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ABSTRACT. By imposing the star operator on - covers, we establish the notion
of st-v covers. The interrelationships among many recent variants of « covers
have been identified, and various counterexamples have been shown to distinguish
them. An investigation has been conducted on the basic topological attributes
of these covers. We have also examined the implications between various selection
principles and topological games in the context of the class of st-y coverings.

1. Introduction

A set of sets that collectively cover the entire space is referred to as a ‘cover’
in topology. There are various kinds of covers, and the idea is crucial when
talking about characteristics like compactness, Lindelofness. When exploring
covers in topology, open sets are usually the sets under discussion. A set of open
sets {U,} such that their union covers the whole topological space X is called
an open cover. Here, X = U,U, [8]. A countable open cover U = {U,, : n € N}
is called 7 cover if for every z € X,{n € N:z ¢ U, } is finite [12].

In recent literature, we have found some interesting variants of v covers. Two
of the most interesting variations are statistical v covers [6] and star statistical
covers [2], where the concepts of asymptotic density (also called natural density)
and star operator have been utilized. Let M C N, then the asymptotic density
of M is denoted by §(M) and defined as

S(M) = lim H{k<n:ke M}

n—00 n

[10,15].

© 2024 Mathematical Institute, Slovak Academy of Sciences.

2020 Mathematics Subject Classification: 54D20, 54B20, 54C35.

Keywords: ~-covers, star operator, selection principles, topological game.

*The ccorresponding author: Prasenjit Bal.

Licensed under the Creative Commons BY-NC-ND 4.0 International Public License.

175



T. DATTA—P. BAL—A. GHOSH

In 1951, Fast [10] generalized the definition of convergence to include statisti-
cal convergent for sequences of real numbers. In 2008, Maio and Kocinac [14]
defined statistical convergence in topological space. A sequence {a, :n € N}
in a topological space X is said to be statistical convergence to a € X, if for
every neighborhood U of a, § ({n € N: a, ¢ U}) = 0. In the same paper, Maio
and Kocinac [14] have generalized the concept of v cover to statistical y cover.
A countable open cover U = {U,, : n € N} is called a statistical v cover if for
eachz e X, ({neN:z¢U,})=0.

In the year 1991, in [7], the concept of the star operator was introduced
by van Douwen. If A C X and U represents a collection of subsets of X, then

St(A,u) = {U e : AU # 0}

So, St(A,U) is the union of all open sets in U that contain a non-empty intersec-
tion with A. For a given point x € X, St(x,U) = U{U € U : z € U}. By applying
the notion of St-operator, Koc¢inac expanded the idea of classical selection prin-
ciples to star-selection principles [11I3l[I6]. Some recent applications of the star
operator can be found in [IH5/[17]. In [2], Bal and Rakshit bring a variation
to statistical v cover by forcing the star operator which is called star statistical
v cover. A countable cover U = {U, : n € N} of a topological space (X, 1) is
said to be a statistical star v cover (in short, s-s-y cover) if for each z € X, the
set {n € N:z € st(U,,U)} has natural density zero, i.e.,

§({n e N:z ¢ st(Uy,,U)}) = 0.

In this paper, we investigate and develop a new class of vy covers in topological
spaces by utilizing the star operator, which lies somewhere between the class
of v covers and star statistical « covers. Additionally, we provide some context
for the theory of selection principles in light of star v covers.

2. Preliminaries

In this section, we mention some prerequisite concepts for readers to use easily.

DEFINITION 2.1 ([2]). A countable cover U = {U,, : n € N} of a topological
space (X, 7) is said to be a statistical star v cover (in short, s-s-y cover) if
for each x € X, the set {n € N: z € st(U,,U)} has natural density zero, i.e.,

§({n e N:z ¢ St(Uy,,U)}) = 0.

DEFINITION 2.2 ([5]). A family of pairwise disjoint open sets in a topological
space (X, 7) is called a cellular open family.
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In this paper, a space X represents a topological space X. No specific sepa-
ration axiom has been taken unless otherwise mentioned.
Let A and B be two sets of families of subsets of an infinite set X. Then,

DEFINITION 2.3 ([L6]). S (A, B) denotes the selection principle that for each
sequence {A,, : n € N} of elements of A there exist a sequence {B,, : n € N} such
that B,, € A,, for each n and {B,, : n € N} € B.

DEFINITION 2.4 ([16]). denotes the selection hypothesis that for each sequence
{4,, : n € N} of elements of A there exist a sequence {B,, : n € N} of finite sets

such that B, C A, for each n, and |J, oy Bn € B.

Let A and B be two sets of families of subsets of an infinite set X. Then,

DEFINITION 2.5 ([13]). o (A, B) denotes the selection hypothesis that for each
sequence {A, : n € N} of infinite element of A there exists an element B € B
such that for every n € N, the set A, \ B is finite.

DEFINITION 2.6 ([13]). a2 (A, B) denotes the selection hypothesis that for each
sequence {A, : n € N} of infinite element of A there exists an element B € B
such that for every n € N, the set A,, N B has infinite elements.

DEFINITION 2.7 ([13]). a3 (A, B) denotes the selection hypothesis that for each
sequence {A, : n € N} of infinite element of A there exists an element B € B
such that for infinitely many n € N, the set A,, N B has infinite elements.

DEFINITION 2.8 ([13]). a4 (A, B) denotes the selection hypothesis that for each
sequence {A, : n € N} of infinite element of A there exists an element B € B
such that for infinitely many n € N, the set A4, N B # (.

DEFINITION 2.9 ([16]). Let ONE and TWO be two players who play the topo-
logical game G4 (A, B), where each plays a round for each positive integer.
In the nth round, suppose player ONE chooses a set A, € A and player TWO
responds by choosing an element b,, € A,,. If {b,, : n € N} € B, then player TWO
wins, otherwise player ONE wins.

3. Main Results

Extending the concept of v cover with the help of the star operator, we
introduce star «y cover. Star v cover can offer new perspectives and methodologies
to understand convergence in topological spaces when examining different types
of convergence, such as statistical or weighted statistical convergence. This new
idea will enable us to analyze topological properties related to covering features
more thoroughly.
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DEFINITION 3.1. A countable open cover U = {U,, : n € N} will be called a star
7 cover if for every z € X, {n € N: z ¢ st(U,,U)} is finite.

THEOREM 3.2. In a topological space (X, T), every v cover is a st-y cover.

Proof. Let U = {U, : n € N} be a v cover of a topological space (X, 7).
Then for every x € X, the set {n € N: z ¢ U,} is finite.

Let p € {n € N: z ¢ st(U,,U)} for some z € X implies that = ¢ st(U,,U).
Also, U, C st(U,,U). Therefore, x ¢ U,. So, p € {n € N:x ¢ U,}. Thus,

{neN:z¢st(U,,U)} C{neN:xz¢U,} foreach ze X.

Consequently, the set {n € N : = ¢ st(U,,U)} is finite for each z € X.
Therefore, U is a st-y cover. Hence the theorem. ([l

ExaMPLE. However, the converse of the theorem need not be true.

Let, X = Bj(a), an open ball of radius 1 whose center is at a and 7 = {B,.(a) :
r € [0,1]}, be a topology on X.

Consider a countable open cover U = {U,, : n € N} such that U,, = Bi(a).
So, st(Uy,,U) = X for every n € N. Thus, for every x € X, {n € N: z ¢
st(Up,U)} ={neN:xz ¢ X} =10, ie,Uis a st-y cover.

Let a be a point on the ball Bi(a). So, {n € N:a ¢ Un} = {2,3,4,...}
is not finite. Therefore, U is not a v cover.

ES
n

(a

THEOREM 3.3. FEwvery st-y cover is an s-s-y cover.

Proof. Let U = {U,, : n € N} be a st-y cover of the topological space (X, 7).
Then, for every z € X, {n € N : z ¢ st(U,,U)} is finite which implies that
d{neN:z¢st(V,,U)}) =0 forall z € X.

Therefore, U is an s-s-y cover. O

EXAMPLE. However, the converse need not be true.
Let X = {p,q,r,s} & 7 = P(X) be a topology on X. Let us consider the
cover U = {U,, : n € N} where

{p,q} if n=m? formeN,
U, =1 {r, s} it n=2,
{g,7} otherwise.

So

{p,q,7} if n=m2 form €N,

st(Up,U) =4 {q,7,s} for n=2,
X, otherwise.

Here, §({n € N:z ¢ st(U,,U)}) =0, for all x € X, i.e., U is a st-s-y cover.
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But, the set {neN:a¢st(U,,U)} is not finite. Therefore, U is not a st-y cover.

In short, we have the following diagram:

s-s dense subset ‘ s-dense subset ‘ s-s dense subset

\/W

FIGURE 1. Inter relation between variants of y covers.

THEOREM 3.4. A cellular st-y cover is a -y cover.

Proof. Let U = {U, : n € N} be a cellular st-y cover of a topological space
(X,7), ie., UynU; = 0 if i # j. Then, for every n € N, st(U,,U) = U,.
So, forall z € X, {n e N:x ¢ st(U,,U)} = {n € N:z ¢ U,}. Therefore, the
set {n e N:z ¢ U,} is finite.

Therefore, U is a «y cover of (X, 7). O

THEOREM 3.5. An open cover U = {U, : n € N} of a topological space (X, )
is a st-y cover iff for each F' C X such that F \ st(Up,U) is finite for each
pe{neN: F ¢ st(U,,U)} holds that the set {n € N: F € st(U,,U)} is finite.

Proof. Let U be a st-y cover of a topological space (X,7) and F C X such
that F'\ st(Up,U) is finite for each p € {n € N: F ¢ st(U,,U)}.

Let k € {n € N: F ¢ st(U,,U)} be arbitrary which implies that F ¢
st(Uk,U). So, there exists a € F'\ st(Uy,U) such that x € F' and x ¢ st(Uy,U).
Thus, k € {n € N: x ¢ st(U,,U)} Vo € F \ st(Uy,U). Therefore, {n e N: F ¢
st(Un,U)} C{n e N:z ¢st(U,,U)} Yz € F\ st(Ug,U).

Since U is a sty cover, so {n € N: = ¢ st(U,,U)} is finite. Therefore, the set
{neN:F ¢st(U,,U)} is finite. [Since U is a s*-s-y cover.|

Conversely, let for each FF C X such that F \ st(U,,U) is finite for each
pe{neN:F ¢st(U,,U)} hold that {n € N: F ¢ st(U,,U)} is finite.

Now, for arbitrary € X, {z} C X such that {«} \ st(Up,U) is finite for each
p € N implies that {n € N: {z} € st(U,,U)} is finite for all z € X.

Thus, {n € N: z ¢ st(U,,U)} is finite for all z € X

Therefore, U is a st-y cover. O

THEOREM 3.6. Let U and V be two st-y covers of a topological space (X, T).
Then, ULV = {U;UV; : U; e U,V; € V and i € N} is also a sty cover of (X, T).
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Proof. Let U and V be two st-y covers of a topological space (X, 7). Then,
for every z € X, the sets {n € N: z ¢ st(U,,U)} and {n € N: x ¢ st(V,,,V)} are
finite. Then, {n € N: x ¢ U,,} is finite. Let p € {n e N: z ¢ st(U,, UV,,, UL V)}
for some z € X which implies that « ¢ st(U, UV,, U UV). Thus, z ¢ U, UV,,.
[Since U, UV, C st(U, UV,,UUYV).] So, z ¢ U, & = ¢ V, which implies that
pe{neN:z¢U,} Consequently,

{neN:z¢st(U, UV,,,UUV)} C{neN:xz¢gU,}.

Therefore, the set {n € N:z ¢ st(U, UV,,, U UV)} is finite.
Hence, (U UV) is a st-y cover. O

ExXAMPLE. If Y ={U, :n €N} is st-y cover of a topological space (X, 7)&ACX,
then Uq = {ANU,, : U, eU&n € N} need not be a st-y cover for (A4,74) where
T4 is the subspace topology.

Let X = {a,b,c} be a topological space with the topology 7 = P(X).
Also, U = {U,, : n € N}, where

{a,b} if n =2k, forkeN,
" {b,c} for n=2k+1
is a cover for (X, 7). Also, for every n € N, st(U,,U) = X. Thus, {n e N: x ¢
st(Un,U)} ={n eN:xz ¢ U,} = . So, for every x € X, the set {n € N: x ¢
st(Un,U)} is finite, i.e., U is a st-y cover
Let A= {a,c} C X. Then, Us ={V,, = ANU, : U, €U & n € N}, where
{a} if n=2k, forkeN,
" {c} for n=2k+1.
Then,
{a} if n=2k, forkeN,
st(Vi,Ua) =
{c} for n=2k+1.

So, for every v € A, {n € N: z ¢ st(V,,,U)} is not finite.
Therefore, U 4 is not a st-y cover for (A, 74).

THEOREM 3.7. Let U = {U, : n € N} be an open cover of a topological space
(X,7) and (X;,7x,) are the subspaces of (X, T) for i = 1,2,3,...,n such that
X = U?Zl Xi. If Ux, = {X;nU, : n € N} are s*-s-y covers of (Xi,7x,)
fori=1,2,3,... ,n, then U is also a st~y cover for (X, 7).

Proof. Let p € X = |J_, X;. So, there exists at least one j € {1,2,3,...}
such that p € X;. Since Uy, is a st-y cover of (X}, 7x;). Therefore, the set
{n € N:p ¢ st(X; NU,,Ux,)} is finite. However, {n € N : p ¢ st(X; N
Up,Ux,)} 2 {n € N : p & st(Uyn,U)}. [Since st(X; N Uy, Ux,) C st(Un,U).]
Thus, {n € N: p ¢ st(U,,U)} is also finite for all p € X.
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Therefore, U is a st-vy cover for (X, 7). O

EXAMPLE. An infinite subset of a st-y cover need not be st-y cover.

Proof. Let X = {a, 8,7} and 7 = {0,{a},{e, 8}, X} be a topology on X.
Let U = {U, : n € N} be such that
_— {{a} if n=2k forkeN,
" X for n=2k+1.
Then,
X if n=2k, forkeN,

st(Un,,U) =
X for n=2k-+1.

So, {n e N:z ¢ st(Uy,,U)} =0 for all x € X. Therefore, U is a st-y cover.

Consider the subcover V = {V,, = Uy, : n € N} of U. However, although V is
an infinite subset of U, V is not a cover of X. So, V is not a st- cover.

Hence, an infinite subset of a st-y cover need not be a st-y cover. (]

LEMMA 3.8. Let {U, : n € N} andU,, = {U,, , : m € N} be a sequence of count-
able st-y covers of X. Then, {V,, : n € N} defined by V,, = {U1,,m NUzm N ...
o NUpm : m € N} \ {0} is also a sequence of st-y covers.

Proof. Let p € X and let n be fixed. Then, for each 7 < n, we have put
Ai={meN:p¢st(U;m, Up)}.

Clearly, for each i < n, §(A;) = 0 [since U, is st-y cover]. Moreover, V,, ,, =
Utjm N Uz N -+ N Up . Then, {m € N : p & st(V,m,Va)} C Ui, Ai.
Since 6(J_; A;) = 0, s0 6({m € N : p ¢ st(V;,m,Vs)}) = 0. Therefore, V),
is a st-y cover of X. O

We consider the following notions:

e I': collection of all v covers.
e st-I": collection of all star v covers.

e s-s-I": collection of all star statistical vy covers.
In virtue of Theorem and Theorem B3] we have I' C st-I' € s —s — I
It is also clear that the selection principle S1 (A, B) implies the selection princi-
ple San (A, B). Since S1(A, B) and Sgy (A, B) are monotonic in the first collection

and anti-monotonic in the second collection, we have the implication diagram
Figure 2
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Sﬁn(F, F) Sﬁn(n St—F) E—— Sﬁn(l“, S—S—F)
/ A / y / y

D) e[S 5[5 521

A A A

Sin (st-T,0) | —f— | S st-1, st-T) | —— [ Spn ( st-T, s-5-T) |
Si(st-IT) | —— ‘ Sp( st-T, st-T) ‘ —t ‘ Sp( st-T, s-s-T") ‘

A A A

Stin(s-s -IT) | —— ‘ Shin (s-s-T, st-T") ‘—» ‘ Shin (s-s-I s-s-T") ‘

N Ve

—_— ‘ Si(s-s-I, st-I') ‘% ‘ Sy (s-s-I} s-s-I) ‘

FIGURE 2. Classical selection principles under the variation of v covers.

THEOREM 3.9. For a space X, (1) = (2), (2) = (3), (3) = (4), (5) = (1) holds
where

(1) X satisfies as(st-I,T);
(2) X satisfies az(st-I,T);
(3) X satisfies ay(st-I,T);
(4) X satisfies Sq(st-I,T);
(5) One has no winning strategy in the game G1(st-I,T") on X.

Proof.

(1) = (2) = (3) is obvious.

(3) = (4). Let {U,, : n € N} be a sequence such that U, € st-I" for all n € N.
Suppose U, = {Uy,m : m € N} for all n € N. We construct Vy, ., = iz Ui m.
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Then, by Lemma B8, V,, = {V,,, : m € N} is a st-y cover. Therefore, {V, :
n € N} is a sequence such that V,, € st-I" for all n € N. Now, selection principle
ay(st-I,T) holds. Then, 3 a 8 € T such that 3NV, # 0 for infinitely many
n € N. Thus, there exists an increasing sequence {n; < ng < ...} in N such that
BNV, # 0 for all i € N. So, there exists at least one element V,, ,,,, € BN V..
Now, V = {V,,, m, : @ € N} is an infinite subset of 8. However, § € T', and
an infinite subset of an vy-cover is an - cover. Therefore, {V,,, m, : i € N} € T,
and also, Vi, m, € Vp, for all i € N.

However, Vi, m, = ﬂ;;l Ujm,- Let, ng = 0. For each i > 0, n; < n < njyq
and O,, = U n,. Now, for each n € N, O,, € U,. Also, {O,, : n € N} is refined
by V € I'. Therefore, {O,, : n € N} € T.

Hence, the selection principle s (st-I,T") holds.

(5) = (1). Let {U,, : n € N} be a sequence such that U,, € st-I' Vn € N,

Suppose Uy, = {Up,m : m € N}, n € N. From the sequence U,,, form a sequence
of new st-y covers of X in accordance with the strategy o for ONE defined in this
way. ONE’s first move is o (@) = Uy. Let Uy, € U, be TWO’s response. Then,
ONE replies by choosing o(Uy,m;) = {Uk,m : m > m;}. After that, TWO chooses
a set Ug,m,, € 0(Ug,m,, ). Then again, ONE plays o(Uk,m,, ,Uk,m;,) = {Ukm :
m > m;, . Then, TWO chooses a set Uk,mi3 € U(Uk:,milaUk:,mi2)a and so on.
Proceeding in this way, Vn > 2. Since ¢ is not a winning strategy for ONE, the

U_play U<®)> Uk:,mi; U<Uk,mi)> Tjk:m’ti2 ; U<Uk,mil 5 Tjk:m’ti2 )7 Uk,mi3 .
is lost by ONE, i.e., TWO’s moves Uk,mil,Uk,mQ,Uhmm, ... form a sequence
that is a v cover of X. As the union of 7 covers is also a = cover, so B =
Uren{Ukmi, > Ukmiy s Ukma, - - - + € T Also, Uy, N B is infinite for all n € N.

So, this sequence shows that ag (st-I,T') holds. O

PrOBLEM 1. Does the selection principle Si(st-I,T) imply that ONE does not
have any winning strategy in the game G;(st-I,T") ?

CoNCLUSION. The inclusion of the star + cover allows us to investigate and
comprehend different topological features in a more comprehensive and precise
way. There are numerous uses for this specific kind of v cover in topological
games and selection principles. Also, it is preserved under closed subspace.
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