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MARKOV TYPE POLYNOMIAL INEQUALITY FOR
SOME GENERALIZED HERMITE WEIGHT

BRANISLAV FTOREK — MARIANA MARCOKOVA

ABSTRACT. In this paper we study some weighted polynomial inequalities
of Markov type in L2-norm. We use the properties of the system of generalized

Hermite polynomials {Hff‘) (:c)}zozo. The polynomials Hﬁla)(m) are orthogonal

in R = (—o00, o) with respect to the weight function

1
W(z) = |z]2%e*", a> -3

The classical Hermite polynomials Hy, (z) present the special case for a = 0.

1. Introduction

Let [|fllc = supy<, < [f(7)| and let 11, be a set of all algebraic polyno-
mials of the degree at most n. For sufficiently smooth function f(z) on R,
Kolmogorov in [5] established the inequality

|79 < Cor #2171 0<h<n

with some constant Cj, k.
The classical Markov’s inequality (cf. [7])

D'l < P*Pllocs  —1<2 <1, p(a) €T, (1.1)

and its extension

1Pl < Zr =5 H Dplloes  pl@) €M, 1<k<n

are typical examples of 1nequaht1es connecting norms of a polynomial and its
derivatives. In (II)) the equality holds only at * = +1 and only when p(x) =
cT, (), where T,,(x) is the Chebyshev polynomial of the first kind of a degree n
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and c is an arbitrary constant. These facts motivated many authors to investigate
polynomial analogues of Kolmogorov’s and Markov’s inequalities in norms taken
with some weight functions (cf. [1], [2], [4], [6], [13]).

Consider now an inner product of the functions f(x), g(z) with the weight
function w(z) denoted (f,¢)w = fab f(x)g(z)w(r) dz and weighted L2-norm
of f(z) denoted || f][%, = (£, f)w-

In the present work we need some properties of the system of generalized
Hermite polynomials orthogonal in R = (—o00, 00) with respect to the weight
function

1
W(z) = |z)*%e™, a> -3 (1.2)

This weight function has the singular point x = 0 and classical Hermite polyno-
mials H,(z) are the special case of considered polynomials Hy(La)(.%‘) for o = 0.

Let {H,Sa) (z) }:O:O be a system of polynomials orthonormal with the weight (.2)).
These polynomials satisfy the three-term recurrence relations (cf. [3])

- (a 2k + 14 20 - (q - (o
el (2) = || == H33 (@) + VEHR), (), (13)
7o rr(a 2k+ 14+ 2a ~ .
el (@) = VEF G (@) + | =53 (2) (1.4)

d - « rrla
T (@) = 2VRA) (), (1.5)

d ~(a 200 ~ (o 2k +142a ~(q
THR, (@) =~ (0) + 2\ T Hy (@), a0, (L6)

where I:I(fi)(a;) =0and £k =0,1,2,...

and

2. Preliminary lemmas

LEMMA 2.1. d ~(a
’ %Hék) = 4k, (2.1)
w
7 (@)
d z(a) ’ 2 || Harta
‘ % 2k+1 = 4o . W— Sa + 2(2]{: + 1+ 205). (2.2)

Proof. Because the interval R is symmetric and the weight function W(z) is

even, we can write - -
HY (—a) = (=1)"H{" (x)

(cf. [I1}, p. 15]) and clearly, 7@
2k+1
—p S
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Now the proof follows from (L3), (I5), (L.6) and from the orthogonal properties
(Hr(La)a Qm)W = 07 Qm(.’I}) € Hn—l;
(H™, B )y = 6,

where 6;; is the Kronecker delta. O
LEMMA 2.2.
al _ 2 2%
T W_ 2k+1+2a  (2k+1+2a)(2k— 1+ 20a)
23k(k — 1)
+ + ...

(2k + 1+ 2a)(2k — 1 + 20)(2k — 3 + 2a)
2Pk —1)...2.1
2k +1+2a)(2k — 14 20)(2k — 3+ 2a) ... (1 + 2a)

Ry (2.3)

Proof. We use an induction on k. For k = 0 with regard to (L3 we have
‘ 2

Suppose that for some k > 0 there is

i
X

- -
w 1+ 2« O w142

LY I T 2*(k ~ 1)
z |, 2k —1+2a  (2k—142a)(2k — 3+ 2a)

23(k —1)(k —2)
(2k — 14 2a)(2k — 3+ 20)(2k — 5+ 2a)
2Pk —1)(k—2)...2.1
2k — 1+ 2a)(2k — 3 +2a)(2k — 5+ 2a) ... (1 +2a)°
Applying this induction hypothesis, (L3), and the basic general properties

of orthogonal polynomial, we have
2

+

2

Fféill 2 ) Héi) 1
== A - V2L
| x 2k + 14 2a || 2k vk x
w w
2 (o) || Héi)l i
= H k|| =251
2k + 1+ 2« H 2k w+
~(a) 2
= - 1+ %
2k + 14+ 2« T
w
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_ 2 N 2%k
2k +1+4+2a  (2k+1+2a)(2k — 1+ 2a)

2Pk —1)...2.1
2k +1+2a)(2k — 14 2a)(2k — 3+ 2a) ... (1 + 2a)

(
and lemma is proved. O

LEMMA 2.3. The inequalities

a5 2% + 2 1
x W_2k+1+2a’ =2’

iy, 21 (k + 1)!
z |, @k+1+2a)(2k-1+2a)2k-3+2a)...(1+2a)’
e( 1 1)
a —_ —
2’2
hold.

Proof. In (Z3) let us denote
2

=Bo+ B1+ By + -+ By.
w

It is obvious that we have a recurrence relation

_ 2[k — (j —1)]
Bi=Bi-1 55— (2j — 1) + 20

(2.4)

where j =1,2,...,k.
For o > % from (2.4) we have B;_; > Bj, and clearly we get the first inequality
2

< (k+1)By
w

2k 42

H2k+1
2%k +1+42a

H i ()

Let a € (—%, %) Then B;_; < Bj, and the inequality

~(a) 2

H 2k+1 1)!
D2kl (k4 1)By = (k+1)
w (2k +142a)(2k — 1+ 20)(2k — 3+ 2a) ... (1 4 2)
holds. The proof is complete. O
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3. Main theorems

Using the obtained results, we can formulate polynomial inequalities of Mar-
kov type in weighted L?-norm of polynomials p,(z) € II,.

THEOREM 3.1. Let W(x) be given by (L2). Then there exists a constant

C=Ca)
such that
1PLllw < Cnllpallw (3.1)

for all polynomials p,(z) € IL,.

Proof. First, using Lemma 23] for o > %, we get the relation

1

The case a € (—3, 1) is more complicated. Now we use the definition of Gamma
function due to Gauss

2

A
= 0(1). (3.2)

2k+1
X

. nIn®
P@) =l e er s et

Then Lemma 2.3 implies

lim —
k—oo 2«

by L kA1 Kl kots
=1l
koo 3~ fot3 (k+%+a)(k:—%+oe)(k—%+a)...(%+06)

1
=r(3+e).

from where we deduce

(k+1)Byg

= O(k:7%). (3.3)
w
Second, every p,(z) € II,, can be uniquely represented as a linear combination

of the system {ﬁi(a)(x)}?zo (cf. [11])

pu(a) =Y ciH (x),
i=0
where ¢; = (H i(a), Pn)y,- From this we have

~, 4 g
/
=Y e
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and by Schwarz inequality,

||pn||WZ [ 71 }

Now, we multiply the last inequality by W (z) and after integrating on R we
obtain

1241 < llpall? H;® (3.4)
w
From (2.1)) we have
d @)’
ZHD| = 02k). (3.5)
‘ dz™" 2 |y,
From ([Z2) with regard to (3:2)) and B.3) we get
d =@ |’
‘ %H;,QH — 02k +1). (3.6)
w

Using (3.4), (3.3) and (Em) we have

H(Oé)

< Cillpalliy ZZ < Con®llpalliy,  (3.7)

=0

where C1, C5 are posmve constants independent of n and of x, but dependent
of a. Finally, from (371), we obtain
1P,Lllw < Collpallw. 0

Now, we will deal with the some generalization of the weight function (L2).
Let

Wi(z) = 6(z)|z2e ™ = §(z)W (z) (3.8)
be the weight function, where the factor d(x) satisfies the condition
0<m<d(z) <M, z eR. (3.9)

Using Theorem 3.1 and (3.9), we have basic estimates

M
IPrlfv, < MlpLlI < MC*n?|lpalliy < —C*n?llpallfy, < Con®llpalliy,

with some positive constant C3. Based on the above considerations, we state the
following theorem.
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THEOREM 3.2. For all polynomials p,(x) € II,, and for some constant C* =
C*(a) the inequality ,

[Pnllws < C*nllpnllw;
holds. The weight function Ws(x) is given by (B3.8)).

In [9] Mirsky considered the case with an arbitrary weight function

w:(a,b) >Ry, —oco<a<b<oo
for which all moments are finite, i.e., pp = fab rhw(x)dr < oo. His general
result is, however, qualitative. For the simplest and nonsingular Hermite weight
function 2
w(z) =e""

(= 01n (L2)) the estimate of the type (B.1I) becomes (cf. [8 p. 570])
[P 3
= =0(n2).
[Pnle

The contrast between this estimate, our results, and the classical result
of Schmidt [I0] and Turan [12] ||p,|lw < vV2n||pn|lw is evident.
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