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VIA HEREDITARY CLASS

Ahmad Badarneh
1
—

∗
Zuhier Altawallbeh

2
—

Ibrahim Jawarneh
1
— Emad Az-Zo’bi

3
— Maysoon Qousini

4

1Al-Hussein Bin Talal University, Ma’an, JORDAN

2Tafila Technical University, Tafila, JORDAN

3Mutah University, Mutah, JORDAN

4Al-Zaytoonah University, Amman, JORDAN

ABSTRACT. In this paper, we define and study the notion of hereditary class
on nearly μ-Lindelöf space. Moreover, we study the effects of some types of conti-
nuity of hereditary class on nearly μ-Lindelöf space by properties of the function.
Also, more variations between these spaces and some known spaces are investi-
gated.

1. Introduction

There are many generalizations of the ordinary notion of topological spaces.
Among them, the most important and the best-known are in Császár space [1]
which are studied in this paper, infra-topological spaces [2], per-topologies [3],
minimal spaces [4], weak structures [5] and, finally, generalized weak struc-
tures [6] (which are just arbitrary collections of sets). Some other generalizations
have been done on covering properties in different ways as [8–13].

By the definition, generalized topology μ on a non-empty set X is a collection
of subsets of X where ∅ ∈ μ and

⋃
α Aα ∈ μ for all Aα ∈ μ.

In this paper, we consider X ∈ μ. A subset B is μ-open if B ∈ μ, and B
is μ-closed if X\B ∈ μ. In particular, the concept of nearly μ-Lindelöf spaces
has been introduced as an analogous work of nearly countably μ-compact which
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means that Uλ ∈ μ for all λ ∈ Λ and Λ is a countable index set, then there is
a finite sub-collection

{Uλ : λ ∈ Λ0 ⊆ Λ} such that X =
⋃

λ∈Λ0

Int
μ

Cl
μ
(Uλ),

which is presented in [10]. Some prescriptions of the new definition, under dif-
ferent kinds of continuity, have been examined in a section of the current paper.
Moreover, the concept of nearly μ-Lindelöfness has been implemented to define
soft nearly μ-Lindelöf spaces. Similar applications can be studied in fuzzy set
theory as an future work. The interior of B in μ is

Intμ(B) =
⋃

Oα⊆B

Oα for all Oα ∈ μ,

and the closure is

Clμ(B) =
⋂

B⊆Sα

Sα for all X\Sα ∈ μ.

Also, a subset B is called μ-regular open, whenever Intμ Clμ(B) = B, and it is
called μ-regular closed, whenever Clμ Intμ(B) = B.

In this paper, the notation Xμ stands for the pair (X,μ). Recall that H
is a hereditary class if H ⊆ P (X) and ∅ ∈ H and whenever A ∈ H and B ⊆ A,
then B ∈ H [14].

���������� 1.1 ([15])� Let X be a set. The space Xμ is said to be Nμ-Lindelöf
whenever X =

⋃
λ∈Λ Uλ, where Uλ ∈ μ for all λ ∈ Λ, then there is a countable

sub-collection {Uλ : λ ∈ Λ0 ⊆ Λ} such that X =
⋃

λ∈Λ0
Intμ Clμ(Uλ).

���������� 1.2 ([16])� Let (Xμ,H) be a space with respect to H. The pair
(Xμ,H) is said to be μH-Lindelöf whenever X =

⋃
λ∈Λ Uλ, where Uλ ∈ μ for all

λ ∈ Λ, then there is a countable sub-collection {Uλ : λ ∈ Λ0 ⊆ Λ} such that
X\

⋃
λ∈Λ0

Uλ ∈ H.

���������� 1.3 ([17])� Let X be a set. The space Xμ is said to be μ-regular
whenever, for each μ-open subset U ofX and for each x ∈ U , there exist a μ-open
subset V of X and a μ-closed subset F of X such that x ∈ V ⊂ F ⊂ U .

���������� 1.4� [17] If C ⊆ Xμ and x ∈ X, then x is called θμ-cluster point
of C if Clμ(V )∩C �= ∅ for all V ∈ μ and x ∈ V . The set (Clμ)θ(C) = {x ∈ X : x
is θμ-cluster point of C} if (Clμ)θ(C) = C, then C is called μθ-closed. The set C
is μθ-open if X\C is μθ-closed.

���������� 1.5� [18] Let (Xμ,H) be a space with respect to H. The pair
(Xμ,H) is said to be weakly μH-Lindelöf (denoted by WμH-Lindelöf) whenever
X =

⋃
λ∈Λ Uλ, where Uλ ∈ μ for all λ ∈ Λ, then there is a countable sub-

-collection {Uλ : λ ∈ Λ0 ⊆ Λ} such that X\
⋃

λ∈Λ0
Clμ(Uλ) ∈ H.
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Á. Császár introduced the notions of continues function in generalized topo-
logical spaces in 2002 [1]. Let μ and β be generalized on Xμ and Yβ , respectively.
Then, a function f : Xμ → Yβ from a μ-space Xμ into a β-space Yβ is called
(μ, β)-continuous if and only if U ∈ β implies that f−1(U ) ∈ μ. Let f :Xμ→Yβ

be said to be open if image of every μ-open set is β-open set.

	�

� 1.6 ([17])� Let Xμ be μ-space and Yβ be β-space, and f : Xμ → Yβ be
a function. Then, the following are equivalent:

(1) f is (μ, β)-continuous;

(2) For every x ∈ X and for every β-open set V containing f(x), there exists
a μ-open set U containing x such that f(U ) ⊂ V ;

(3) f
(
Clμ(A)

)
⊂ Clβ

(
f(A)

)
for every subset A of X;

(4) Clμ f
−1(B) ⊂ f−1

(
Clβ(B)

)
for every subset B of Y .

	�

� 1.7 ([19])� Let f : Xμ → Yβ be a function. If H is a hereditary class
on X, then f(H) = {f(E) : E ∈ H} is a hereditary class on Y .

	�

� 1.8� Let f : Xμ → Yβ be a function. If for each t∈X and f(t)∈V ∈β,
there exists U ∈ μ containing t such that:

(1) f
(
Clμ(U )

)
⊆ V , then f is said to be strongly ∅(μ, β)-continuous [20].

(2) f
(
Intμ Clμ(U )

)
⊆ V , then f is said to be super (μ, β)- continuous [20].

(3) f
(
Intμ Clμ(U )

)
⊆ Intβ Clβ(V ), then f is said to be (δ, δ

′
)- continuous [21].

(4) f(U ) ⊆ Intβ Clβ(V ), then f is said to be almost (μ, β)- continuous [22].

2. Nearly µH-Lindelöfness

���������� 2.1� Let Xμ be a μ-space. A subset A of X is said to be a NμH-
-Lindelöf set whenever X =

⋃
λ∈Λ Uλ, where Uλ ∈ μ for all λ ∈ Λ and Λ is

index set, then there is a countable sub-collection {Uλ : λ ∈ Λ0 ⊆ Λ} such that
X\

⋃
λ∈Λ0

Intμ Clμ(Uλ) ∈ H.

�
����
 2.2� If X is a NμH-Lindelöf space, then X is a WμH-Lindelöf space.

P r o o f. Suppose μ-space (Xμ,H) with respect to H is a NμH-Lindelöf.
Then for every μ-open cover {Uλ : λ ∈ Λ} of X, there exists a countable
sub-collection {Uλ : λ ∈ Λ0 ∈ Λ} such that X\

⋃
λ∈Λ0

Intμ Clμ(Uλ) ∈ H.

However, X\
⋃

λ∈Λ0
Clμ(Uλ) ⊆ X\

⋃
λ∈Λ0

Intμ Clμ(Uλ) ∈ H. So, (Xμ,H)

is a WμH-Lindelöf. �

In Example 2.1, we show that the converse of Theorem 2.2 is not always true.
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Example 2.1. Let Ψ be the smallest uncountable ordinal number and A =
[0,Ψ), see that for each α ∈ A the set A = [0, α) is countable. Let X =
{aij, bij , ci, a, b} where i ∈ A and j ∈ N, and the generalized topology μ is given
by taking {aij}, {bij} are isolated, and the local base of the points {ci}, {a} and
{b} are Bn

ci = {ci, aij, bij}i>n, B
α
a = {a, aij}i≥α,j∈N and Bα

b = {b, bij}i≥α,j∈N,
respectively, and Hc is the set of all countable subsets. Thus, (X,μ,Hc) is
WμH-Lindelöf, but it is not NμHc-Lindelöf. For more details, see Example 3.5
of Cammaroto paper [23].

��������� 2.3� If X is a μH-Lindelöf space, then X is a NμH-Lindelöf space.

P r o o f. Suppose (Xμ,H) is a μH-Lindelöf. Then for every μ-open cover {Uλ :
λ ∈ Λ} of X, there exists a countable sub-collection {Uλ : λ ∈ Λ0 ⊆ Λ} such
that X\

⋃
λ∈Λ0

Uλ ∈ H. However, X\
⋃

λ∈Λ0
Intμ Clμ(Uλ) ⊆ X\

⋃
λ∈Λ0

Uλ ∈ H.

Hence, (Xμ,H) is a NμH-Lindelöf. �

In Example 2.2, we show that the converse of Corollary 2.3 is not always true.

Example 2.2. Let X = R and choose n ∈ R, B = {{n, t} : t ∈ X, a �= t},
and a hereditary class H = {∅,R}. If the GT μ(B) is generated on X by the
μ-base B. Thus, only {X} is μ-regular open cover of itself, so a GT S

(
X,μ(B)

)
is NμH-Lindelöf since X\

⋃
({X}) ∈ H. However, it is not μH-Lindelöf, since if{

{1, t} : t ∈ X, 1 �= t
}
is μ-open cover, then there exists a countable sub-collection

such that
{
{1, tn} : t ∈ X,n ∈ N

}
, but X\

⋃{
{1, tn} : t ∈ X,n ∈ N

}
/∈ H.

�
����
 2.4� Let Xμ be a μ-regular space. Then, the following are equivalent:

(1) (Xμ,H) is NμH-Lindelöf;

(2) (Xμ,H) is μH-Lindelöf;

(3) (Xμ,H) is WμH-Lindelöf.

P r o o f.

(1) → (2) : Suppose X is μ-regular, NμH-Lindelöf and {Uλ :λ∈Λ} are μ-open
cover of X. Then for each x ∈ X, there exists λx ∈ Λ such that x ∈ Uλx

. Thus,
there exists μ-open set Mx such that x ∈ Mx⊂ Intμ

(
Clμ(Mx)

)
⊆Clμ(Mx)⊂Uλx

.
Then, the sub-collection {Mxn

:x ∈ X} is μ-open cover of X. Since X is NμH-
-Lindelöf, so X\

⋃
k∈N

Intμ Clμ(Mxk
) ∈ H. However,

X

∖ ⋃
k∈N

Uλxk
⊆ X

∖ ⋃
k∈N

Int
μ

Cl
μ
(Mxk

) ∈ H.

Thus, X\
⋃

k∈N
Uλxk

∈ H. That means, (Xμ,H) is μH-Lindelöf.

(2)→(3):X\
⋃

k∈N
Clμ(Mxk

)⊆X\
⋃

k∈N
Mxk

∈H. Thus, X\
⋃

k∈N
Clμ(Mxk

)∈H.

That means, (Xμ,H) is WμH-Lindelöf.
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(1) → (3): Notice that X\
⋃

k∈N
Clμ(Mxk

) ⊆ X\
⋃

k∈N
Intμ Clμ(Mxk

) ∈ H.
Thus, X\

⋃
k∈N

Clμ(Mxk
)∈H. That means, (Xμ,H) is WμH-Lindelöf.

(2)→ (1) : X\
⋃

k∈N
Intμ Clμ(Mxk

) ⊆ X\
⋃

k∈N
Mxk

∈ H. That means, (Xμ,H)
is NμH-Lindelöf.

(3)→(2) : X\
⋃

k∈N
Uλxk

⊆ X\
⋃

k∈N
Clμ(Mxk

) ∈ H. Thus, X\
⋃

k∈N
Uλxk

∈ H.

That means, (Xμ,H) is μH-Lindelöf.

(3)→ (1) : It is clear that X\
⋃

k∈N
Intμ Clμ(Uλxk

) ⊆ X\
⋃

k∈N
Clμ((Mxk

) ∈ H.

Thus, X\
⋃

k∈N
Intμ Clμ(Uλxk

) ∈ H. That means, (Xμ,H) is NμH-Lindelöf. �

�
����
 2.5� Let Xμ be a μ-space. Then, the following are equivalent:

1. (Xμ,H) is nearly μH-Lindelöf;

2. For any set {Uλ : λ ∈ Λ} of μ-closed subsets of X such that
⋂

λ∈Λ Uλ = ∅,
there exists countable sub-set {Uλ :λ ∈ Λ0∈Λ} such that⋂

λ∈Λ0

Cl
μ
Int
μ
(Uλ)∈H;

3. For any collection {Uλ : λ ∈ Λ} of μ-regular closed subsets of X such that⋂
α∈Λ Uλ = ∅, there exists countable sub-collection {Uλ : λ ∈ Λ0 ∈ Λ}

such that ⋂
λ∈Λ0

Cl
μ
Int
μ
(Uλ) ∈ H.

P r o o f.

(1) ⇒ (2) : Let {Uλ : λ ∈ Λ} be a collection of μ-closed sets of X such that⋂
α∈Λ Uλ = ∅. Then, {X\Uλ : λ ∈ Λ} is a μ-open cover of X. Since (Xμ,H) is

nearly μH-Lindelöf, there exists a countable sub-collection {Uλ : λ ∈ Λ0 ∈ Λ}
such that X\

⋃
λ∈Λ0

Intμ Clμ (X\Uλ) ∈ H. So, we get the following

X

∖ ⋃
λ∈Λ0

Int
μ

Cl
μ
(X\Uλ) =

⋂
λ∈Λ0

X
∖
Int
μ

Cl
μ
(X\Uλ)

=
⋂

λ∈Λ0

X
∖
Int
μ

(
X
∖
Int
μ
(Uλ)

)

=
⋂

λ∈Λ0

Cl
μ
Int
μ

(Uλ) ∈ H

(1) ⇒ (3) : Let {Uλ : λ ∈ Λ} be a collection of μ-regular closed sets of X such
that

⋂
α∈Λ Uλ = ∅. Then, {

X
∖
Int
μ

Cl
μ
(Uλ) : λ ∈ Λ

}

5



BDARNEH—ALTAWALLBEH—JAWARNEH—AZ-ZO’BI—QOUSINI

is a μ-regular open cover of X. Since (Xμ,H) is nearly μH-Lindelöf, there exists
a countable sub-collection{

X
∖
Int
μ

Cl
μ
(Uλ) : λ ∈ Λ0 ∈ Λ

}
such that

X

∖ ⋃
λ∈Λ0

Int
μ

Cl
μ

(
X
∖
Int
μ

Cl
μ
(Uλ)

)
∈ H.

Then, we get

X

∖ ⋃
λ∈Λ0

Int
μ

Cl
μ

(
X
∖
Int
μ

Cl
μ
(Uλ)

)
=
⋂

λ∈Λ0

X
∖
Int
μ

Cl
μ

(
X
∖
Int
μ

Cl
μ
(Uλ)

)

=
⋂

λ∈Λ0

X\X\Cl
(
X
∖
Cl
μ

(
X
∖
Int
μ

Cl
μ
(Uλ)

))

=
⋂

λ∈Λ0

Cl
μ
(X
∖
Cl
μ

(
X
∖
Int
μ

Cl
μ
(Uλ)

)

=
⋂

λ∈Λ0

Cl
μ
(X\X

∖
Int
μ

Int
μ

Cl
μ
(Uλ)

=
⋂

λ∈Λ0

Cl
μ
Int
μ

Int
μ

Cl
μ
(Uλ)

=
⋂

λ∈Λ0

Cl
μ
Int
μ

Cl
μ
(Uλ) ∈ H.

However, ⋂
λ∈Λ0

Cl
μ
Int
μ
(Uλ) ⊆

⋂
λ∈Λ0

Cl
μ
Int
μ

Cl
μ
(Uλ).

Hence, ⋂
λ∈Λ0

Cl
μ
Int
μ
(Uλ) ∈ H.

(3) ⇒ (1): Let {Intμ Clμ(Uλ) : λ ∈ Λ} be a cover of X by μ-regular open sets.

Now, the set {X\ Intμ Clμ (Uλ) : λ ∈ Λ} is a collection of μ-regular closed sets
and

⋂
λ∈Λ X\ Intμ Clμ (Uλ) =

⋂
λ∈ΛClμ Intμ (X\Uλ) = ∅. Thus by the above

assumption, there exists a countable subset {Intμ Clμ (Uλ)) : λ ∈ Λ} such that⋂
λ∈Λ0

Clμ Intμ (Clμ Intμ (X\Uα)) ∈ H. Thus, we have the following⋂
λ∈Λ0

Cl
μ
Int
μ

(X\Uλ) ⊆
⋂

λ∈Λ0

Cl
μ
Int
μ

(
Cl
μ
Int
μ

(X\Uλ)

)
,

and hence, we get⋂
λ∈Λ0

Cl
μ
Int
μ

(X\Uλ) = X

∖ ⋃
λ∈Λ0

Int
μ

Cl
μ
(Uλ) ∈ H,

which means that NμH-Lindelöf.
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(2) ⇔ (3): It is obvious since μ-regular closed is μ-closed.

(2) ⇒ (1): It is similar to (3) ⇒ (1) : since μ-regular closed is μ-closed. �

�
����
 2.6� Let (Xμ,H) be a μ-space with respect to H. The pair (Xμ,H) is
NμH-Lindelöf space if and only if for any collection {Uλ : λ ∈ Λ} of μ-regular
closed sets of X having the property that

⋂
λ∈Λ0

Clμ Intμ(Uλ) /∈ H for every

countable sub-collection {Uλ : λ ∈ Λ0 ∈ Λ}, then
⋂

λ∈Λ Uλ �= ∅.

P r o o f. Assume that (Xμ,H) is a NμH-Lindelöf space and {Uλ : λ ∈ Λ} is any
collection of μ-closed sets ofX having the property that

⋂
λ∈Λ0

Clμ Intμ(Uλ) /∈H.

Now, if
⋂

λ∈Λ Uλ = ∅, then {X\Uλ : λ ∈ Λ} is a μ-open cover ofX. Since (Xμ,H)
is a NμH-Lindelöf space, then X\

⋃
λ∈Λ0

Intμ Clμ(X\Uλ) ∈ H . Then,

X

∖ ⋃
λ∈Λ0

Int
μ

Cl
μ
(X\Uλ)

=
⋂

λ∈Λ0

X
∖
Int
μ

Cl
μ
(X\Uλ)

=
⋂

λ∈Λ0

X
∖
Int
μ

(
X
∖
Int
μ
(Uλ)

)

=
⋂

λ∈Λ0

Cl
μ
Int
μ
(Uλ) ∈ H, but

⋂
λ∈Λ0

Cl
μ
Int
μ
(Uλ) /∈ H,

which contradicts the assumption. Thus,⋂
λ∈Λ

Uλ �= ∅.

Conversely, let {Uλ : λ ∈ Λ} be a μ-open cover of X. Assume that for any
countable sub-collection {Uλ :λ∈Λ0 ∈ Λ} we have X\

⋃
λ∈Λ0

Intμ Clμ(Uλ) /∈ H.
Then,

X

∖ ⋃
λ∈Λ0

Int
μ

Cl
μ
(Uλ) =

⋂
λ∈Λ0

X
∖
Int
μ

Cl
μ
(Uλ)

=
⋂

λ∈Λ0

X
∖
Int
μ

(
X
∖
Int
μ
(X\Uλ)

)

=
⋂

λ∈Λ0

Cl
μ
Int
μ
(X\Uλ) /∈ H.

However, {X\Uλ : λ ∈ Λ} is a collection of μ-closed subsets of X, and by the
assumption {X\Uλ : λ ∈ Λ} �= ∅, this is a contradiction to the fact that {Uλ :
λ ∈ Λ} is a cover of X. Thus, (Xμ,H) is a NμH-lindelöf space. �

7
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�
����
 2.7� Let A be a subset of Xμ. The following statements are equivalent:

(1) A is NμH-Lindelöf;

(2) For any collection F = {Uλ : λ ∈ Λ} of a μ-closed subset of X such
that [

⋂
{Uλ : λ ∈ Λ}] ∩ A = ∅, there exists a countable sub-collection

{Uλ : λ ∈ Λ0 ⊆ Λ} of F such that[ ⋂
λ∈Λ0

Cl
μ
Int
μ
(Uλ)

]
∩A ∈ H;

(3) For any collection F = {Uλ : λ ∈ Λ} of μ-regular closed subsets of X
such that [

⋂
{Uλ : λ ∈ Λ}] ∩ A = ∅, there exists a countable sub-collection

{Uλ : λ ∈ Λ0 ⊆ Λ} of F such that[ ⋂
λ∈Λ0

Cl
μ
Int
μ
(Uλ)

]⋂
A ∈ H.

P r o o f. (1) ⇒ (2) : Suppose A is NμH-Lindelöf set and F = {Uλ : λ ∈ Λ} is
a μ-closed collection of X such that

⋂
{Uλ : λ ∈ Λ} ∩ A = ∅. Then,

A ⊆ X\ ∩ F =
⋃
X\F . Since A is NμH-Lindelöf, there exists a countable

sub-collection {Uλ : λ ∈ Λ0 ⊆ Λ} cover of A such that {X\Uλ : λ ∈ Λ0 ∈ Λ}.
Thus, A\

⋃
λ∈Λ0

Intμ Clμ(X\Uλ). Hence,

A

∖ ⋃
λ∈Λ0

Int
μ

Cl
μ
(X\Uλ) =

⋂
λ∈Λ0

A
∖
Int
μ

Cl
μ
(X\Uλ)

=
⋂

λ∈Λ0

A
∖
Int
μ

(
X
∖
Int
μ
(Uλ)

)

=
⋂

λ∈Λ0

A\X
∖
Cl
μ
Int
μ

(Uλ) ∈ H.

It is clear that[ ⋂
λ∈Λ0

Cl
μ
Int
μ
(Uλ)

]
∩ A =

⋂
λ∈Λ0

A\X
∖
Cl
μ
Int
μ

(Uλ) ∈ H.

(2) ⇒ (1): Suppose A ⊆
⋃

λ∈Λ Uλ, where Uλ ∈ μ for all λ ∈ Λ and Λ is
index set. Thus, {X\Uλ : λ ∈ Λ} is a μ-closed subset of X. By the assumption
that X\

⋃
λ∈Λ(Uλ) ∩ A =

⋂
λ∈Λ(X\Uλ) ∩ A = ∅, so, there exists a countable

sub-collection {Uλ : λ ∈ Λ0 ⊆ Λ} of F such that

Cl
μ
Int
μ

( ⋂
λ∈Λ0

(X\Uλ)

)
∩A ∈ H.

8
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Hence, [ ⋂
λ∈Λ0

Cl
μ
Int
μ
(X\Uλ)

]
∩ A =

⋂
λ∈Λ0

A\X
∖
Cl
μ
Int
μ

(X\Uλ)

=
⋂

λ∈Λ0

A
∖
Int
μ

(
X
∖
Int
μ
(Uλ)

)

=
⋂

λ∈Λ0

A
∖
Int
μ

Cl
μ
(X\Uλ)

= A

∖ ⋃
λ∈Λ0

Int
μ

Cl
μ
(X\Uλ) ∈ H.

Therefore, A is NμH-Lindelöf set.

(3) ⇒ (1): Suppose A ⊆
⋃

λ∈Λ Uλ, where Uλ ∈ μ for all λ ∈ Λ and Λ is index set,

so, Uλ ⊆ Intμ
(
Clμ(Uλ)

)
. Thus, {X\ Intμ Clμ(Uλ) : λ ∈ Λ} is a μ-regular closed

subset of X. From the assumption, we have the following

X

∖ ⋃
λ∈Λ

Int
μ

Cl
μ
(Uλ) ∩A =

⋂
λ∈Λ

Cl
μ
Int
μ
(X\Uλ) ∩ A = ∅,

so, there exists a countable sub-collection {Uλ : λ ∈ Λ0 ⊆ Λ} of F such that[
Cl
μ
Int
μ

( ⋂
λ∈Λ0

Cl
μ
Int
μ
(X\Uλ)

)]
∩ A =

[ ⋂
λ∈Λ0

Cl
μ
Int
μ

Cl
μ
Int
μ
(X\Uλ)

]
∩ A ∈ H.

Hence,[ ⋂
λ∈Λ0

Cl
μ
Int
μ

Cl
μ
Int
μ
(X\Uλ)

]
∩ A ⊇

[ ⋂
λ∈Λ0

Cl
μ
Int
μ
(X\Uλ)

]
∩ A

=
⋂

λ∈Λ0

A\X
∖
Cl
μ
Int
μ

(X\Uλ)

=
⋂

λ∈Λ0

A
∖
Int
μ
(X
∖
Int
μ
(Uλ)

=
⋂

λ∈Λ0

A
∖
Int
μ

Cl
μ
(X\Uλ)

= A

∖ ⋃
λ∈Λ0

Int
μ

Cl
μ
(X\Uλ) ∈ H.

It is clear that A is NμH-Lindelöf set.

9
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(2) ⇔ (3): It is obvious, since μ-regular closed is μ-closed.

(1) ⇒ (3): It is similar to (1) ⇒ (2), since μ-regular closed is μ-closed. �

�
����
 2.8� Let (Xμ,H) be a μ-space with respect to H. The pair (Xμ,H)
is NμH-Lindelöf space if and only if for any family {Uλ : λ ∈ Λ} of μ-regular
closed sets of X having the property that( ⋂

λ∈Λ0

Int
μ

Cl
μ
(Uλ)

)
∩A /∈ H

for every countable sub-collection {Uλ : λ ∈ Λ0 ⊆ Λ}, then (
⋂

λ∈Λ Uλ) ∩A �= ∅.

P r o o f. Assume that A is aNμH-Lindelöf set and {Uλ : λ ∈ Λ} is any collection
of μ-closed sets of X having the property that⋂

λ∈Λ0

Cl
μ
Int
μ
(Uλ) /∈ H.

Now, if
⋂

λ∈Λ Uλ = ∅, then {X\Uλ : λ ∈ Λ} is a μ-open cover of X. Since A is
a NμH-Lindelöf set, then A\

⋃
λ∈Λ0

Intμ Clμ(X\Uλ) ∈ H. Then, we get

A

∖⋃
λ∈Λ0

Int
μ

Cl
μ
(X\Uλ)=

⋂
λ∈Λ0

A
∖
Int
μ

Cl
μ
(X\Uλ)

=
⋂

λ∈Λ0

A\Int
μ

(
X
∖
Int
μ
(Uλ)

)

=

[ ⋂
λ∈Λ0

Cl
μ
Int
μ
(Uλ)

]
∩A∈H, but

[ ⋂
λ∈Λ0

Cl
μ
Int
μ
(Uλ)

]
∩A /∈H,

which contradicts the assumption. Thus,⋂
λ∈Λ

Uλ �= ∅.

Conversely, let {Uλ : λ ∈ Λ} be a μ-open cover of A. Assume that for any
countable sub-collection {Uλ : λ ∈ Λ0 ∈ Λ} we have A\

⋃
λ∈Λ0

Intμ Clμ(Uλ) /∈ H.
Then,

A

∖ ⋃
λ∈Λ0

Int
μ

Cl
μ
(Uλ) =

⋂
λ∈Λ0

A
∖
Int
μ

Cl
μ
(Uλ)

=
⋂

λ∈Λ0

A
∖
Int
μ

(
X
∖
Int
μ
(X\Uλ)

)

=

[ ⋂
λ∈Λ0

Cl
μ
Int
μ
(X\Uλ)

]
∩ A /∈ H.

10
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However, {X\Uλ : λ ∈ Λ} is a collection of μ-closed subsets of X, and by the
assumption {X\Uλ :λ∈Λ} �=∅, this is a contradiction to the fact that {Uλ :λ∈Λ}
is a cover of A. Thus, A is a NμH-Lindelöf set. �

�
����
 2.9� If a μ-space Xμ is NμH-Lindelöf, then for every cover of X
by μθ-open sets {Uλ : λ ∈ Λ} there exists a countable sub-collection

{Uλ : λ ∈ Λ0 ∈ Λ}
such that

X

∖ ⋃
λ∈Λ0

Uλ ∈ H.

P r o o f. Suppose (Xμ,H) is NμH-Lindelöf and let F = {Uλ : λ ∈ Λ} be μθ-
-open cover of X. Then for each x ∈X, there exists λx ∈ Λ such that x∈Uλx

.
Thus, there exists a μ-open set Mx such that

x ∈ Mx ⊂ Int
μ

Cl
μ
(Mx) ⊆ Cl

μ
(Mx) ⊂ Uλx

.

Then, the sub-collection {Mxn
: x ∈ X} is a countable μ-open cover of X.

Since, X is NμH-Lindelöf

X

∖ ⋃
k∈N

Int
μ

Cl
μ
(Mxn

) ∈ H.

However,

X

∖ ⋃
k∈N

(Uλx
) ⊆ X

∖ ⋃
k∈N

Int
μ

Cl
μ
(Mx) ∈ H.

Hence,

X

∖ ⋃
k∈N

(Uλx
) ∈ H. �

�
����
 2.10� Let μ-spaceXμ be Nμ-Lindelöf if and only if (X,μ,Hc) is
NμHc-Lindelöf.

P r o o f.

⇒ It is straightforward and therefore omitted.

⇐ Suppose (X,μ,Hc) is NμHc-Lindelöf. Let {Uλ : λ ∈ Λ} be a μ-open cover
of X. Then, there exists a countable sub-collection {Uλ : λ ∈ Λ0 ∈ Λ} such that

X

∖ ⋃
λ∈Λ0

Int
μ

Cl
μ
(Uλ) ∈ Hc.

11
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Suppose {Uλ : λ ∈ Λ0 ∈ Λ} such that X\
⋃
λ ∈ Λ0 Intμ Clμ(Uλk

) = {xi : i ∈ N},
choose Uλi

such that xi ∈ Uλi
. Thus,

X = Int
μ

Cl
μ
(Uλ) ∪

( ⋃
λ∈Λ0

Int
μ

Cl
μ
(Uλi

)

)
.

It is clear that X is Nμ-Lindelöf. �

The following figure is a diagram showing the relationship between most
types of generalizations of spaces regarding Lindelöfness in generalized topol-
ogy. Moreover, these are some counterexamples to the diagram μH-Lindelöf �→
μ-Lindelöf [16, Ex 3.5], Nμ-Lindelöf �→ μ-Lindelöf [24, Ex 2.1], NμH-Lindelöf �→
μH-Lindelöf Ex 2.2, WμH-Lindelöf �→ NμH-Lindelöf Ex 2.1, and Wμ-Lindelöf
�→ Nμ-Lindelöf [23, Ex 3.5].

Figure 1. The relationship between most types of generalization

of μ-Lindelöf spaces.

3. Function properties on Nµ-Lindelöfness

�
����
 3.1� Let f : (Xμ,H) → Yβ be a (μ, β)-continuous surjective, and
(Xμ,H) is a NμH-Lindelöf, then Yβ is Nβf(H)-Lindelöf.

P r o o f. Suppose f(X) =
⋃

λ∈Λ Vλ, where Vλ ∈ β for all λ ∈ Λ, and Λ is

index set. Since f is (μ, β)-continuous, X =
⋃

λ∈Λ f−1(Vλ), where f−1(Vλ) ∈ μ

for all λ ∈ Λ and Λ is index and X is NμH-Lindelöf. Thus, there exist
λ1, λ2, . . . , λn, . . . ∈ Λ, where X\

⋃
k∈N

Intμ Clμ
(
f−1(Vλk

)
)

∈ H. Since f is

(μ, β)-continuous and the Intμ
(
Clμ(f

−1(B))
)
⊂ f−1

(
Intβ(Clβ(B))

)
for all B ⊆

Y , then we have that

X

∖ ⋃
k∈N

(
f−1

(
Int
β

(
Cl
β
(Vλk

)
))
⊂ X

∖ ⋃
k∈N

Int
μ

(
Cl
μ

(
f−1(Vk)

)))
∈ H.

12
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Since,

f
(
Int
μ

Cl
μ

(
f−1(Vλk

)
))

⊂ Int
β

Cl
β
f
(
f−1

(
Vλk

)
)
⊂ Int

β
Cl
β
(Vλk

).

Thus,

f(X)\
⋃
k∈N

Int
β

(
Cl
β
(Vλk

)

)
∈ f(H).

Since f is surjective, then f(X) = Y . This means, Y is Nβf(H)-Lindelöf. �

�
����
 3.2� Let f : (Yβ,H) → Xμ be a (μ, β)-open bijective function and
NβH-Lindelöf, then Xμ is Nμf−1(H)-Lindelöf.

P r o o f. Since f :Xμ→(Yβ,H) is a (μ, β)-open bijective, then f−1 : (Yβ ,H)→Xμ

is a (β, μ)-continuous surjective. So, (Yβ,H) is a NβH-Lindelöf, then Xμ is
Nμf−1(H)-Lindelöf. �

�
����
 3.3� Let f : (Xμ,H) → Yβ be strongly ∅(μ, β)-continuous surjective,
and (Xμ,H) is a NμH-Lindelöf, then Yβ is also Nβf(H)-Lindelöf.

P r o o f. Suppose Y =
⋃

λ∈Λ Vλ, where Vλ ∈ β for all λ ∈ Λ and Λ is index set.

Since f is a strongly ∅(μ, β)-continuous, then f−1
(
Clβ(Vλ)

)
∈ μ. Thus,

X =
⋃
λ∈Λ

f−1
(
Cl
β
(Vλ)

)
for all λ ∈ Λ

is the index set, then there exist

λ1, λ2, . . . , λn, . . . ∈ Λ where X
∖
Int
μ

Cl
μ

(⋃
k∈N

f−1 Cl
β
(Vλk

)

)
∈ H.

Since

Cl
μ
f−1(Vλk

) ⊂ f−1 Cl
β
(Vλk

),

then

X

∖ ⋃
k∈N

f−1

(
Int
β

Cl
β
(Vλk

)

)
⊆ X

∖
Int
μ

Cl
μ

(
f−1

( ⋃
k∈N

Cl
β
(Vλk

)

))
∈ H.

Thus,

X

∖ ⋃
k∈N

f−1

(
Int
β

Cl
β
(Vλk

)

)
∈ H,

13
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it is clear that

f

(
X

∖(
f−1

( ⋃
k∈N

(
Int
β

Cl
β
(Vλk

)

))))

= f(X)

∖(
f

(
f−1

( ⋃
k∈N

(
Int
β

Cl
β
(Vλk

)

))))

= f(X)

∖( ⋃
k∈N

(
Int
β

Cl
β
(Vλk

)

))
∈ f(H).

Hence, Y is a Nβf(H)-Lindelöf. �

�
����
 3.4� Let f : (Xμ,H) → Yβ be (δ, δ
′
)-continuous surjective, and

(Xμ,H) is a NμH-Lindelöf, then Yβ is also Nβf(H)-Lindelöf.

�
����
 3.5� Let f : (Xμ,H) → Yβ be super (μ, β)- continuous surjective,
and (Xμ,H) is a NμH-Lindelöf, then Yβ is also Nβf(H)-Lindelöf.

P r o o f. Suppose Y =
⋃

λ∈Λ Vλ, where Vλ ∈ β for all λ ∈ Λ and Λ is the

index set. Since f is an super (μ, β)-continuous, then f−1(Vλ) ∈ μ. Thus,

X =
⋃
λ∈Λ

f−1(Vλ) for all λ ∈ Λ

is an index set, then there exist values of lambdas

λ1, λ2, . . . , λn, . . . ∈ Λ, where X
∖
Int
μ

Cl
μ

(⋃
k∈N

f−1(Vλk
)

)
∈ H.

Since

Int
μ

Cl
μ

(
f−1(Vλk

)
)
⊂
(
f−1

(
Int
β

Cl
β
(Vλk

)
))

,

then we have the following

X

∖ ⋃
k∈N

f−1

(
Int
β

Cl
β

( ⋃
k∈N

(Vλk
)

))
⊆ X

∖
Int
μ

Cl
μ

(
f−1

(⋃
k∈N

(Vλk
)

))
∈ H.

Thus,

X

∖ ⋃
k∈N

f−1

(
Int
β

Cl
β

(
(Vλk

)
))

∈ H.

14
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It is clear that

f

(
X
∖(

f−1

(⋃
k∈N

(
Int
β

Cl
β
(Vλk

)
))))

= f(X)

∖(
f

(
f−1

(⋃
k∈N

(
Int
β

Cl
β
(Vλk

)
))))

= f(X)

∖ ⋃
k∈N

Int
β

Cl
β
(Vλk

) ∈ f(H).

Hence, Y is a Nβf(H)-Lindelöf. �

�
����
 3.6� Let f : (Xμ,H) → Yβ be almost (μ, β)- continuous surjective,
and (Xμ,H) is a NμH-Lindelöf, then Yβ is also Nβf(H)-Lindelöf.

P r o o f. Suppose Y =
⋃

λ∈Λ Vλ, where Vλ∈β for all λ∈Λ and Λ is the index set.

Since f is an almost (μ, β)-continuous, then f−1
(
Intβ Clβ(Vλ)

)
∈ μ. Thus,

X =
⋃
λ∈Λ

f−1
(
Int
β

Cl
β
(Vλ)

)
for all λ ∈ Λ

is a index set, then there exist

λ1, λ2, . . . , λn, . . . ∈ Λ where X
∖
Int
μ

Cl
μ

( ⋃
k∈N

f−1

(
Int
β

Cl
β
(Vλk

)

))
∈ H.

Since

Int
μ

Cl
μ

(
f−1(Vλk

)
)
⊂
(
f−1

(
Int
β

Cl
β
(Vλk

)
))

,

then

X

∖ ⋃
k∈N

f−1

(
Int
β

Cl
β

(⋃
k∈N

(Vλk
)

))
⊆X

∖
Int
μ

Cl
μ

(
f−1

(⋃
k∈N

(
Int
β

Cl
β
(Vλk

)
)))

∈H.

Thus,

X

∖ ⋃
k∈N

f−1

(
Int
β

Cl
β

(
(Vλk

)
))

∈ H, �

4. Applications in soft set theory

As an application in soft set theory, the concepts soft μ-Lindelöf, soft Nμ-
-Lindelöf and soft Wμ-Lindelöf have been defined as more general setting of soft
generalized topological spaces.
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���������� 4.1� [25] Let G be a set of all parameters and X be a universal set.
The SA belongs to the set of all soft sets S(X), is defined by SA =

{(
t, fA(t)

)
:

t ∈ G, fA(t) ∈ 2X
}
where A ⊆ G and fA(t) = ∅ if t /∈ A.

���������� 4.2� Let SA ∈ S(X).

(1) If fA(t) = X for each t ∈ G, then SA is said to be an A-universal soft
set, denoted by SÂ. If A = G, then SÂ is said to be a universal soft set,
denoted by SĜ [26].

(2) If fA(t) = ∅ for each t ∈ G, then SA is said to be an empty soft set, defined
by S∅ [26].

(3) The soft complement of SA, denoted by X\SA, is defined by the approx-
imate function fX\A(t) = X\fA(t), where X\fA(t) is the complement
of the set fA(t) for all t ∈ G [27].

���������� 4.3� Let SA, SB ∈ S(X).

(1) SB is a soft subset of SA, denoted by SB ⊆ SA, if fA(t) ⊆ fB(t) for all
t ∈ G [28].

(2) The soft union of SA and SB, denoted by SA ∪ SB, is defined by the
approximate function fA∪B(t) = fA(t) ∪ fB(t) [26].

(3) The soft intersection of SA and SB, denoted by SA ∩SB, is defined by the
approximate function fA∩B(t) = fA(t) ∩ fB(t) [27].

���������� 4.4 ([29])� Let SA ∈ S(X). A soft generalized topology (sGT,
briefly) on SA, denoted by SAμ, is a family of soft subsets of SA such that
S∅ ∈ μ and if a family {SA〉 : SAi ⊆ SA, i ∈ J ⊆ N} ⊆ μ, then

⋃
i∈J (SAi) ∈ μ.

���������� 4.5 ([29])� Let (SA, μ) be an sGTS. Every element of μ is called
a soft μ-open set. The S∅ is a soft μ-open set. If SB is a soft set, then SB is called
soft μ-closed if its soft complement X\SB is a soft μ-open.

���������� 4.6 ([29])� Let (SA, μ) be an sGTS and SB ⊆ SA, then

(a) the soft union of all soft μ-open subsets of SB is said to be soft μ-interior
of SB and is denoted by IntSAμ SB.

(b) the soft intersection of all soft μ-closed super sets of SB is said to be soft
μ-closure of SB and is denoted by ClSAμ SB.
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���������� 4.7� Let (SA, μ) be an sGTS and SB ⊆ SA, then

(1) the soft μ-regular open set if and only if SB = IntSAμ ClSAμ(SB).

(2) the soft μ-regular closed set if and only if SB = ClSAμ IntSAμ(SB).

���������� 4.8� An sGTS (SA, μ) is called soft μ-Lindelof whenever SA =⋃
λ∈Λ SAλ

, where SAλ
is soft μ-open for all λ ∈ Λ and Λ is the index set, then

there is a countable sub-collection {SAλ
:λ∈Λ0⊆Λ}( such that SA=

⋃
λ∈Λ0

SAλ
.

���������� 4.9� An sGTS (SA, μ) is called soft nearly μ-Lindelöf whenever
SA =

⋃
λ∈Λ SAλ

, where SAλ
is soft μ-open for all λ ∈ Λ and Λ is the index

set, then there is a countable sub-collection {SAλ
: λ ∈ Λ0 ⊆ Λ} such that

SA =
⋃

λ∈Λ0
IntSAμ ClSAμ(SAλ

) .

���������� 4.10� An sGTS (SA, μ) is called soft weakly μ-Lindelöf whenever
SA =

⋃
λ∈Λ SAλ

, where SAλ
is soft μ-open for all λ ∈ Λ and Λ is the index

set, then there is a countable sub-collection {SAλ
: λ ∈ Λ0 ⊆ Λ} such that

SA =
⋃

λ∈Λ0
ClSAμ(SAλ

).

��������� 4.11� Every soft μ-compact space is soft μ-Lindelöf space.

P r o o f. It is straightforward and therefore omitted. �

The converse of Corollary 4.11 is not true as presented in Example 4.1

Example 4.1. Let X = N, G = A = {t1, t2}, S ̂G = {(ti, X) : ti ∈ G}, and SAμ

be a discrete soft generalized topology, then (SA, μ) is soft μ-Lindelöf, but is not
soft μ-compact.

��������� 4.12� Every soft μ-Lindelöf space is soft Nμ-Lindelöf space.

P r o o f. It is straightforward and therefore omitted. �

��������� 4.13� Every soft μ-Lindelöf space is soft Wμ-Lindelöf space.

P r o o f. It is straightforward and therefore omitted. �

The converse of Corollary 4.12 and 4.13 are not true as presented in Exam-
ple 4.2.

Example 4.2. Let X = R, G = A = {t1, t2}, S
̂G = {(ti, X) : ti ∈ G}, and

SAμ
= {S∅, (H,F ) ∈ S

̂G such that 1 ∈ (H,F )}, then (SA, μ) is soft Nμ-Lindelöf,
but is not soft μ-Lindelöf.

��������� 4.14� Every soft Nμ-Lindelöf space is soft Wμ-Lindelöf space.
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P r o o f. It is straightforward and therefore omitted. �

5. Conclusions

We have presented the definition of NμH-Lindelöfness as generalization
of μH-Lindelöfness. Example 2.7 shows that not every NμH-Lindelöf is μH-
-Lindelöf. It is proved that μH-lindelöf is NμH-Lindelöf. In order to add some
conditions to make the converse true, it is shown that if X is NμH-Lindelöf, and
if every cover of X by μθ-open sets, then there exists a countable sub-collection
{Uλ : λ ∈ Λ0 ∈ Λ} such that

X\
⋃

λ∈Λ0

Uλ ∈ H.

Moreover, it is proved that being μ-regular space is the necessary condition
for NμH-Lindelöf and μH-Lindelöf to coincide, see Theorem 2.8 By using μ-
closed subsets and μ-regular closed subsets, some characterizations of NμH-
-Lindelöf have been established. Also, the new definitions are preserved under
the image of some kinds of generalized continuity in section three.

Finally, more generalizations of soft generalized topological spaces have been
defined. One example has been presented to verify concepts on soft set theory
in the new last section.

In future, we can extend our work to have more results of NμH-Lindelöf as
application in soft set theory. Further, preservation of soft NμH-Lindelöf can
be studied in the sense of generalized continuity.
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