(V,\k)>>> eH.
Thus,
X\Uf (IntCl V,\k))> H, O

keN

4. Applications in soft set theory

As an application in soft set theory, the concepts soft p-Lindelof, soft N -
-Lindelof and soft Wpu-Lindelof have been defined as more general setting of soft
generalized topological spaces.

15



BDARNEH—ALTAWALLBEH—JAWARNEH—AZ-Z0O' BI—QOUSINI

DEFINITION 4.1. [25] Let G be a set of all parameters and X be a universal set.
The S belongs to the set of all soft sets S(X), is defined by Sa = {(¢, fa(t)) :
t€ G, fa(t) €2X} where AC G and fu(t) =0ift ¢ A

DEFINITION 4.2. Let S4 € S(X).

(1) If fa(t) = X for each t € G, then Sy is said to be an A-universal soft
set, denoted by S ;. If A = G, then S is said to be a universal soft set,
denoted by Se [26].

(2) If fa(t) =0 for each t € G, then S4 is said to be an empty soft set, defined
by Sp [26].

(3) The soft complement of S 4, denoted by X\S.4, is defined by the approx-
imate function fx\4(t) = X\fa(t), where X\ f4(t) is the complement
of the set f4(t) for all t € G [27].

DEFINITION 4.3. Let S4, Sp € S(X).
(1) Sp is a soft subset of Sy, denoted by Sg C Sa, if fa(t) C fg(t) for all

te G [28.
(2) The soft union of Sy and Sp, denoted by S4 U Sg, is defined by the
approximate function faup(t) = fa(t) U fs(t) [20].

(3) The soft intersection of S4 and Sg, denoted by S4 N Sg, is defined by the
approximate function fanp(t) = fa(t) N fa(t) [27].

DEFINITION 4.4 ([29]). Let S4 € S(X). A soft generalized topology (sGT,
briefly) on S4, denoted by S4,,, is a family of soft subsets of S such that
Sp € p and if a family {Sa, : Sa; € Sa,i € J SN} Cp, then ;e ;(Sai) € pe

DEFINITION 4.5 ([29]). Let (Sa, ) be an sGTS. Every element of  is called
a soft p-open set. The Sy is a soft py-open set. If Sp is a soft set, then Sp is called
soft p-closed if its soft complement X\Sg is a soft p-open.

DEFINITION 4.6 ([29]). Let (S, ) be an sGTS and S C S4, then

(a) the soft union of all soft p-open subsets of Sg is said to be soft p-interior
of Sg and is denoted by Ints ,, S5.

(b) the soft intersection of all soft p-closed super sets of Sp is said to be soft
p-closure of Sp and is denoted by Cls,,, Si.

16
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DEFINITION 4.7. Let (Sa, p) be an sGTS and Sg C Sy, then
(1) the soft p-regular open set if and only if Sg = Ints ,, Cls,.(SB).
(2) the soft p-regular closed set if and only if Sg = Cls ,,, Ints, ,(SB).

DEFINITION 4.8. An sGTS (Sa,p) is called soft p-Lindelof whenever S4 =
Uxea SAa,» where Sy, is soft p-open for all X € A and A is the index set, then
there is a countable sub-collection {Sa, : A€ Ag C A}( such that Su=Uycp, Sa,-

DEFINITION 4.9. An sGTS (S4, ) is called soft nearly p-Lindel6f whenever
Sa = Uyea Sa,, where S4, is soft p-open for all A € A and A is the index
set, then there is a countable sub-collection {Sa, : A € Ag C A} such that

Sa=Ujer, s Cls,u(Sa,) -

DEFINITION 4.10. An sGTS (S84, p) is called soft weakly u-Lindelof whenever
Sp = U/\eA Sa,, where S4, is soft p-open for all A € A and A is the index
set, then there is a countable sub-collection {S4, : A € Ag € A} such that

Sa= U/\er CIS.AN(SAA)'

COROLLARY 4.11. FEwvery soft p-compact space is soft u-Lindelof space.
Proof. It is straightforward and therefore omitted. (]

The converse of Corollary 11l is not true as presented in Example [4.1]

EXAMPLE 4.1. Let X = N,G = A = {t1,t2}, Sg = {(t;, X) : t; € G}, and S4,
be a discrete soft generalized topology, then (S4, p) is soft u-Lindeldf, but is not
soft p-compact.

COROLLARY 4.12. FEvery soft p-Lindelof space is soft N p-Lindelof space.

Proof. It is straightforward and therefore omitted. O

COROLLARY 4.13. FEwvery soft u-Lindeldf space is soft Wu-Lindelof space.
Proof. It is straightforward and therefore omitted. O

The converse of Corollary [£12] and are not true as presented in Exam-
ple

EXAMPLE 4.2. Let X = R,G = A = {t1,t2}, Sg = {(t;, X) : t; € G}, and
Sa, ={Sp,(H,F) € Sgsuch that 1 € (H, F)}, then (S4, ) is soft NV p-Lindelf,
but is not soft p-Lindelof.

COROLLARY 4.14. Every soft N u-Lindelof space is soft Wy-Lindelof space.

17
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Proof. It is straightforward and therefore omitted. O

5. Conclusions

We have presented the definition of N puH-Lindelofness as generalization
of pH-Lindelofness. Example 2.7 shows that not every N puH-Lindelof is uH-
-Lindelof. It is proved that pH-lindelof is N uH-Lindelof. In order to add some
conditions to make the converse true, it is shown that if X is N uH-Lindelof, and
if every cover of X by ug-open sets, then there exists a countable sub-collection
{Ux: XA € Ag € A} such that

X\ U Uy, e H.

AEA

Moreover, it is proved that being p-regular space is the necessary condition
for N uH-Lindelof and pH-Lindelof to coincide, see Theorem By using u-
closed subsets and p-regular closed subsets, some characterizations of N puH-
-Lindeldf have been established. Also, the new definitions are preserved under
the image of some kinds of generalized continuity in section three.

Finally, more generalizations of soft generalized topological spaces have been
defined. One example has been presented to verify concepts on soft set theory
in the new last section.

In future, we can extend our work to have more results of N uH-Lindelof as
application in soft set theory. Further, preservation of soft N uH-Lindelof can
be studied in the sense of generalized continuity.
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