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ABSTRACT. In this article, we present the ideas of I-statistically Cauchy crite-
ria and I*statistically Cauchy criteria, which are the generalizations of I-Cauchy
and I*-Cauchy criterion, respectively. To grasp the differences, we compare this
I-statistically Cauchy criterion with a few other Cauchy criteria. Also, we inves-
tigate a few characteristics of I*-statistically Cauchy sequences and I-statistically
Cauchy sequences and demonstrate their equivalence under the condition that
the ideal I satisfies the property (AP). Furthermore, a relation is defined on the
set Sx of all sequences in a metric space, which comes out to be an equivalence
relation. Finally, we show that if two sequences belong to the same equivalence
class, then either both of them are I-statistically Cauchy or none of them are.

1. Introduction

Let M C N, then the natural density of M is denoted by D(M) and defined
as follows 1
= 1 — . < .
D(M) Al_ﬁnoo m\{k eM:k<m}
Sometimes, natural density is also called asymptotic density. In 1951, utilizing
natural density as a measurement, Fast [7] was the first to discuss statistical
convergence (Steinhaus [I9] also independently introduced the same concept
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in the same year). A sequence {z,} is considered to be statistically convergent
in a metric space (X, p), if there exists zop € X such that for every ¢ > 0,

D(M(e) = {k € N: p(zp,20) > €}) =0.

To analyse the sequence space, numerous mathematicians such as Fridy [8,9],
Salat [16], Rath and Tripathy [15], Nuray and Ruckle [14] have used this con-
vergence criterion. In a metric space setting, Kostyrko et al. [11] first suggested
the notion of I-convergence in the year 2000. Although there have been a lot
of extensions of convergence theory, we found I-convergence the most interesting
one, where [ is an ideal.

Let X be a non empty set and I C P(X). I is an ideal on X if and only if

(i) 0el;

(ii) My, My e I = M UM, e I;

(iii) My el and My C M; = My e 1.

On the other hand, F C P(X) is a filter on X if and only if

i 0¢F

(ii) My, My € F = M0 M, € F;

(iii) M; € F and My D My = My € F.

If I #( and X ¢ I, then I is a non-trivial ideal. The filter
F=FI)={X\M:M eI}

is taken to be the dual filter of the ideal I. An admissible ideal is one that
encompasses all singleton sets and is non-trivial. A sequence {z,} is considered
to be I-convergent in a metric space (X, p) if we can find a zg € X such that

for every € > 0,
M(e)={keN:p(zk,20) >} €l

Also, an analogous known as filter convergence was investigated earlier by Kate-
tov [10]. Some recent applications of I-convergence can be found in [IH3]17].
Dems [6] introduced and explored the I-Cauchy condition, which drew many
mathematicians such as Nabiev et al. [I3], Das and Ghosal [4] to this area
of study. The notion of I-statistical convergence was incorporated into the the-
ory by Savas and Das in [18]. Many authors, including Mursaleen et al. [12],
Debnath and Rakshit [5], afterwards conducted extensive research on it.
Continuing the work of Savas and Das, we extend several I-Cauchy parame-
ters to I-statistical Cauchy parameters. We offer a few counter-instances in order
to differentiate between various convergence and Cauchy criteria. We also exam-
ine several characteristics of mnewly introduced Cauchy sequences and
demonstrate their equivalence under some given conditions. A general ques-
tion arose as we started our initial research about when two sequences will
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have the same nature by means of the I-statistical Cauchy property. In order
to provide a positive response to that, we introduce the I-statistically concurrent
relation on the collection Sx of all sequences on a metric space (X, p), comes
out to be an equivalence relation. Lastly, we have shown that the sequences
belonging to the same equivalence class will have the same nature in terms
of the I-statistically Cauchy property.

2. Preliminaries

A space X represents a linear metric space equipped with the correspond-
ing metric p otherwise mentioned, and I represents an admissible ideal of N
throughout the paper.

DEFINITION 2.1 ([8]). A sequence {z,} is assumed to satisfy the statistical
Cauchy criteria in a space X if we can find a p(= p(¢ > 0)) € N for which

1
i — < : > =
W}gnoo m\{k: <m:p(zk,2zp) > €} =0.
DEerFINITION 2.2 ([I3]). A sequence {z,} is considered to satisfy I-Cauchy cri-
teria in a space X if we can find a p(: p(e > 0)) € N such that

{k e N:p(zi,2,) >} el

DEFINITION 2.3 ([13]). In a space X, a sequence {z,} is considered to satisfy
I*-Cauchy criteria if we can find a set P ={p; <pa <-+-<pr <---} CNand
P e F(I) such that {z,, } is a Cauchy sequence. In other words, if

kaiinoo p (zpk, zpq) =0.
DEFINITION 2.4 ([I1]). For an admissible ideal I, if for any sequence {A,, :
n € N}, where A,, € I and A, N A,,, = 0 for m # n, there exists a sequence
{B,, : n € N} such that A,AB,(n € N) is finite and (J,_, B,, € I, then we say
that I has the property (AP).

LEMMA 2.5 ([13]). Let I be an admissible ideal having the property (AP), F(I)
be the dual filter of I, and {P;};-, be such that P, C N and P; € F(I) for all i.
Then we can find a P C N such that P € F(I) and P\ P; is finite for all i.

DEFINITION 2.6 ([I8]). In a space X, a sequence {z,} is considered to I-
-statistically converge to zy if for every possible €,6 > 0, {m € N : %Hk <m:
p(zk,20) > €}| > 6} € 1.
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3. On I-statistically Cauchy sequences

DEerFINITION 3.1. In a space (X, p), a sequence {z,} in X is considered to be
an [-statistically Cauchy sequence in X if for every possible ¢, > 0, there exists
a p € N such that

{mGN: %|{k<m:p(zk,zp)>5}|>6} el

THEOREM 3.2. Every I-Cauchy sequence is an I-statistically Cauchy sequence.

Proof. The definition promptly leads to the result. Hence, the proof is omitted.
O

EXAMPLE. The converse implication of the Theorem may not hold.
We consider the space (R,d), where d is the Euclidean metric, and
a sequence {x,}, where
0, for n=k% keN
Ty =
1, if n#k? forany k€ N.

We also consider I = Iy;,, the collection of all finite subsets of N. For any ¢ > 0,
there exists xo € N such that
1
i — <n: > = 0.
nlgrgo n\{k: <n:d(xg,z2) >e}|=0
Therefore, for any § > 0, {n € N : L|{k < n : d(zp,z2) > €}| > 6}
must be a finite set. So, {n € N : L|{k < n : d(zy,z2) > €}| > 6} € I,
i.e., the sequence {z,} is an I-statistically Cauchy sequence. But for any m € N,
{n € N : d(z,, ) > €} is an infinite set. So, {n € N : d(x,,z,,) > e} ¢ L
Therefore, {z,} is not an I Cauchy sequence.

DEFINITION 3.3 ([13]). In a linear metric space (X, p), a sequence {z,} in X
is considered to be an I*statistical Cauchy sequence if there exists a set
P={p <p2 <-<pp <---} CNand P e F(I) such that {z,,} is
a statistically Cauchy sequence. In other words, if there exists l(: l(e > 0)) eN
such that 1

lim —|{px <m: p(zp,,2p,) >} [ =0.

m—0o0 M

LEMMA 3.4. In a space (X, p), for every sequence {x,},
{neN:p(an,zm) >et C{neN:p(z,,x0) > 5} whenever p (zm, x0) <

N|m

Proof. For any z,,Zm,x0 € X, we have, p (2, Zm) < p (2n, 2o) + p (Tm, o).
Now let ng € {n e N:p(zy,zm) >c}, le, € < p(Tng, Tm) < p(Tng, To) +
g

p (T, 0). S0 p(Tng,x0) > 5. Therefore, ng € {ne€N:p(z,,z0)>5}.
Hence the theorem. O
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THEOREM 3.5. If {z,} and {y,} are two I-statistically Cauchy sequences
in a linear metric space (X,d). Then

(i) For any a € R, {ax,} is also an I-statistically Cauchy sequence.
(i) {zn +yn} is also an I-statistically Cauchy sequence.
Proof.

(i) If a = 0, then {az,} is a constant sequence and hence an I-statistically

Cauchy sequence. So we take that a not to be 0.
Here, 1|{i < n : d(aw;,azy,) > e} = L|{i < n:|ald(z;,zm) > e} <

Li{i <ncd(ws,om) > |Z—‘}| < d. (Since {z,} is an I-statistically Cauchy
sequence.) Therefore, {n € N: 1| {i < n:d(az;, axy) > c}| <6} € F(I),
ie., {ax,} is also an I-statistically Cauchy sequence.

(ii) Let {z,} and {y,} be two I-statistically Cauchy sequences. Therefore,
for every €,d > 0 there exits m, k € N such that

1 € 0
= M < . - >— —
Aq {nEN - {z_n d(xi, ) > 2}‘ < 2} e F(I)
and ) 5
€
— - ) < . . > —
As {nEN.n{z_n.d(yz,yk)_2}‘<2}€.7:(I).

Since (A1 NAy) € F(I) and ¢ ¢ F(I), therefore (A1 N Az) # ¢ and for all
n € (A1 N Ay), we have

1,
~{i <nsd (@i + yi o+ yr) > €}

1 €
< — < . >
< - {zn d(xz,xm)|2|}‘
1 €
— < ; > —
+n {z n d(yz,yk)|2|}‘<6

Therefore, {n € N : 1|{i <n:d(z;+ yi, zm +y) >} | < 6} € F(I),
i.e., {zn + yn} is also an I-statistically Cauchy sequence. O

THEOREM 3.6. If {x,} is a sequence which satisfies I*-statistically Cauchy
criteria, then it is I-statistically Cauchy sequence.

Proof. Let {x,} be a sequence that satisfies I*-statistically Cauchy criteria.
Therefore, there exists a set P = {p; <ps <--- <pp <---} CNand P € F(I)
and py = (pg(e > 0)) € P such that

1
lim —|{pr < n:d(zp,,xp,) > e} =0.
n

n—o0
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Therefore, {n € N : 2|{py < n: d(zp,,x,,) > c}| > 0} € I, for every § > 0
where I is an admissible ideal. Now if L = N\ P, then L € I and

{neN: %|{k§n:d(xk,qu) > e} > 5} c

1
LU{nEN: —|{pk gn:d(xpk,qu) 25}| >5} el,
n
i.e., {z,} is I-statistically Cauchy sequence. O

ExAMPLE. The converse implication of the Theorem may not hold.

Consider the real number space R with usual metric d. Suppose N = U]‘?‘;lAj
is a decomposition of N such that each A; C N is infinite and A; N A; = 0
whenever ¢ # j. Let

I={BCN:{A;: BNA; #0} is finite}.

Then I comes out to be an admissible ideal of N. In the mentioned space, the se-
quence {z, = +},cy satisfies the Cauchy criteria. We construct a sequence {(a, }
where a, = % if n € A;. For every € > 0, there must exist a £ € N such that
d (%, %) < € whenever n,m > k, i.e.,

{neN:d(ap,am) >ct CLhU---UA; € 1.
Now,

1
—{k <n:d(ag,amn) > e} < |{n € N:d(an, an) > c}|.
n
For any § >0,
1
{neN: —|{k§n:d(ak,am)25}|26}g{nEN:d(an,am)ZE}EI.
n

Therefore, {a,} is I-statistically Cauchy sequence.

If acceptable, assume that {a,} satisfies I'-statistically Cauchy criteria.
Then there is a B € F(I) such that {a,}, . is statistically Cauchy.
Since N\ B € I, there exists a ¢ € N such that N\ B C A U...UA.. Therefore,
Acy1,Dcyo C B. Now if we take my € A.qq and m,, € Aq2, then mg, m, € B
and

nh_{r;o %|{mk <nid(am,,am,) > o} = 2=+ 5 q,

where 1

3+ (et2)

This contradicts the statistical Cauchyness of {a, }nep.

Eo = 0.

THEOREM 3.7. For an admissible ideal I having the property (AP), the notions
of I'*-statistically Cauchy and I-statistically Cauchy sequences are synonymous.
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Proof. According to Theorem [B.6], I*statistical Cauchyness of a sequence im-
plies its I-statistical Cauchyness. So we have to show that {a,} is I*-statistically
Cauchy sequence if we take it to be an I-statistically Cauchy sequence.
Suppose {a,} is an I-statistical Cauchy sequence. Then for every e,
§ > 0 there exists a ¢ such that {n € N: L|{k <n:d(ag,ac) >c}| >0} € I.
We take §; = 1 for i € Nand let T; = {n € N: L|{k < n:d(ag,ac) > e}| <4},
1=1,2,... Now )
(&
15 = {n eN: —|{k <n:d(ag,ac.) > e} < 62}
n

1
:{nEN: E|{k§n:d(ak,ac) > e} Zdi}EI,

for all i € N. So, T; € F(I) for i = 1,2,... Since I satisfies the (AP) criteria,
by Lemma [2.5] there exists a set T C N and 7'\ T; is finite for all i. If n € T,
then T\ T is finite, so there exists ng = ng(j) such that n € T; and
for all n>ng, 2 |{k<n:d(ax,ac,)>c}| <%. Therefore,

1 1 1
—{mr<n:d(am,,ac;) >} <={k<n:d(ag,ac,) > c}|<~.
n : n J

Now for a large j, we have,
lim —|{mg <n:d(am,,ac,) >¢c}| =0,

n—oo n

i.e., {antner is a statistically Cauchy sequence. Hence the theorem. O

THEOREM 3.8. In a metric space, every I-statistically convergent sequence sat-
isfies the I-statistically Cauchy criteria.

Proof. Let {a,} be I-statistically convergent to ay in a space X. So for any
£,6 >0, {m e N: L|{k <m: play,a0) > c}| > 6} € I. Let mp € {m € N :
%Hk <m: pak,ap)> €} > 5}. Therefore, m%)|{k < mg : plag,ay,) >} > 9.
Using Lemma B.4] we get,

{k <mo:plava0) 2 512k <mo plaran) = e},

This implies that

1 € 1
(k< mo s plarsa0) = S} 2 oIk < mozpla, an) 22} > 6
ie., 1
mo € {m eN: —|{k <m:plax,ap)>e}| > 5},
: m
ie.
’ 1
{mEN :—Nk <m:pla,am) > e} > 5}
m 1
- {m eN: —|{k <m:plag,ag) > 5}|26} el
m
Hence {ay,} is I-statistically Cauchy sequence. O
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ExXAMPLE. The converse implication of the Theorem B.8 might not hold.
Consider {z,} where

Ty =

09 for n==k% keN,
1/n for n#k?* for any k€ N.

in the metric space (X, d), where X = (0,1) and d(x,y) = |x—y]|. Also, let I = Iy,
the collection of all subsets of N with zero density. Here {x,, : n, # k? k € N}
forms a sub-sequence of {x,} with the set {n, : n, # k* k € N} € F(I).
Now, for given € > 0, there must be an n € N such that # < e. Therefore,
1 _L|§n+k-|—n—1p<%<e, ie., {mreN:d(xy, ,xn,)>€} has

”_“c mp
density zero being a finite set. So

{xnp in, # k% k€ N}
satisfies the statistically Cauchy criteria, i.e., {z,} is an I*-statistically Cauchy
sequence. Therefore, by Theorem [3.6] {z,, } is an I-statistically Cauchy sequence.
Again, {n e N:L|{k <n:d(xg,1) >e} >6} € I if and only if I = 0.
But 0 ¢ X. So there does not exist any | € X to which {z,} can converge
I-statistically.

for mg, my >,

From [6,8[IT] and [5], we have the following knowledge:

(1) Every statistically convergent sequence satisfies the statistically Cauchy
criteria. The converse implication might not hold.

(2) Every statistically convergent sequence is an [-convergent sequence.
The converse implication might not hold.

(3) Every statistically Cauchy sequence is an I-Cauchy sequence. The converse
implication might not hold.

(4) Every I-convergent sequence satisfies I-Cauchy criteria. The converse
implication might not hold.

(5) Every I-convergent sequence is an [-statistically convergent sequence.
The converse implication might not hold.

Now, based on our study, we can have the following relationship diagram
shown in Fig. 1.

4. On I-statistically concurrent sequences

THEOREM 4.1. Let {z,} and {y,} be two sequences that satisfy the I-statistically
Cauchy criteria in o space (X,d). Then {z, = d(x,,yn)} also satisfies the I-
-statistically Cauchy criteria in a space (X,dy) where di(a,b) = |a —b|.
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I*-Stat Cauchy Sequence

‘ I-Stat Cauchy Sequence ‘ — ‘ I-Stat Convergent Sequence ‘

b 1

‘ I-Cauchy Sequence ‘

b 1

‘ Stat Cauchy Sequence ‘ e ‘ Stat Convergent Sequence‘

~_, —

FI1GURE 1. Relation diagram.

I-Convergent Sequence ‘

Proof. Let {z,} and {y,} be two I-statistically Cauchy sequences, therefore,

Al = {nEN:%Hk<n:d(xk,xm) > %}‘ < g} e F(I)
n 2

Since (A1 N Ay) € F(I) and ¢ ¢ F(I), therefore (A3 N Az) # ¢ and for all
n € (A; N Ay) we have

Ay = {nEN:lHk<n:d(yk,ym) > %}‘ < é} e F(I).

1
—|{k <n:lzx — z2m| > e}
n
1 1
< E‘{kén:d(m,xm) > %H +5Hk§n:d(yk,ym) > %H< J,

ie., {n EN:L{k<n:|z—2m| >e}| < 5} e F(I).
Therefore, {z,} satisfies an I-statistically Cauchy criteria in the space (X, d;).
O

DEFINITION 4.2. {z,} and {y,} are said to be I-statistically concurrent to each
other if the sequence {z,} = {d(zn,yn)} is I-statistically convergent to zero,

ie., {nEN:%\{kgn:|zk|25}\25}el.
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THEOREM 4.3. Let {x,} and {y,} be two I-statistically concurrent sequences.

Then

(i)
(i)

If {x,} is an I-statistically Cauchy sequence, {yn} is also an I-statistically
Cauchy sequence.

Both are I-statistically convergent to the same limit.

Proof.

(i)

(ii

~—

120

Since {z,} and {y,} are I-statistically concurrent, therefore,
)
A = {n eN: —Hk <n:d(wg, ) > 3}‘ < g} e F(I).
Also, {z,} is an I-statistically Cauchy sequence, therefore,

Ay = {ne N: %Hk <n:d(Tk, Tm) > %H < g} e F(I).
Since (A1 N Az) # ¢ and for all n € (A1 N Ag), we have
%Hk <n:d(yk,ym) > €| < %Hk <n:d(yg, k) > %}‘
+%Hk <n:d(Tk, Tm) > %H + %Hmﬁn:d(wm,ym) > %H < 9,

ie., {n EN: Lk <n:d(ys ym) >} < 5} e F(I) as (A1NAs) e F(I).
Therefore, {y,} is also a I-statistically Cauchy sequence.
Since {z,} and {y,} are I-statistically concurrent, therefore,
1 € )
Ai=4{neN: —Hk:gn sd(xg,yr) > —} <= eFU).
n 2 2
Also, let {x,,} be I-statistically convergent to the limit [, therefore,

As :{ne N: %Hkgn:d(xk,xm) > %} < é} e F(I).

2
Since (A1 N Az) # ¢ and for all n € (A1 N As), we have

HICERR IR

_Hk<n d(ye, z1) > = }’+—Hk<n d(xk,l)zg}‘<5,

{n EN: %|{k <ncdly) > €} <6} € F(I) as (AynAs) € F(D)

Therefore, {y,} is also an I-statistically convergent to the same limit {. [
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THEOREM 4.4. Let Sx be a collection of all sequences of a space (X,d). Then
the I-statistically concurrent relation (=4) forms an equivalence relation on Sx.

Proof. Since for any {z,} € Sx, d(z,,z,) = 0, for all n € N. Therefore,
{d(xpn,xn)} is I-statistically convergent to 0. So every sequence is I-statistically
concurrent to itself, i.e., the I-statistically concurrent relation (/24) is a reflexive
relation on Sx. Since for any {z,}, {yn} € Sx, d(Tn,yn) = d(yn,z,), for all
n € N. Therefore, if {z,,} is I-statistically concurrent to {y,} then {y,}, is also
I-statistically concurrent to {z,}, i.e., the I-statistically concurrent relation (=24)
is a symmetric relation on Sx.

Since for any {z,},{yn},{vn} € Sx, d(xn,vy) < d(zn, yn) + d(Yn, vy), for all
n € N. Therefore, if {d(z,, y,)} and {d(yn, v,)} is I-statistically convergent to 0,
then {d(z,,, v,)} is also I-statistically convergent to 0. So if {z,, } is I-statistically
concurrent to {y,} and {y,} is I-statistically concurrent to {v,}, then {z,} is
also I-statistically concurrent to {v,}, i.e., the I-statistically concurrent relation
(~q) is a transitive relation on Sx. Therefore, the I-statistically concurrent
relation (/2z4) forms an equivalence relation on Sx. O

COROLLARY 4.5. The collection Sx of all sequences of space (X,d) splits into
disjoint equivalent classes so that all the sequences of one class are:
(i) Either I-statistically convergent to the same limit or has no limit at all.

(ii) FEither I-statistically Cauchy sequences or none of them are Cauchy.

Proof. This can be easily verified from Theorems and (441 O

5. Conclusion

In this paper, we introduce I-statistically Cauchy and I*-statistically Cauchy
sequences and examine various aspects of them. Also, included a relationship
diagram based on the findings. We also define the I-statistically concurrent rela-
tion, which forms an equivalence relation. By generating the separate equivalent
classes, this relation will simplify the investigation of the nature of I-statistically
Cauchy sequences.
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