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ABSTRACT. This paper investigates a fixed point over a complete b-metric
space for a family of contractive mappings. In this paper, we have discovered new
results in the direction of the complete b-metric space by using Rus contraction.
Furthermore, we establish a common fixed point theorem between two mappings
over complete b-metric space. We also provide some non-trivial examples to dis-
play the authenticity of our established results.

1. Introduction

Fixed point theory is currently one of the most important tools in many
scientific fields, such as engineering, computer science, applied science, and the
development of nonlinear analysis.

One of the most useful tools in this area is the Banach contraction theorem,
which states that suppose T is a mapping on a complete metric space (X, d)
into itself satisfying

d(Tz,Ty) < Kd(z,y), where K €[0,1)V z,y€ X,

then T has a unique fixed point on X which was introduced by Banach [3]
in 1922. Then, using various contractions and mappings in various metric spaces,
this result was expanded by a large number of authors.

The Banach contraction principle’s counterpart in b-metric space, proposed
by Bakhtin [2] as a generalization of metric space, was established in 1989.
Various problems of the convergence of measurable functions with respect
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to measure, Czerwik [0] first presented as a generalization of Banach fixed point
theorem in b-metric spaces.

In 2009, Boriceanu et al. [5] investigated fixed point theory for multivalued
generalized contraction on a set with two b-metrics. A class of contractive map-
pings for b-metric space was used by S. Agrawal, K. Qureshi and J. Nema [I]
in 2016 to study the fixed point theorem. In 2006, I. A. Rus [12] primarily
studied contractions in metric space with fixed point properties and first pro-
posed a new contraction known as the Rus contraction.

Many researchers developed fixed point theory and applied it in the field
of core mathematics. Recently, Dhanraj et al [§] studied “Solution to inte-
gral equation in an O-complete Branciari b-metric spaces”, Senthil Kumar et
al [16] studied “Fixed point for an OgF-c in O-complete b-metric-like spaces”,
Gnanaprakasam et al [9] studied “New fixed point results in orthogonal b-
-metric spaces with related applications”, Mani et al [I3] studied “Fixed point
results in C*-algebra-valued partial b-metric spaces with related application”,
Mani et al [I4] studied “Solution of Fredholm integral equation via common
fixed point theorem on bicomplex valued b-metric space”, Gholidahneh et al [10]
studied “The Meir-Keeler type contractions in extended modular b-metric spaces
with an application”, etc.

In this paper, we apply Rus contraction right now and also introduce some
new fixed point theorems that are also valid in b-metric space.

2. Mathematical Preliminary

In this section, we obtain some basic definitions and results for our work.

Definition 2.1 ([5]). Let X be a non-empty set and p > 1 be any real number.
A mapping I) : X x X — [0, 00) is said to be b-metric with coefficient “p” if the
following conditions hold:

(b1) D, q) > 0;

(b2) DV, q) = 0 if and only if J = ¢

(b3) DV, q) = d(g,D);

(b4) d(9,q) < p[D(D, @) +d(w,q)] for all ¥, 3, w € X.

The pair (X, 1)) is called a b-metric space.

EXAMPLE 2.1 ([5]) Let M = LP[0,1] be the collections of all real functions
m(t) such that fo |m(t)|Pdt < oo, where ¢t € [0,1] and 0 < p < 1. For the

function I): M x M — Ry defined by I) (fo im(t)—n(t)["dt)) P for each
m,n € LP[0, 1], then the ordered pair (M, D) forms a b-metric space with s=21/7,
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Definition 2.2. Let (X,1)) be a b-metric space and {,,} be a sequence in X.
Then, the sequence {¥,,} is called a convergent sequence and converges to some
¥ in X if for every e > 0 there exists N € N such that D(¢,,9) < e for all
n > N. In this case, we write lim,,_, o ¥, = ¥

Definition 2.3. Let (X,1)) be a b-metric space and {¢,,} be a sequence in X.
The sequence {9, } is called a Cauchy sequence if for every € > 0 there exists
N € N such that D)(¢,,9,) < € for all m,n > N.

Definition 2.4. Let (X,1)) be a b-metric space and {¢,,} be a sequence in X.
The b-metric space (X, 1)) is said to be complete b-metric space if every Cauchy
sequence {¥,} is convergent in X.

Definition 2.5. Let (X,1)) be a b-metric space. Let 4 € X and € > 0:

(i) The open ball B(¥,¢) is B(¥,¢€) = {w € X : D(Y,w) < €}.
(ii) The mapping P : X — X is said to be continuous at ¢ € X if for all e > 0
there exists § > 0 such that P(B(d,8)) C B(PJ,4).

Definition 2.6. Let us assume that there are two self mappings L and J defined
on a metric space (X, D). Let u € I) be present. If w is such that u = L(u), then
u is considered a fixed point of L. Moreover, if u = L(u) = J(u), then u is said
to be a common fixed point of the mappings L and J.

Definition 2.7 (Rus contraction [I2]). A self-map P on a metric space (X, 1)) is
called Rus contraction mapping if there exist non-negative numbers a, b,c > 0,
where 0 < a + 2b + 2¢ < 1, such that for each 9,4 € X

D(PY, Pu) < a)(P,u) + b[D(PV, 9) + D(Pa, w)] + c[D(PY, u) + D, Pa)]. (1)

EXAMPLE 2.2. Let X ={z € R: 1 < x < 2}. Let us consider the usual metric
of R such that D(z,y) = |z — y| where x,y € X. Then, we easily verify that
(X,D) is a complete b-metric space for any p > 1.

Let P be a self mapping on X defined by

% if =1,
P(z) = 0 if I<x<2,
-3 if  z=2

Let us choose a > 0.14,b > 0.15,¢ > 0.15 such that a + 2b + 2¢ < 1.
Then, condition () is fulfilled for any choosen a,b,c. Hence, P is a Rus con-
traction mapping on X.
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3. Main results
This section contains the established main outcomes of this work and we
provide some examples to demonstrate those theorems.

Theorem 3.1. Let (X,1)) be a complete b-metric space. If the mapping P: X — X
satisfies

D(PY, Pu) < pa D, 4)+p2D(PY, 9)+D(Pa, w)]+ps[D(PJI, w)+D(J, Pu)], (2)
where W1, o, s > 0 such that
0<u1+2u2+2pu3<%, (3)
then P has a unique fixed point on X.
Proof. Let ¥y € X, then we take picard iteration such that
Y, = Py, 0y = Py = DP%0g, ... ,Upy1 = Py .

If 9, = 1§n+1, then we can trivially say that Y, is a fixed point of b.
Suppose that ¥, # U,+1 for all n > 0. Then, we first show that the sequence
{9,} is a Cauchy sequence.

Now, we have

D<1§n+1> 1§n) = D<p1§n> p'&n—l)
U1D<1§na gn—l) + w2 [D(p'@na gn) + D(p'&n—l ) ﬁn—l)]

+ u3[D(PY,, 9, 1) + D0, PY,,1)]
D, 1) + p2[D(Ony1,05) + DD, Ip1)]
+ 13D (g1, 9p-1) + D0, 0,)]
= 1 D(Un, V1) + p2 DBV, 0y) + DPTp_1, 901)]
+ u3[D(Vnr1,In-1)]
[as D(Up,9,) =0 by (b2)]
DO, 0 1) + p2[D(PI,, 9,) + DI, 1,0, 1)]
+ pspM(Ung1,Tn) + DO, Ipo1)]
= (p1 + pi2 + p3p)D (W, Inm1) + (p2 + p3p) D41, 9n)
— (1= pg — p3p)D (i1, n) < (p1 + pz + psp) D (U, U 1)

IN

IN

(p1 + p + usp)D o B 1). )

— DWhi1,0) <
(P2, 9n) (1 — p2 — p3p)
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Now, let % = k. So, we claim that & < 1 as (u1 + 2us2 + 2pus) < %.

So, from equation (@), it follows that:

D0, O

= Dy, V) = 0 as n,m — 0.

<

<

IN

k"D (91, 00) + p?E"TID(91, Do) + - - -
ot p<m—n>k<m—1>> D91, 7o)
+ (k)" ") D1, Yo)

(pk” + pzk"Jrl +
pk™ (1 + (pk) + (pk)® +

D(gn-l-lv gn)

IN

— D(§n+1,1§n) <

ED (00, Dp—1)

E"D (91, D0) .

Now, using the triangle inequality and (), for any positive integers m,n such
that m > n, we have

pD(ﬁna 1gn-H) + p2D(1§n+1a 1§7z-i-2) + +p(m_n)D(1§Tn—l7 5m)

pk” (Z(pk)’) D(91,9), where pk<1

|

1=0
pk"
1—pk

] D(W,00) -0 as k™ =0 when n— oo

()

+ p(m_n)k(m_l)D(ﬁl, 150)

Hence, 9, is a Cauchy sequence in X. Since X is a complete b-metric space,
so there is a ¥ € X such that ¥,, — ¥ (as n — 00).

Again, we have

D(PY, D)

<

<

IN

IN

IN

pD(PY, Jy) + D(Vy,9)]

pD(PVI, PY,_1) + D(PI,_1, )]

pD(PY, PV, 1) + pD(PY,,_1,9)

P, V1) 4+ p{DPI,9) + D(PD,,_1,9,1)}
+ p3{D(PY, Fp_1) + DI, PUp_1)} + pD(PI,_1, 9)

P[0, 95—1) + p{D(PY

9) + DD, 9n1)}

+ ps{D(PD, Jp—1) + D, 0) }] + pD (D, 9)

@:

when n— oo, 9, —

p[paD(,9) + p2[D(PY, 9) + D(V, )]

+ p3[D(PY, 9) + D(I, 9)]] + pD(J, V)

pluaD(PY, 9) + psD(PY, D))

[by using (b2)]
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= (pp2 + pus)D(PY, V)
— (1~ plyia + DT, ) < 0. (6)

Case 1. If pug = pu3 = 0, then from equation (6) we easily get
D(PY,Y) =0 = PI=10 V JcX.
Hence, ¥ is a fixed point of 1.

Case 2. Since p(uz + p3) < 1, then it is obvious that [1 — p(u2 + p3)] > 0 and
D(PY, ) > 0, so we get
[1 = p(pz + p3)D(PD,9) > 0. (7)
Therefore, from (6]) and (7]) we conclude that
(1 — p(uz + ps)DPY,P) =0 = DPI,J) =0 = P =17.
Therefore, ¥ is a fixed point of P. Hence, P has a fixed point on X.

Finally, we show that 9 € X is a unique fixed point of P. Let us assume that
there exists another fixed point @ € X such that D(Pu,u) = 0 We get

D, ) = D(PY, Pa)
< DD, ) + pa[D(PY, ) + D(Pa, u)] + psz[D(PY, u) + D, Pu))
(D, @) + ps[D(PY, a) + D, Pa)]
i D(PY, Pa) + ps[D(PY, Pu) + D(PJ, Pa)]
= (p1 + 2u3)D(PV, Pa)
= (1 + 2u3)D(V, @)
— (1 —p1 —2u3)D(D,a) <0. (8)

Since (1 — p1 — 2p3) > 0, then from (8) we get (9, u) < 0, which contradicts

the fact that _ _
D(W,u) £0 Vd,ue X.

Therefore, the only possible condition is that

DW,u) =0 = 9 =1u.
Hence, ¥ is a unique fixed point of P. O
EXAMPLE 3.1. Let

X={(z,)eR*: 1< <2}U{(l,z) eR*: 1 <z <2}
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Let us define a mapping

D: XxX—R by D(P,Q):\/($1—$2)2+(y1—y2)2a

where
p=(x1,11), ¢q=(22,92) and p,qe X.

Then, (X,1)) is a complete b-metric space for any p > 1.

Let P: X — X be a function defined by P(z,1)= (1, /z) and P(1,z) = (\/z, 1).
Then, for p1 = 0.4, uo = 0.005, u3 = 0.009 and p = 2 conditions (@) and (2] are
also fulfilled. Here, the unique fixed point of I is (1, 1).

Theorem 3.2. Let (X,1)) be a complete b-metric space with p > 1. Let the
mapping {P;} be a sequence of self mappings of X satisfying
D(P;9,P;q) <
paD(D,q) + p2[D(P;0,9) + D(P;, )] + ps[D(P;9,q) + DI, P;q)], (9)

where 1, o, pg > 0 with 0 < w1 4+ 2u9 + 2pps < %, and have unique fixed points
uj € X. Suppose {P;} converges uniformly to a mapping P : X — X. Then, u;
converges to a unique fized point of P.

Proof. Since {P;} converges uniformly to P : X — X, P also satisfies
D(PY,Pg) <
D, q) + p2[D(PY, 9) + D(PG, 7)) + p3[D(PV, 7) + D(J, )] (10)

So, by theorem (B.I)) we claim that P has a unique fixed point @ on X.
Now, using triangle inequality and (@), we have
D(uj,u) = D(Pju;, Pu)
< p{D(P;uy, byu) + D(P;u, Pu)}

< puaD(ay, u) + ppa[D(P;uy, uy) + D(Pju, )]

+ppusD(Pju,, u) + D(uj, Pu)] + pD(P,u, bu).

ppaD (g, u) + pueD(uj, uj) + D(P;u, Pu)]
+pM3[D(ﬂj,’lj) —+ D(ﬂj, ”L_L)] + pD(pj’le, pt_l,)
= (1 —pu1 — 2pu3)D(uj, u) < (p+ pu2)D(P;u, Pu)

(p+ pp2)
(1 —pp1 — 2pps)

- D(ﬂj,ﬂ) < D(pjﬂ,p’lj)

So,
D(uj,u) -0 as j—o00.

Therefore, we easily claim that u#; converges to a unique fixed point u of . [
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Theorem 3.3. Let (X,1)) be a complete b-metric space with p > 1.
If two continuous mappings P,V : X — X satisfy

D(PY, ) <
D, 1) + p[D(PY,F) + D(Wa, a)] + ps[D(PY, @) + D, pa)], (11)
where i1, pa, bz > 0 such that
1
0§M1+2M2+2pﬂ3<2—) ; (12)
then P and v have a unique common fized point on X.

Proof. Let ug € X. We set

up = P(uo), uz = p(wm),
us = DP(ug), ug = p(usg),
Upn1 = P(tzn), Upnto = P(Uant1)-
Then, we get
D(Uzn+1, Uzns2) = D(Plgy, Puzn1)
< D (ton, tong1) + p2[D(Ploy, Uzn) + D(Uon 11, Ylizng1)]

+ p3[D(Pigy, U2n+1) + D(agn, Puon41)]

= piD(t2n, Uont1) + p2D(U2n41, U2n) + D(U2n41, U2n42)]

+ ps[D(t2n11, Uzn+1) + D(U2p, U2n42)]

IN

pi(Uap, Uont1) + 2D (Uont1, Uon) + D(Uznt1, Uznt2)]
+ /Lgp[D(’(jgrh ﬂ271-1—1) + D(ﬂ2n+1, ﬂ2n+2)]
[as D(D2ni1, Doans1) =0 by (b2)]

pr2+ppa)D(ton 1, Uont2)+ (14 p2+pps) D(ton, Uang1)

(
= (1 — p2 — pu3)D(U2n+1, U2n+2)
< (1 + p2 + puz)D(U2n, Ugn+1)
= D(Uzn+1, U2n+2)

(p1 + po +pu3)D
(1 — po — pps)

(Uon, U2p1) - (13)
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Now, let

(1 + po +ppa) _
(1= p2 — pus)
We can clearly assert that

K'<1 as p1+2u+2pus < 1.
So, from equation (I3)) it follows that:

D(t2n+1, Uont2) < K'D(tgn, t2n41)

— D(toni1,Uonsz) < (K)" T D(ao, 1)

So, we can write

D (i, tny1) < (K)"D(o,u1). (14)

Now, using triangle inequality and (I4]) for any positive integers m,n such
that m > n, we have

D(am am) < pD(an, ﬂn—i-l) +p2D(ﬂn+1, 7~_Ln+2) +..

4 p(m_n)D(ﬂm_hﬂm)

IN

(k)" D, to) + p* (k)" D (w1, o) + ...
s pU T () O (@ )
= (PO + PR 4 O )0 ) D )

= pk™ (L + (pk') + (pk')* + - - + (pk’)™ "~ 1) D1, to)

IN

pk'™ (Z(pk:')Z) D(u1,10), where pk' <1

=0

IN

k™ o .
{17]716’] D(ty, 1) =0 as n— o0, K™ —0.
= D(tp, Upy) — 0 as n,m — co.

Hence, {u,} is a Cauchy sequence in X. Since X is a complete b-metric space,
so there exists a number

@€ X such that 4, —u (as n— o0).
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Again, we have
D(Pu,u) < pD(Pu, Yus,—1) + D(WYug,—1,u)]
pD(Pu, iy 1) + pD(Vligy 1, u)
pluaD(@, tgp—1) + p2{D(P, w) + D(Yuzn_1, U2n-1)}
+ ps{D(Pu, tzp—1) + D(u, Pusyp—1)} + pD(Yton—1, u)
when n — 0o, U, —u
p[paD(u, u) + p2{D(Pu, u) + D(u, u)}
+ ps{D(Pu, u) + D(a, Yu)}] + pD(Yu, u)
= (pp2 + pps)D(Pu, @) + (p + ppa + pus)D(Vu, u)
= (1 —pp2 — pus)D(Pu, ) < (p+ pp2 + pus)D(Pu, 0)

IN

IN

(p + pp2 + pp3) (4, ).

= 0 < D(Pu,u) <
< I ) (1 — ppa — pp3)

Since
1
(14 po + p3) >0,
(1 — pp2 — pps)
then
p(1 + p2 + p3)

(1 —ppo — pus)D(M’E) =0

that means that the only possibility of occurrence for equality is that
DWu,u) =0 = Yu=uVuelX. (16)
So, u is the fixed point of ¢. From (I&]) and (I6]) it follows that
D(Pu,u) =0 = bPu=u, as D(Pu,a) <0V @€ X.

So, u is the fixed point of P. Therfore, u is the common fixed point of P and ¢
and uniqueness of @ is obvious. O

ExXAMPLE 3.2. In the example (B]), we consider ¢ : X — X is another mapping

defined by V(1) = (1%) and  ¢(1,x) = (%Q '

Then, for the values of

pwr =0.4, po=0.005, p3=0.009 and p=2,
conditions (1)) and (I2)) are fulfilled and (1,1) is a common unique fixed point
for P and .
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4. Conclusion

We updated the broad backdrop of b-metric space and demonstrated some
well-known fixed points results in complete b-metric space in the aforementioned
parts. We anticipate that our findings will aid future research in this area and
demonstrate the singularity of fixed point utilizing various contraction condi-
tions. In the future, if we employ the ideas presented in this paper and attempt
to do similar types of research on alternative metric spaces, such as control
b-metric space, cone b-metric space, rectangular b-metric space, etc., then we
might uncover some insightful findings.
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